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Determination of All Primitive Collineation Groups in More 
than Four Variables which Contain Homologies. 


By Howarp H. Mrrowetun. 


In a recent paper (Proc. London Math. Soc., Series 2, Vol. X, Part 4, Nov., 
1911) Burnside determined all the finite ccllineation groups in n variables with 
rational coefficients which contain the symmetric group on those variables, 4. e., 
the group generated by all transformations of the form 

Li, = Lear, Dipi = Be, Ly = %; G=1,2, weeny n— l; jFi, #+1). 
The groups of this sort (for n >4) which are primitive (in the sense of Blich- 
feldt) he found to be groups of order n-+1! (for any n), and groups of order 
27-34-5, 2°-34-5-7, and 2%-3°-5°-7 for n = 6,7,8 respectively. 

The group of order 2’:3*-5 (for n = 6) is isomorphic with the group of 
the equation for the 27 lines on a cubic surface and was first exhibited in ex- 
plicit form by Burkhardt (Math. Ann., Bd. XLI, pp. 320-326). The groups for 
n= 7,8 had not been noticed before. That of order 2°-34-5-7 is shown by 
Burnside to give a representation of the group of the 28 bitangents to a quartic 
surve. He states that the one of order 2-35-5%-7 is isomorphic with Jordan’s 
hypo-abelian group on eight variables. Ri 

The author solves a more general problem, which is the determination of 
of all primitive groups’ in » (> 4) variables which contain homologies, i. e., 
transformations all of whose multipliers are equal with the exception of one. 
A transformation in the symmetric group on the variables which interchanges 
two of them and leaves the rest unaltered has —1 for one multiplier and —1 
for each of the others, being therefore an homology of period 2. The deter- 
mination will be made in such a way as to apply equally well to the groups in 
a general modular space,* whose orders are not divisible by the modulus. 

The results for n<4 are already known. For »=3+ all primitive groups 
contain homologies, that of order 216 containing homologies of period 3 and 











* Veblen and Bussey, “Finite Projective Geometries,” Trane. Am. Math. Soc., Vol. VII (1906), 
pp. 241-259. . 
t See papers. by Blichfeldt, Trans. Am. Math. Soc., Val. V (1904), pp. 310-325; Math. Ann., Bd. y 


LXIII (1907), pp. 552-572; also one by the author, Trans. Am. Math, Soc., Vol. XII (1911), pp. 207-242. 
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of period 2, and those of order 72, 36, 168, 60, 360 homologies of period 2. 
For »=4* the primitive groups of this sort are of order 25920, 120, 288, 576, 
1152, 1920, 11520, 7200. That of order 25920 contains Hoinologien of period 3 
and the others homologies of period 2. 

For n> 4 there are no primitive groups containing homologies of period 
greater than 2. In addition to the primitive groups in Burnside’s list there 
are two others which contain homologies of period 2. These are of order 
2°-34-5 and 28-3°-5-7 for »=5,6 respectively. The first of these has been 
discussed by Burkhardt (Math. Ann., Bd. XXXVIII, “pp. 185-224), whereas 
the latter does not seem to have been noticed. The former is isomorphic with 
the well-known simple group of that order, and the latter is (1, 2) isomorphic 
with the first orthogonal group on six indices with modulus 3.+ 


$1. Tsrorem 1. No primitive group in more than four variables con- 
tains homologies af higher period than 2 


Two homologies which are not commutative and a third not commutative 
with the group generated by the first two and with center not on the line of 
centers must generate a group which permutes the points of the plane con- 
taining the centers. There is no possible group in the plane if the homologies 
are of higher period than 3. If they are of period 3, the group generated 
must be of order 3-216. . 

An homology not commutative with this group of order 3- 216 must 
generate with it a group of order 6 - 25920. The invariant C, is in the group 
generated by any four mutually commutative homologies. The invariant C, 
‘may be obtained as the product of two commutative C,. such as xj = —%,, 
a =a, (i=1,2; §>2), and a= —a,, af =a, (6 = 3,4; 53,4). 

- All other homologies of period 3 must then be commutative with this 
group. For otherwise there would be on the points of a line a C, and a C, 
not in the C,. But no group on the line can contain such cyclic groups, 
Hence no primitive group in more than four variables can contain homologies 
of period 3. l 


Turorem 2. No primitive group in more than four variables contains two 
‘homologies of period 2 whose product is of period greater than 8. 


Two homologies of period 2 which are not commutative and a third which 
is not commutative with the group generated by the first two and whose center 





*See Bagnera, Rendiconti del Circolo Matematico di Palermo, T. XIX (1905), pp 1-56; Blich- 
feldt, Math. Ann., Bd..LX (1905), pp. 204-231. 
{ Jordan, Traité des Substitutions, pp. 161-170; Dickson, Linear Groups, Chap. VII. 
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is not on the line of centers must generate a group permuting the points of the 
plane containing the centers. The group in this plane may be primitive or it 
may permute in all six ways the vertices of a triangle. In the latter case cnly 
one triangle is left invariant in this plane provided there are homologies present 
whose product.is of period greater than 3. 

Consider now an homology not commutative with this group and with 
center not in the plane of centers, The group then generated in the S, which 
contains the centers may be either primitive or imprimitive. In the latter case 
it must permute the vertices of a tetrahedron, three of the vertices of which 
are vertices of the invariant triangle in the plane. For the latter group carries 
every point which does not remain invariant under it and which does not lie in 
the plane of centers into more than four positions, provided there are homo- 
logies present whose product is of period greater than 3. Hence any homology 


with center in the S, which is not commutative with the group and whose center 


does not lie in the plane of centers must leave fixed two of the vertices of the 
triangle and carry the. third into, : a point which remains invariant under the 
group. ' 

. In case there is no primitive group in an 8, whatever, every homology 
must be of this sort. Hence an homology with center not in the S, and not 


` commutative with the group permuting the points of the S, must leave fixed 


at least two of the vertices of each of the four triangles of the tetrahedron 
and hence must leave fixed three of the four. It must carry the fourth into a 
point which remains invariant under each of the four subgroups and hence 
into a point which remains invariant under the whole group permuting the 
points of the S,. Hence the group generated by homologies with centers in 
an S, must permute five points in that S,. 


We may then prove readily by induction that the only possible group 


generated ‘by homologies with centers in an S,_, must Perme n points in 
that S,_,. l 


It follows therefore that there iiet be a primitive group generated by ` 


‘ homologies with centers in an S,. Those which contain homologies whose 
product is of period greater than 3 are of order 576, 1152, 1920, 11520, 7200.* 
In every case there is an invariant C, obtained as the product of four mutually 
commutative homologies. The first three of these groups contain homologies 


each commutative with a group of order 2-24, that of order 11520 contains - 


homologies each commutative with a group of order 2-96, and the one of 
order 7200 contains homologies each commutative with a group of order 2-60.- 





oe E ae _ + * Loe. cit. 
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~ In any larger space containing the S, all these groups are of double the order, 
We denote the whole group by G and by H a subgroup of order 2-24, 2-96, or 
2-60 generated by the homologies with centers in a plane. 

An homology not commutative with G and with center not in the S; must 
generate with G a group permuting the points of an S,. Im this S, the C, 
which is invariant under G is an homology, which we denote by h,. The 
homology which is invariant under H but not under G we denote by h,. 

In the S, there must certainly be centers which lie in neither of the two S, 
determined by the plane of centers of H and the center of h, orh,. An homol- 
ogy with such a center must generate with H either a primitive group in the S, 
containing the centers or else a group permuting the vertices of a tetrahedron. 
In either case it must contain an homology commutative with H with center at 
the point where this S, meets the line joining the centers of A, and h,. 

But there can be no other centers of homologies on this line, for it is con- 
tained by planes in which’the group of the points is a dihedral Ga, Whereas 
no primitive group of the points in a plane contains a dihedral group of higher 
order than 10. Such a G, is generated by h,, h,, and an homology which is 
commutative with h, and whose product by h, is of period 3. Hence no primi- 
tive group in more than four variables contains homologies whose product is 
of period greater than 3. 


§2. Groups in which every homology is commutative with at least one 
homology in each dihedral G,. 


A dihedral G, generated by two homologies and an homology not commuta- 
tive with this G, must generate a group permuting the points of the plane con- 
taining the centers. The only possible groups in a plane in which the product 
of no two homologies is of higher period than 3 are of order 24 and 18. 
The former permutes the vertices of one triangle in that plane and the latter 
permutes the vertices.of each of four triangles. If the group in the plane'is 
of order 18, the group in any larger space containing this plane is of order 
3-18. We first consider groups which do not contain such groups as sub- 
groups. Hence we may suppose that every homology is commutative with at 
least one in each dihedral G,, since this is the case in a Gy. 


Tuerorem 3. The only primitive collineation groups in n(>4) variables, 
which contain homologies and in which every homology is commutative with at 
least one in each dihedral G,, are groups of order n+1! for any n, and groups 
of order 27-84-5, 2°-34-5+7 and 2%-3°5-5?-7 for n=6,7,8 respectively. 


in More than Four Variables which Contain Homologies. 5 


Consider a G,,, which we represent as the symmetric group in the first 
four variables. In a primitive group there must be an homology not commu- 
tative with this group. Since it must be eommutative with at least one homo- 
logy in each dihedral G,, its center must be conjugate under the Gy with a 
point such as (aaabc....) or (aabbe....), wherea#b. 

In case the center of every homology which is not commutative with the 
G, is of the first type, the only primitive groups in n variables which exist 
are of order »+1! This may be proved bv induction. Consider the symmetric 
-group in n variables. The center of an homology not commutative with it 
must be conjugate under the symmetric group with a point such as 


(E+ é+ -ee $&)G@+8,6+....=0,* 
since three of any four of the 1 first n coordinates must be equal. 
We first suppose that it is linearly dependent on the centers in the sym- 
metric group. It is then 


(E tét. E aeAe =0. 
We may suppose that the invariant linear system of this homology i is , 
(2, + %+....+%,,) + (1—%) «, =0, ; 
since we are concerned only with the group in the S,... which contains the 
centers. But the product of this homology by 
Eni = Day Uy = By, 1 = 4, (JF n—1, n) 
_ is not of period 3 since the centers and invariant linear systems do not cut out 
the proper cross-ratio on the line joining the centers for any Doers integral 
value of n. + 
We now suppose that the center is liad independent of the centers in 
the symmetric group. We may then by a transformation commutative with 
the symmetric group transform it into &,—£,,,=—0. We find that the in- 
variant linear system of points may be chosen as Wi, — bati = = 0. The homol- 
ogy is then 
Da = ati) Dnt = Prs £; = a, (ju, a+ 1). 
.We then have the symmetric group on n+-1 variables. It is of course primi- 
tive only if represented on a variables, which is possible by reason of the 
‘invariant linear relation G+ %+....$4,4,=0. o 


* We shall find it convenient to use a dual coordinate system. 

t It is perhaps of interest to note that if the coefficients be reduced by any odd prime as a modulus 
that is contained in n-+-1, the product of these transformations is of period 3. In such a case a group of 
order n-+-1! exists for which only n—] independent variables are nacessary. For example, we may exhibit 
the G51 in three variables by using the modulus 5, and the Gsf in four variables by using the modulus 3 « 
(cf. Dickson, Trans, Am. Math. Soc., Vol. IX, pp. 121-148). 
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We may suppose therefore that any other primitive group in which every 
homology is commutative with at least one in each dihedral G, contains the 
symmetric group on the first four variables and an homology with center’ 
(aabbc....). We may take this center to be £ +ë =0. The invariant 
linear system of the homology we may take to be x, + z, =0. The homology 


is then ti = — 2, %=-—%,, % =a, (j >2). The group generated is of 
order 2°-4! in the n(>4) variables. It permutes the vertices of each of three . 
tetrahedra in %, = £= .... =0, one vertex of each being 


£=0,6+84+8&1+8=0, —§4+4+8+8=0. 

Consider an homology not commutative with this group. In order that it 
be commutative with at least one in each dihedral G, we find that of the first 
four coordinates of its center either three must be 0 or else the ratios of the 
four must be +1. There can be no center of either sort linearly dependent 
on the centers in the above group without involving homologies whose product 
is of period 4. Hence we suppose the existence of a center linearly independent 
of them, Since the group of order 2:96 is invariant under groups of order 
2.288 and 2-576 permuting the three tetrahedra mentioned above, we may 
take a center to be of the first type, e. g., &,—&,=—0. We find that the in- 

variant linear system may be taken to be 2,—2,=0. The homology is then 
, La = Us, Vg = Laj 0; = 2; (74,5). A group is generated of order 24-51. 
` Consider an homology not commutative with this group. Of the first five 
coordinates of its.center either four must be 0 or else the ratios of the five 
must be +1. Since the group is invariant under a transformation which 
changes the sign of an arbitrary number of variables and leaves the rest un- 
altered, we may in the latter case choose. the first five coordinates all as + 1. 
We find readily that there can be no more centers. linearly dependent on 
‘the centers in the above group. We therefore suppose the existence of an 
homology with center linearly independent of them. If all the centers of this 
sort are such that of the first five coordinates four are 0, it may. readily be 
shown that no primitive group in n variables is possible. We therefore take 
an homology with center §&,+&+....+&—=—0. We find then that its in- 
variant system of points may be taken to be 2, +2,+-:...+a4,=0. This 
homology may be written: > é 
£i + 2 + tee + a = — (@, F % + tees + Ts), 
Lipi Ti = bipi — Tis x; = 2; (i <8, j> 8). - 

A group is then generated, permuting 36 centers of homologies. The 

group commutative with one of the homologies is of order 2-6! and the whole 
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‘group of order 2:6!-36 = 27-3*-5. -It is the well-known group which gives 
a representation of the group of the 27 lines on a cubic surface. It requires 
of course only six independent variables for its representation, the above choice 
of coordinates having been made for convenience in exhibiting the Sateen groups. 

Under this group the subgroup commutative with T : L, = — bi, Uy = Dj 

(i<4, j >4) is of order 2:576. This subgroup permutes the three invariant 
_ tetrahedra of the group of order 2-96. On the points in 7, = m, = £; = %, = 0 
it is of order 6. Each of the six transformations on these points corresponds 
to a particular permutation of the three tetrahedra. To one which leaves fixed 
the tetrahedron #, = 0, E, = 0, & = 0, & =0 and interchanges the other two, 
there corresponds the transformation U : a; = — %;, 2; = 2; (j >5), and to one 
which leaves fixed the tetrahedron £,++8,+6,=0, §,+%,—&—&=0, 
&—&+& —&,=0, &,—&,—£,+£,=0 and interchanges the other two, there 
‘corresponds the transformation F : # + £; + æy + 2% = — (X; + % + % + £), 
Lipi— ©; = Bipi — Li, Hj = 2; (i= 5,6,7; j > 8). Of the 36 centers of homol- 
ogies 12 are in %,=4a,==....=0 and the other 24 lie by pairs on the 12 lines 
joining the centers of U,V, UVU in s, = x, = 2, = œ; = 0 to the vertices of the 
corresponding tetrahedra inz,=%,=....=0. © 

Consider now an ‘homology not commutative with the whole group. Of 
the first five coordinates of its center either four must be 0 or else the ratios 
of the five must be +1. Under the group of order 2-576 commutative with T 
` a center of the latter type will’ be conjugate with a center of the former type. 
Since the symmetric group on the first five variables is present, it will be con- 
jugate with a center in 7, = %, = £a = £ = 0. An homology of this sort must 
be commutative with all those with centers in ,=2,=....-=0. Hence under 
the group generated by any such homologies no-two of the three C,, U, V, UVU 
can be conjugate. For in that case there would be centers on lines joining 
č =0 to points in 4,=a%,—....=0 other than the four vertices of the corre- 
sponding tetrahedron. But there can be no more centers in the S, determined 
by £0 and that tetrahedron. 

There can be no homology with center on the line containing the centers 
of U, F,UVU in 2, =%,=2%,=%,=0. For the only such homologies which 
could generate a group under which these three centers, were not conjugate 
would be two with centers at the two points interchanged by the dihedral G. 
But neither of these points lies in 





v,+ 2; = 0, t, + %+....$%=0, & +4,+%—%—%+% HE t %,=0, 
and hence neither ERAN could be commutative with any one of the three 
in the dihedral G, in which these three are the invariant linear systems. 


x 
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Hence we may suppose the existence of centers of homologies in x, = %, 
= %, = %,=0, but not on the line containing the centers of U, F, UVU. The 
group generated by one such homology together with U, F, UVU must ‘have 
a self-conjugate subgroup containing the homologies under which U, V, UVU 
are not conjugate. Hence the whole group must be of order 2-24 and the 
homologies must generate its invariant subgroup of order 2-4. One of the 
three homologies must be commutative with U and we may take its center to 
be £,+£,=9. The centers of the other two are then £,+£,=0 and £,—£,=0. 
The invariant linear.system of the homology with center £,+&—0 may then 


be chosen as x, +%,=0. It is therefore 2, = —a,, %—=—%,, %;=4,(j 7,8). 
A group is then generated permuting 63 centers of homologies. Of these 
63 twelve are in 7, = £ = .... = 0 and three inv. = £, = % = %, = 0, and the 
other 48 lie by pairs on 24 lines joining the vertices of the three tetrahedra in 
X, = w = :... = 0 with three corresponding pairs of points in m, = 4%, = 4, = 
x, =0. The group commutative with one of the 63 homologies is of order 

' 28-61, Tt contains, however, the C,, %; = —%,, 2; =— 2g, Vg = — Uy, Dj = B. 


(i <7, j>8), which is invariant under the whole group. The group of 
collineations in the S, which contains the centers of homologies is then of 
order 25-6!-63 = 29-34-5-7. 

This is one of the two groups found by Burnside (loc. cit.), and it is 
shown by him to give a representation of the group of the 28 bitangents to a 
quartic curve. | 

If this group is contained by a larger primitive group there must be 
homologies not commutative with the above group and with centers in 2, = a, 
= %,=2,=0. The group on this system of points must then be of order 
2-576 and the homologies must generate its invariant subgroup of order 2-96. 
In the S, containing the centers of these homologies their centers and axial 
planes must form the vertices and opposite faces of three tetrahedra. One 
vertex of each of these three tetrahedra must be left invariant by both U and V. 
We may choose one of these as &£,—&,=0. The other three vertices of this 
tetrahedron must then be E, + & =0, &+&=0, &;—&—=—0. The invariant 
linear system of the homology with center &—£ =0 may be taken as 
Lg — G, = 0. This homology is % = %,, % = Be, Li = L; (J + 6, T). 

A group is then generated which permutes 120 centers of homologies: 


Z 


Of the-120 twelve are in 7, =%,= .... =0 and twelve in z, = %, = t, = @, =0, 
and the other 96 lie by pairs on the 48 lines joining the vertices of the three 
tetrahedra in %,=%,—=....=0 with the vertices of three corresponding 


e tetrahedra in %,=%,=2%,=a2,=0. The order of the group commutative 
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with one of the homologies is 24-34-5-7. It contains, however, the C, 
i 0; = @; (<8, j>8), which is invariant under the whole group, 
Hence the order of the whole group as a collineation group in the S, con- 
taining the centers of the homologies is 2%-3*-5-7-120 = 28-3°-5?- 7, 

This is the other group found by Burnside (Joc. cit.). To put ‘it in the 
form in which it is exhibited by him, we first transform it by æ = — t, 
x; =%; (453, j > 8), and then by tipi — 2i = %4,— Bis Vi FH Lat. H y= 
—3 (x, + 2, +... . + 2g), % =a; (i< 8,7 >8). The group then contains and 
may be generated by the symmetric group in the first eight variables and the 
homology with center &,+&+£=0 and invariant linear system 2(#,+2%,+,): 
—(%,+%,+0,+2%,+4,)=0. The latter is obtained by the two transformations 
from that with center §,+&+....+& and invariant linear system 2,+%,+ 

.+2,=0. It may be written: 


v= —&, 


ay = 38, (mF n), = Es — (2 + a), = Es, — (4 +H), =a, (i>), 
where s, = %, + 2a + .... H 2g. 

If when the group is exhibited in this form the coefficients of the trans- 
formations and the coordinates of the points be reduced modulo 2, the group 
remains the same as a permutation group.on the i points, but it has then 
the quadratic invariant 2a,%,=0 (i, j =1,2,....,8; ij). The group is 
therefore simply isomorphic with the first bypo-akelian group on eight vari- 
ables.* Burnside states this result without proof. 

Returning now to the original choice of coordinates, we inquire whether 
any larger primitive group can contain this group. If so, there must be more 
homologies not commutative with it having their centers in x% =£, =% =% =Q. 
Hence there must be a group in an S, containing a subgroup of order 2:576. 
But there is no such group. Hence we have found all groups in which every 
homology is commutative with at least one homology in each dihedral G,. 


§3. Tueorem 4. The only primitive collineation groups in n(>4) vari- 
ables, which contain homologies not commutative with any one of the three in 
a dihedral G,, are of order 2°-34-5 and 28-3°-5-7 for n=5,6 respectively. 

An homology which is not commutative with any one of the three in a 
dihedral G, must generate with it a group of order 3:18. Such a group is 
generated by 

Ly = Lp, Lo = Ü, Xv; = D; (1> 2); 
Hy = 0 Tz, Be = O D, LA = 2; (j > 2); 
Lg = We, Ly = Ly, at = a, (9 #2 3), 


where w is a cube root of unity. 





è Jordan, Traité des Substitutions, pp. 195-206; Dickson, Linear Groups, Chap. VIII. 
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Consider an homology which is not commutative with this group. It must 
generate with it a group permuting the vertices of a tetrahedron. The group 
of order 3-18 leaves invariant four triangles in x,=4a,—....—0, one vertex 
of each being = 0, %& +% +8,=0, of, +8 —&=0, ak +E k=O. 
We suppose that the vertices of the first triangle are vertices of the invariant 
tetrahedron, and we choose the fourth to be £,=0. If the center of an homol- 
ogy be chosen as &,—&,=0, the invariant system of points may be taken to 
be a,—a”,=0. This homology is then 4=4%,, 24 = 2y, x,=a, (73,4). 
The group generated is of order 3°-4!. 

As we have seen, every homology which is not commutative with the group 
of order 3-18 must permute in common with it the vertices of a tetrahedron, 
and the same must be true for the conjugate groups. Hence an homology 
which is not commutative with the group of order 33-4! must be such that of 
the first four coordinates of its center either three are 0 or else the ratios are 
1, o, o. If the only centers present are of the former type, it is easy to show 
that no primitive group can exist. Since the group of order 3°-4! is invariant 
under any transformation which multiplies each of the first four variables by 
1, o, œ and makes an arbitrary substitution on the others, we may take a center 
of the latter type to be %& + & +....+&,=0. The invariant linear system 
of this homology may be taken as 7,+%,—....+2%,=0. The homology 
may be written: 

£i + 2 + woe F Za = — (2, + t + t.r’ + e), 
Lip — V; = bigi — Uy x=% (1<6, 7 > 6). 
` We find that a group is generated which permutes 45 centers of homologies. 
Of these 45, nine are in 7%, =4,=....=0, and the other 36 lie by threes on 
the 12 lines joining the vertices of the four triangles in q, =m; =.... =0 
with four corresponding points in x% = 2, =% =0, 4. e, &=0, E+E tE =O, 
oE, +E; + E= 0, oE, +E tE =0. To determine the order of the group as 
a collineation group in the S, which contains the centers of the homologies, 
we find that there are 40 planes, each of which contains the centers of nine 
homologies, and hence 40 cyclic groups conjugate with that generated by 
T: = 02, %= 2, (153, 7>3). The order of the subgroup (in the 9,) 
which is commutative with T is 3-216. It permutes the four triangles in 
€,=%,=....=0, and onthe points in 7, = %, = %, = 0 it is of order 12. 
Each permutation of the four triangles corresponds to a particular transfor- 
mation on these points. To ore which leaves fixed the triangle ¥, = 0, & =0, 
£,—0 and is of period 3 on the others, there corresponds the transformation 
U:%,=0%,, =a, (7 >4), and to one which leaves fixed the triangle 
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E +é té =O, §&+08,+0°%=0, §+07%,+0%,=0 and is of gered 3. 
on the others, there corresponds the transformation 
V : x, ++ 1% =o (a, + 25+ 2), 
Dipi — D; = yy, — By Lp = wy (t= 4,5; 7>6). 

The order of the group as a collineation group in the S, is then 3- 216-40 
= 2°-34-5. The order of the group in any larger space containing this S, 
is, however, of order 2’-3*-5, since it contains the invariant C,: #; = — a, 
Ls = — Uy, Ve = — Bz, 2 =a, (i< 5, 7>6). This C, is the product of any 
five mutually commutative homologies. The group in the S, is readily shown 
to contain primitive subgroups of order 6!. 

If this group is contained by a larger primitive group, there must be 
homologies not commutative with it. Of the first four coordinates of the center 
of such an homology either three must be 0 or else the ratios must be 1, o, o%. 
Under the group .commutative with 7 a center of the latter sort will be conju- 
gate with centers of the former sort. Since the symmetric group on the first 
four variables is present, there must be centers whose first three coordinates 
are 0. Such es must be commutative with all those with centers in 
PrE eee . 

There can be no centers of homsioeiees on the line containing the centers 
of the four C, generated by U,V, UVU?, WVU. For under any group generated 
by homologies with centers on that line the four centers would be conjugate. 
Hence there would be additional centers in an 8, such as 2,=2,=. vy, 
which is impossible. ; 

An homology with center in v7, = %, = m = 0, but not on this line aia not 
commutative with the above group, must generate with the four C, a group of 
order 3:216. An homology which is commutative with V we may take to be 
L, = Ls, Ly = X,, V= T; (J E4, 5). 

We find that a group is generated permuting 126 centers of homologies. 
Of the 126 centers nine are in q=; =.... =0 and nine inv, = t, = % = 0, 
and the other 108 lie by threes on the 36 lines joining the vertices of the four 
triangles in = %;=.... = = 0. with the vertices of four corresponding triangles _ 
in %,=%,=:%,=0. The order of the group as a ccllineation group in the S, 
containing the centers of homologies is 27-34-5-126 = 28-3°-5-7. 

This group must evidently contain a self-conjugate subgroup of index 2, 
consisting of all the transformations which may be written with determinant 
unity without introducing any irrationality other than o. It will be shown later 
that the latter group is (1,1) isomorphic with a known simple group. In any 
larger space containing the S, each of these groups contains an invariant C, 
generated by z; = —o%,, x =z; (<6, 7 > 6). 
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If there is a larger primitive group containing the group of order 2°-3°-5-7, 
there must be homologies not commutative with it. The centers of some of these 
must lie in %, = %, = % = 0. But the group on these points is of order 6-216 
and no larger group can contain it. Hence we have found all collineation groups 
in more than four variables which contain homologies not commutative with 
any one of the three in a dihedral G,. l 

Tarorem 5. The primitive group of order 2°-3°-5-7 in six variables is 
(1, 2) isomorphic with the first orthogonal group on six indices with mod- 
ulus 3.* 

To prove this theorem we first transform the group as written above by 
= 02; © = a2, (i =1,2; j > 2), and then by 

Mt tat... H E = (2 +a,+.... +4), 

Tipi — Ti = Dipy — Ti, =a, (i< 6, j > 6). 
The group as transformed contains the symmetric group in the six variables, 
the homology zi = — £, Ta = — Lı, & =a, (j > 2) and the homology with 
center — V—3 f +E +E të +E +ë =0 and invariant linear system 
V—3 g t 2, t n H a, t+ Z= 0. These two homologies are obtained 
from those with centers +% +.... +ë =0 and œg +o% +é té +É 
-+ & =0 respectively. The symmetric group cn the six variables together 
with the first of these homologies generates a group of order 24-6! under which 
€,+£,=0 goes into 30 positions and —-V—3£,+&,+8,+8,+8 +8 =v 
into 96 positions. These are the 126 points permuted by the group. 

If now the coefficients of the transformations and the coordinates of the 
points be reduced modulo 3, the group remains the same 2s a permutation group 
on these 126 pcints, but it then has the quadratic invariant a? + 23+ x? -+ 22 
-+ æ} + g= 0. The self-conjugate subgroup of index 2 is therefore (1, 1) 
isomorphic with the simple group of the same order. 

The whole group has primitive subgroups ir the six variables. The sym- 
metric group on the first five variables together with the two homologies with 
centers #, + £ = 0 and £,+&4+8,+6&+8—VW—3&—0 generates a group 
of order 27-3*-5, having the invariant quadratic spread aj + 23 + a3 -+ z$ -+ g? 
—m=0. This is the well-known group of this order and may, by a slight 
change of variables, be exhibited with rational coefficients. The symmetric 
group on the six variables together with the homology with center &, + & +ë, 
+&,+&—V—3£,=0 generates a group of order 7!. _ 
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On Non-Homogeneous Equations with an Infinite Number 
of Variables.* 


By R. D. CABMICHAEL. 


1. Introduction. 


In recent years important contributions to the problem of solving linear 
equations with an infinite number of variables have been made by Hill,t Poin- 
caré,t von Koch,§ Hilbert,|| Toeplitz, Schmidt,** and Bécher and Brand.tt 
The most interesting and far-reaching developments of the theory which have 
been given up to the present time are those of the last two papers mentioned. 

Two memoirs by K6tteritzsch}} appeared earlier than any of those just 
referred to. They are formal in their treatment; that is to say, the requisite 
convergence proofs are not given, so that one is without information as to 
the range of validity of the results. These researches have usually been passed 
over in silence by those who have written on the subject of infinite systems of 
equations. To be sure they are incomplete in several respects and contain 
actual errors; but they do not deserve the neglect with which they have met.$4§ 

The purpose of the present paper is to indicate an important range of 
validity for the results of Kotteritzsch. His formal solutions are derived 
directly and convergence proofs are supplied for two important classes of cases. 
The results are stated in a theorem at the close of the paper. 

In connection with the results of § 5 I point out that the methods of the 
present paper have a valuable range of applicability different from that of 
previously developed theories. 








* Presented to the American Mathematical Society, December 31, 1912. 

+ Acta Mathematica, VIII (1886), pp. 1-36. Previously published at Cambridge, U. S. A., in 1877. 

{Bulletin de la Société mathématique de France, XIV (1886), pp. 77-90. 

§ Rendiconti del Circolo matematico di Palermo, XXVIII (1809), pp. 255-266. See also the numer- 
ous references in this. paper. ' - 

|| Göttinger Nachrichten, 1906, pp. 157-227; see especially pp- 218-227. : 

{| Rendiconti det Circolo matematico di Palermo, XXVIII (1909), pp. 88-96. See also the references 
in this paper. ; 
; ** Rendiconti del Circolo matematico di Palermo, XXV (190E), pp. 53-77. 

tt Annals of Mathematics, XIII (1912), pp. 167-186. 

‘tt Zeitschrift fiir Mathematik und Physik, XV (1870), pp. 1-15, 229-268. 

§§ Compare Encyclopédie des Sciences Mathématiques, 1, pp. 319-821. 
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2. Normal Form of the System. 
‘Let us consider the system of linear equations 


È ai=, 8 Pe eee (1) 
j= 

` having the property that no linear relation exists among any finite number of 
the first members. It is easy to see that the variables i, @, %,.... can be 
rearranged into a sequence th, ts, Ug, ...- SO that the system (1) can be re- 


duced to an equivalent system of the form 


$ Oh= G, Gy=1, i=1, 2,3,...., (2) 
j=t f 
the k-th equation in the new system being obtained 3y means of a linear com- 
bination of the first k equations of the old. We shall study the equations in 
the normal form (2). It is obvious that the results for this system can be 


carried over to system (1) without difficulty. 


3. The Formal Solution of Kotteritesch. 


It is natural te expect that a solution of (2) is linear in the c’s. Accord- 
ingly let us seek a solution of the form 


y= È Suey ad ee asea (3) 


If we substitute this value of u, from (3) into (2) we have formally 
$ Qij ž 5i aé $ $ AS jC == Cis i=l, 2, aes: ie: Tate i 
fat l=1j=i 


This is a formal a in the c’s provided that 
Š aysy=bq, i I=1, 2,3,...., | (4) 
j= i 


where ô, is equal to 1 or zero according as 7 is or is not equal to Z. 

If we consider any fixed value of J, we have in (4) a singly infinite system 
of equations for determining those s’s which have the given second subscript Z. 
The l-th equation of the set has the second member 1; all the other equations 
of the set have the second member 0. It is obvious that there exists a par- 
ticular solution s,,—8,, where §,,=0 when k>} and 3,,=A,, when k <1, Ay being 
the determinant formed from 


L Gig Qg Gy tees. BY 
O I aes Gey Qe 
A=|0 0 1 ty (ls, 
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by replacing the last element in the k-th column by 1 and all the other elements 
in that column by 0. If now we let / vary over the range 1, 2,3, ...., we obtain 
a particular solution of (4). 

Consider now the homogeneous system corresponding to (2): 


Sa,v,=0, i=1,2,..... (5) 
fat 

This is also the homogeneous system corresponding to (4) for a fixed J and 

varying i. Consider the infinite set of solutions 


Vj;=U_,, k=1,2,...., 


of (5). These are assumed to be any solutions whatever of (5), whether the 
same or different; in particular we may have v,=—0 for all values of j and k. 
Now, since s,,=8,, is a solution of (4), it is obvious that s,,==8,-+¥,, is also 
a solution of (4). This may be written in the form , 
Sm= (k, Ante, k, b=1, 2, ..-.; 
where 


_ fOwhenk>! 
oS i when ES 


Substituting these values of s,, in (3) we have formally: 


= Š { (k, Autono k=l, 2, (6) 


If this value for u, is substituted for u, in (2), a formal identity in the c’s 
will be obtained. Thus we have a formal soluticn of (2). If we put v,,.=0, 
we have the simpler formal solution 


tp == (k, DAge= È Ape, k=1,2,..... (7) 
i=1 i= 


This latter is essentially the formal solution of Kötteritzsch. It is the one 
which we shall study in the following sections of this paper. 

In a previous paper* I have had occasion to solve a particular system of 
equations of the form (2). This example illustrates the method by which ap- 
propriate determinations of the quantities v,, may be made, so as to ensure the 
convergence of (6) when the condition v,,=0 for every k and l gives rise to 
divergent series. The example also brings to notice the usefulness of this 
method when it is desired to select a particular solution (6) of (2) which has 
important properties in addition to satisfying the system of equations. | 





E * AMERICAN JOURNAL OF MATHEMATICS, XXXV (1913), pp. 164-175. 
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4. Validity of the Formal Solution (7) as an Actual Solution. 


In the first place it is obvious that (7) cannot afford a solution of (2) un- 
less every infinite series in (7) is convergent. But there are other conditions 
which must also be satisfied. Substituting from (7) into the first member of 
(2) we have 

x, x alts l) Aj). (8) 
Assuming for a moment the validity of an interchange in the order of summa- 
tions in (8), we should have for the value of (8) 


È 2 a0, DA= È % tal, DA=, 
Sti= =lj=t 
since 
È ay (i, 1) An= È Ma5. 
y=t = 


Hence we conclude that (7) will afford a valid solution of (2) when and only 
when the series in (7) converges for every value of k and the interchange of 
the order of summations in (8) is legitimate. 

Now we may think of (8) arranged as a double series: 


y(t, 1) Ages t tali, 2) Ant auli, 3) Agest...-; 
G41 (O41, 1) Aa G tlni tl, 2) Aiti +O, 4 HL, 3) Atat 
Q; ipl H 2, 1) Aito, C6 F r ipl H 2, 2) Arpe Ct aiil H2, 8) Aitos tHo 


The necessary convergence in (7) implies the convergence of every row of this 
double series. Then for the convergence of this double series it is necessary 
and sufficient” that the convergence of the rows be uniform and that the series 


ER NET: E OA 


shall be convergent, where S„ is the sum of the m-th row of the double series. 

Clearly the convergence of this double series is sufficient to ensure the legit- 
imacy of the interchange in the order of summations in (8). Hence we con- 
clude that (7) will be a valid solution of (2) im all cases when the convergence 


of the first series in (7) is uniform with respect to k and the series > apu; is 
j=it 

convergent, where uw, is the sum of the series (7) for k=j. We shall deter- 

mine two important cases when these convergence zonditions are satisfied. 





* See Hobson’s Theory of Functions of a Real Variable, p. 436. 
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In developing each of these two conditions we shall have need of Hada- 
mard’s fundamental theorem* concerning an upper bound to the absolute value 
of a determinant. This theorem may be stated as follows: 

If A is an n-th order determinant in which 8, is the element in the i-th 
row and the j-th column, then 


[AJS Tn? [A] SV pipa.. pa? 


where _ 
m= 22 |B. |’, p= 2 EAR 
j=l j=l 


5. First Class of Cases. 


To obtain our first condition implying the validity of (7) as a solution of 
(2) we proceed thus: Denote by c, the sum 


a= È [asl 


From the definition of Ay aid the eoni inequality for |A] in Hadamard’s 
theorem we see that 


DES To, S00 KO ps 
From this it follows that the re series in (7) for u, is term by term not 
greater in absolute value than the series 
È Voo.. olal. i (9) 


If this series converges, it follows that the first series for u, is uniformly con- 


`. vergent with respect to k. Also, it is obvious that 


“æ Voz... 0, 
aes a ee [¢,|=Ag,, 


where A, is defined by this relation. Consider the series 

> leu [Ags i=l, 2... (10) 
From our test in § 4 it fellows that the convergence of series (9) and (10) is 
sufficient to ensure the validity of (7) as a solution of (2).. 


Since [u,| is evidently not greater than the sum of (9), it follows from 
our test in § 4 that the a of (9) and of the series 


È Ja als i=], 2, diay ` (41) 


is also sufficient for the validity of (7) as a solution of (2). 





* Bulletin des Sciences Mathématiques (Darboux), XVII (1893), pp. 240-246. 
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A comparison of these results with the theory of von Koch and also with 
that of Schmidt will be sufficient to show that the methods of the present paper 
have an important range of applicability different from that of previously de- 
veloped theories. To take a fairly obvious case, let us consider a system of 
equations (2) in which ` 


| < iti 

KA < M'i, 
where M is independent of i and j.: It is easy to see that the numbers c, Cs, 
Gg, --.» can de chosen in an infinity of ways so as to ensure that the requisite 


convergence conditions are satisfied. A comparison of this case with those 
treated by von Koch and Schmidt is sufficient to justify the statement made 
above. 


6. Second Class of Cases. 
To obtain a second condition under which (7) affords an actual. solution 


of (2) let us assume with Schmidt the convergence of the series |a,|?-+]a9|? 
-+.... for every value of i We write 


i.) i $ 
s= È layl’, tlpas 


Applying the first inequality for |A| in Hadamard’s theorem we see that 
[Aul S SoS:S2- +- -Siz S=, 
since the sum of the squares of the absolute values of the elements in the i-th 
row of A,,, E3, is equal to or less than s;, while the corresponding sum for the 
i-th row is 2. From this it follows that the first series in (7) for u, is term 
by term not greater in absolute value than the series 


È Vagos -slal (12) 
If this series converges, it follows that the first series for u, is uniformly còn- 
vergent with respect to k. Also, it is obvious that 
Jul £ È Vasi slal =B, 
where B, is defined by this relation, Consider the series 
Š haul Bj, i=1, 2, ..... (13) 


From our test in § 4 it follows that the convergence of -series (12) and (13) is 
sufficient to ensure the validity of (7) as a solution of (2). 

Since B, obviously decreases with increase of k, it follows from the above 
result that the convergence of (12) and (11) is also sufficient for the validity 
of (7) as a solution of (2). . 
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7. Statement of the Principal Results. 


The principal results which we have obtained may be stated as follows: 
Teorem. If the system of equations 


B=, t=1,2, 000, (A) 


has the property that no linear relation exists among any finite number of the 
first members, it can readily be reduced to an equivalent system 


È Ajuljs=C;, gael, te, 2). cats (A) 


I dy Gy Oy yy : 
O 1 ay üy Qar 
0 0 Ag, ds 
0 0 0 0 1 


by replacing the last element in the k-th column by 1 and all the other elements 
in that column by zero. Denote by vu, k=1, 2, ...., any solution V, =V, of 
the system 


Eayj=0, i=1,2,..... 
jai 
Then a formal solution of equations (A) is 
. U= =| (k, lA tipo, k=1,2,...., (B) 


where (k,l) is unity when LÈ k, and is otherwise zero. If we take v,,==0, this 
reduces to . 
U= $ ApCs k=1, 2, s.res (©) 
izk 


Among the cases in which (C) certainly affords an actual solution of (A), 
are the two general classes in which the one or the other of the two following 
conditions are satisfied: 

1i. If 


$ 
o= È |a,|*, 
. j=1 
then the series 


æ 2 g A 
È Vog, 01611 5 Z |ay|4;, i=l, 2,...., 
= = 7 


20 CARMICHAEL: On Non-Homogeneous Equations, Etc. 


converge, where A, has either of the two values A:=1, j=1, 2, ...., or 
O02... -6 ’ 
A,;= Vs es emai al Oe ner 
t=j g; 
2. The series |a,|*+|@,.|?+|@,|?-+.... converges to the sum s;. The 

series 

@ ao . rs 

S V pear Si lil Sy=2; > |4,|B;; t= ors sseeg 

= j=t 
converge, where B, has either one of the two values B;=1, j=1, 2, ...., or - 


age Vss, eae -Sil ĉl j=1, 2, . 
From a solution of (A) a solution of (A) may readily be found. 


Inprawa UNIVERSITY, 


On Constrained Motion. 


By Pereg FLD. ` 





Introduction. 


The traditional problem in the mechanics of a particle supposes given a 
system of particles with a certain number of degrees of freedom and a system 
of forces; the solution of the problem consists in determining the motion of 
each particle. Lagrange’s equations enable us to co this provided it is possible 
to overcome the difficulties incicent to the integration of the equations of motion. 


Painlevé* has shown that in discussing problems of this kind, if we assume 
Coulomb’s laws of friction to kold true, we must proceed with caution, as the 
supposition that motion takes place may lead either to conditions which are 
incompatible or to the possibility of more than one solution.t In some of the 
problems discussed by Painlevé, our interest is not primarily in the whole 
history of the subsequent motion but rather in knowing how many values of 
the acceleration are possible at the given moment with the given initial condi- 
tions. This is the point of view which is adopted in this paper. 

Efforts have been made to dispose of the cases where more than one motion 
is possible by taking account of the elasticity of the material and also by sup- 
posing that it.must be'possible for the frictional force to increase from zero 
up to its maximum value,} but the fact nevertheless remains that when we sup- 
pose that we are dealing with a rigid system and suppose the frictional force 
at any point is proportional to the normal pressure at that point, and make no 
additional assumptions, we are led to cases where there may be more than one 
solution.$ 








“ke Legons sur le frottement.” ; 
+ See my paper on Coulomb’s laws of friction, Zeitschrift für Mathematik und Physik, Vol. LXI, p. 68. 
See Lecornu, Comptes rendus, Vol. CXL (1905), p. 635, and De. Sparre, Vol. CXLI (1905), p. 310; 
also Zeitschrift für Mathematik und Physik, Vol. LVIII (1810), articles by Klein, Mises, Hamel, Prandtl, 
Pfeiffer. A 
§ See Apvell, Traité de mécanique rationnelle, Vol. IT, p. 127, 3d edition. 
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Statement of the Problem. 


The purpose of this paper is to investigate what conditions must be satis- 
fied in order that the supposition that motion takes place may lead to condi- 
tions which are compatible, when there are no external forces and we have two 
particles m, and m, connected by a weightless rod of length č and one or both 
are constrained. The different cases may be tabulated as follows: * 

(a) mis constrained to a surface and m, is free, 
(b) m, is constrained to a curve and m, is free, 

` (c) m, and m, are both constrained to surfaces, 
(d) m, is constrained to a surface, m, to a curve, 
(e) m, and m, are both constrained to curves. 


The data are chosen as follows: The particle of mass m, is at P, (Fig. 1) 
and the second particle is at P,. The velocities of m, and m, are u, and uw. 


> 





f 


Fie. 1. 


The projections of these velocities along / and at right angles to l are (v, v), 
(V, v) respectively, the projections along / being equal as P,P, is of constant 








* Some special cases have been studied by Painlevé and others. A study of the case where the two 
particles are constrained to parallel plane curves will appear in one of the forthcoming numbers of the 
Zeitschrift fiir Mathematik wnd Physik. 
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length. The angle between v, and v, will be called 0. In case the particles 
are constrained to curves, p, and p, are tae radii of curvature of the paths; 
while if the particles are constrained to surfaces, p, and p, are the radii of curv- 
ature of the plane sections determined by the velocity and the normal to the 
surface. The coefficients of friction will be denoted by u, and py. 

The angles 0, and 6, shown in Fig. 1 can be expressed in terms of v, »,, 
v; but @, and ¢,, also shown in the figure, are independent of the preceding 
parameters. We therefore have the following thirteen independent param- 
eters: My, Me, ly, Ua, l, V, Vis Vas Pry Pas Gs Pis Po- The tension in the rod is 
called T. i 


Case (a): m, is Constrained to a Surface and m, is Free. 


. 2 
The projections of the acceleration of m, are = along p,» oa 
t 


“dé =J, m the 


direction of u,, and = (1—cos? ,—cos? 6,)* along a line perpendicular to wu, and - 
1 


p, (Fig. 2). 





Fig. 2. 


In order to get the value of f, it is necessary to find the pressure against 
the surface. This pressure is 


2 
vH 


1 


+T cos 9,|, 





| mMm, 


and we have at once the equaticn 


+ vt 


L 





+T cos $,|+T7 cos 6,. 


My, =— 4a | — M, 
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The acceleration of M is directed along P,P, and is equal to =, Now 
` 2 


as the distance between the two particles is constant, the projections of their 
accelerations along P,P, differ by 


v? + vi — 20,0, cos 0 


al= i : 





o being the angular velocity of l and consequently equal to the geometric sum | 
of v, and —v, divided by 1. 


Ya a 
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In case motion is possible we must therefore be able to determine T so as 
to paniy the equation 


T T u? 7 T 
a 0 —u, cos 0, ioe ao ĝ — ‘a | + cm cos @,+ ma (=g cos? 6,) 


vi t Uz — Wv, cos 0 T 
7 Ta N 





This equation may be rendered a trifle more compact by substituting k? and k? 


p 





2 2 1 
for 2 + v3 — 2v.v, cos 6 and : It can then be written 
2 1 R 
sin? ® 1 2 — h2 a 
0 + mn) TB cos ĝ,—k?= u, cos 6,| os cos $,—k?|. 


This condition is easily interpreted geometrically. In Fig. 3 the values of 


_ mf Sin? 9, ihe 2 as 
=7( 2 + ze J+ cos ġ,— k? 


mM a . 


Fretp: On Constrained Motion. 25 ` 
are represented by points on a straight hae while the values of 


Y= 4h 008 O, |=. sone s ĝ— ie; | 


` are represented by points on a besten line which will lie above or below the T 
axis according as 6, is acute or obtuse. The values of T at the points C and D 
satisfy the conditions of our problem. If the data were so chosen that A co- 
incided with B and the slopes of y, and one segment of the broken line were 
equal, we should have an infinite number of solutions. If 6, is acute and 4 
lies to the left of B, there will be but one solution if the slope of the line y, is 
greater than the slope of the broken line; while if A lies to the right of B and 
the slope of y, is less than the slope of the broken line,: our equation has no 
solution. The problem may therefore have 0, 1, 2, or an infinite number of 
solutions depending on how the data are chosen. 


Case (b): m is Constrained to a Curve and m, is Free. 


The acceleration of m, lies in the osculating plane of the twisted curve to 
which m, is constrained. The component along the radius of curvature has the 


same value as in case (a), but the value of j, is different, as the pressure 
A i 2 

against the curve is now the geometric sum of us and the projection of T 

1 


cn the normal plane to the curve at P,. ‘This pressure (Fig. 2) is equal to 





Vr sin’ 6,— — 21m,“ oos d+ mi oH 


Therefore 





ses ire T- wè -ui 
h= z cos 0,— mir A ge oP Ot 


mM, 


‘If we now write the condition that the projection of the acceleration of in, 


along the rod is equal to — = +o and use the same notation as in (a), we 
© 2 . 


have 





2 ; 2 l 
(ee + =) +H Cos a el cos Naito 0,218 cos $, +h; 
mi My 


as the condition which T must eatery i 
The possible number of solutions is the same as in case: (a); i. e, it may 
be 0, 1, 2, or an infinite number. Instead of having the points of intersection 


4 
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of a straight line and a broken line as in Fig. 3, we now have a straight line 
and an are of an hyperbola. In order to have an infinite number of solutions 
it is necessary that the hyperbola degenerate. In that case cos ¢,==+ sin 6,, 
which means that the radius of curvature lies in the plane of the connecting 
rod and the direction of the velocity of m,.. This condition alone is of course 
not sufficient to give an infinite number of solutions. In addition two condi- 
tions corresponding: to those of case (a) must be satisfied. 

There is no difficulty in satisfying these conditions. For instance take 
_ cos ĝ,= sin 6, and suppose 0, acute, The other two conditions are 


mk _ k?—kè sin 0. 
sin6, cos? 6, 1” 

p + eaa 

Ma Ms, 





cos’? 6, | I — 4 Cos 6, sin 6, 
My, Ms My 


The first might be regarded as an equation to determine k? and the second as 
an equation which determines wu. 
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. Case (c): m, and m, are Both Constrained to Surfaces. 


According to (a) the projection of the acceleration of m, along P,P, is 
a sin? $,+hi cos $,—u, cos 0| = cos @,—kj|. 
. my `M, 


As the projection of the acċeleration of Mm, along this line has the same form 


provided we replace T by —T, 0, by 6,, $, by ĝa, and 4? by = =k, the equation 


Pe 


= 
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which determines T may be written .- | 
re $: -+ tant Sn) tHe cos $,—kZ cos ġ,—k? 
=u, cos | cos ĝ;,— rj — k, COS 0; [= oo d+ kl, 


or y=y,—y,. It is no restriction to suppose the angles 0, and 0, acute. The 
values of ` l 


Yı— Y: =k cos 0, |= mes Pı —ki | —u cos 9, | Z 008 Ptk | 


will then lie on a broken line ompi three rectilinear Tok as in Fig. 4. . 
The desired values of T are found as the values of T at the points of S 
_ intersection of the broken line with the line 


_ p/i, sin? >, 2 2 = 
yan + ag +H cos o,—k; cos @,—h’. 


- This gives rise to 0, 1, 2, 3, or an infinite number of solutions, depending on 
how the values of the constants’ are chosen. Some of the constants, as u,, Ug, 
m,, Ma, k, k2, kè, are from their nature positive, but even with this restriction 
cases with the different numbers of solutions are readily constructed. 
As an illustration Jet us build a case with an infinite number of solutions 
We might take the vertices of the broken lines at the same point and nave the 
line 


_ m/p, , sin? ĝ, $ _ __ je 
yar + ie an COS ġ,— kz cos $,—k 


coincide with that part of the broken line ji which lies to the right of the 
. common vertex of y, and y, (Fig. a This can readily be accomplished by 


taking l 
m,=m,=1, COS $,=— COS Q), 


— Uz 608 6, cos @,+2 sin? 2, 
cos 6, cos Pi 





> 


= oe ot sin’, 2k 
cos 9, l — @08 Q’ 





u, and k? being positive, we add the further restrictions that 0,, 0, , , are acute. 
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Case (d): m, is Constrained to a Surface and m, to a Curve. 


From (a) and (b) the projection of the acceleration of m, along the rod is 
sin’, | 4, T i 
T ——— +k? cos $,—, cos 0| — cos $,—K |. 
My Me, 


when m, is constrained to a surface and 





eos? 0 Te, aT 
T ae +H cos $,-——, cos 0, = sin’), —-2 z% cos $,-+k} 


when constrained to a curve. If m, is constrained to a curve, the value of the 
projection of its acceleration along the rod is obtained from the corresponding 


¢ 
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expression for m, by replacing T by —T and making the subscripts 2 in place 
of 1. From this it follows at once that when m, is constrained to a surface 


and m, to a curve, the stress in the rod must satisfy the equation | 





sin? cos? ĝ | 
r( me + i 2) it cos $,—k} cos ĝa — k? , 





=p, cos 0 | = cos ¢,—#|— cos 6, a Feist 6,42 1d 008 9 +e 
1 Lin, 11) He 2N må ar ad 2T Mas 
or more briefly, y=y,—y. l 


Suppose the angles 0, and 6, are obtuse; the values of y,—y, corresponding 
to the different values of T will then lie on two ares of hyperbolas as illus- 
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\ 


trated in Fig. 6. The values of T which satisfy our problem are found as the 
values of T at the points where the curve y,—y, is cut by the line’ 





_ mf Sin? Â, ‘cos? 6, T 
F y=2( as + Pi J+ cos ġ— kz cos @,—h?. 


It is easily shown that there are 0, 1, 2, 3, 4 or an infinite number of solutions 
depending on how the data of the problern are chosen. . 
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Case (e): m, and m, are Both Constrained to Curves. 


By making use of the results already derived we have at once the equa- 


tion for T; viz., 


m, 





cos? 6, cos? 6 ó 
a + ae a cos $,—k; cos $,—l? 


= {4 COS bal = sin? 6,—2 2 ki cos ġ,+ ki 
3 1 








| Hl COS bal Tsim a+ cos @, +k, 
OF Y= VY. 

The values of W—-Ye corresponding to different values of T will lie on an 
are of a quartic curve, and we have 0, 1, 2, 3, 4 or an infinite number of solu- ` 
tions for our problem, just as in case (d). l 
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An Elastic Connecting Red. 

Although the case where the connecting rod is elastic does not come with- 

in the scope of this paper, as we are ‘dealing with a rigid system, it may be | 

worth mentioning that it is at once apparent that when the rod is supposed 

elastic, the stress can have but one value, which is determined by the strain, and 
consequently the accelerations at P, and P, have but a single value, i 
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Covariant Curves of the Plane Rational Quintic. 


y 


By J. I. Tracey. 


Introduction. 


Let a plane rational curve p” of order n be given parametrically by the 
equations 
o=(ag)*  (i=0, 1,2), (1) 
then any line of the plane intersects p* in n points-whose equation may be rep- 
resented symbolically by the binary n-ic. ~ 


(af) (at)"=0. © | (2) 


We shall designate this form by C,,,, since it is of the n-th order in the param- ` 


eter ¢ and involves the coefficients of the line £ to the first degree. 

If I, is an invariant of C, „, it contains the coefficients of the line to the 
` k-th degree and, for a varying &, represents a curve of class k. This curve 
is the locus of line sections of p” for which i, vanishes. 

Any covariant C, m of C,,, is of degree / in the £’s and of order m in the 
ts. Now for a given § we obtain m points Ti, t,,....,%, ON p”. These are 
the roots of the equation C,,,,=0. However, for a given point of p”, say t=T 
C, m becomes a curve of class ! which is the logus of line sections of p” onne 
ing q for a root of its C, m- : 

If for a given line C, m vanishes identically, then the coefficients of this 
.m-ic give a linear system of at most m+1 curves of class 1, each containing all 
line sections of p” for which C,,, vanishes identically. By this means we can 
frequently express in concise form all the independent curves of a given class 
which contain special line sections of p", and account for all degenerate curves 
whose degeneracy is due to the multiplicity of the system. 

It is important to keep in mind that when a covariant C, m vanishes iden- 
tically, all invariants and covariants of C,,, likewise vanish. Interpreted geo- 
metrically, if a linear system of curves given by C, m contains a set of lines L, 
then any curve or system of curves derived from invariants and other cova- 
. riants of C, m, respectively, will contain lines L and contain them multiply. 
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Thus, if Z,, is an invariant of C, m, each line L is a g-fold line of the curve rep- 
resented by this invariant. A covariant of C,,, containing its coefficients to 
the r-th degree will determine a linear system of curves of class rl, and L will 
be r-fold lines of this system. Finally, any operation of C, m on a second form, 
or conversely, will give a system of curves on L: 


§ 1. Covariant Curves on the Double Lines ana Stationary Lines of p”. 
The curve p” has in general 3(n—2) stationary lines and 2(n—2) (n--3) 
double lines. Now there is a covariant Coy»), e¢m—s) Which vanishes when C, a 
has a triple root, and also vanishes if C,» contains two ee roots. This cova- 


riant gives the 2n—3 independent curv es of class 2(%—2) on the (n—2) (2n—3) 
stationary lines and double lines of p’. In terms of > YOOtS G1, Oy,» +++, Qp 
of C aitis — 

Con—2), san =) (a; — a)? ai + (yO, 1}? (ag — a)? 


+ (antn) * ($a), (3) 
For the rational cubic this covariant is the C, p” the Hessian of the C, z, and 
its coefficients give three independent conics on the three stationary lines. 
Tn the case of the p* the corresponding covariant is t 


Cy, .==31,C,,.—21,C, 4, l (4). 
and its coefficients equated to zero give fiye independent quartic curves on the 


six stationary lines and four double lines of the base curve. 
Similarly for the př the covariant is } 


Ce c2 408 +120, 0, + G,, ol: —21603 ». (5) 
From the coefficients of this covariant we obtain a linear’ system of seven 


independent sextics, by means of which the six-fold infinity of sextics on the 
nine stationary lines and. twelve. double lines of p” may be expressed. 


$2. Covariant Curves on the Double Lines of p". 

‘The condition for C,,, to have two double roots is the idenzical vanishing of 

a Cen—5,3(n—2)' The coefficients of this covarient give 3n—5 curves of class 2n—5 | 
on the 2(m—2)(n—3) double lines of p”. Now since there are only 3(n—2) 
linearly independent curves of class 2n—5 on 2(n—2) (n—8&) fixed lines, we 








* The fundamental forms used throughout are, unless otherwise stated, the same as given by Salmon, 
« Higher Algebra,” fourth edition, or by Elliott, “Algebra of Quantics.” The notation-is the same as 
Elliott’s. 
“+ Salmon, “ Higher Algebra,” p. 199. 
- This ecvariant corresponds in form to the one given by Cayley, Collected M athematical Papers, 
Vol. IV, p. 276. è l 
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shall expect -the existence of a linear relation among these 3n—5 coefficients. 
Expressed in terms of the roots of C,,, this covariant is 


n(n—1) (n—2) 
6 
Cu-s20—9 = (a4) wee (Gay) (Ly Oy) » 
(aa) (Gg —ay) . - - (3 — an) (ayas). - 
(G,—1— Gy)” (Ea, }*7? (E01) "7? (t—ag)*?. (6) 


For the p this covariant is the C, s giving seven cubic curves on the four 
double lines. It has b2en proven” that this form is apolar to the sextie equa- 
tion whose roots give the six points of inflection of the pt thus accounting for 
the linear relation which has been mentioned. 

The condition that Cı have two double rcots is the vanishing of the 
covariant t 


Cs, 9==50C, 6 Cs, — Ci e (Cs a +3C3 2). i (7) 


These coefficients give zen curves of class 5 on the twelve double lines of the 
p', and the apolarity relation existing between this covariant and the equation 
which gives the nine points of inflection has been proven by direct calculation. 

The covariant whose vanishing is the condition that C,, have two double 
roots is as follows :t f 


2 


Cr, 11=360,, 91—350, 6,01, +25[190,,40s,s— 20, Casla 


` $2104, 2 Ca 0 — 1803,6 Cae 0s8 Cral (8). 


‘and in a similar manner as above these coefficients give septimic curves on the 
twenty-four double lines of the rational sextic. That the apolarity relation 
exists between the C, ,. and the equation giving the twelve points of inflection 
of p° is due to the following general theorem. We shall now prove that: 
The covariant Con—s,ain—2)» Whose vanishing is the condition for two double 
roots, is apolar to the 3 (n—2)-ic which gives the points of inflection of p". 
Each curve of class 2n—5 determined by the coefficients of the covariant 





` has 2(3n—7) common “ines with the p” in addition to the double lines., Now the 


base curve p may be represented in point form by a function of |4, &, #},§ 
and in line form by 4°, x, POTY}, The ©,,_5 5cn,—2) 18 similarly represented 





* Thomsen, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXII, p. 230. 
7 Cayley, Collected Mat?.ematical Fapers, Vol. II, p. 469. Cayley’s C,,, is Elliott’s 03, a Oa, gs 
+The fundamental forms of C,,, used in the caleulation of this covariant were taken from Cayley, 
Collected Mathematical Papers, Vol. XI, p. 377. . : 
§ This is another way of writing (ag) (at)", the parametric equation of p”, A representing the coeffi- 
cients of the binary n-ics-eut cut by the reference triangle. The exponent of any quantity indicates the 


degree to which that quantity enters in the given expression, the nee {| f, meaning a function ‘of. 


the enclosed quantities. 2 


5 T 
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by {.4%*~5, £95 28-2) and on writing its apolarity relation with an arbitrary 
form (at)?*~® the resulting expression is | A—°, £"—°,a}. This represents a 
curve of class 2n—5 on the double lines of p”. The contacts of common lines l 
to these two curves are given by the incidence condition of & and v in the forms 
{ A’r—5, n5 a} and | 4%, x, OD}, respectively, the result being the equation 


{ A8@n—5) a, #2—1)@n—6)| O), . (9) 


Equation (9) contains, as we have already seen, the contacts of the double 
lines which involve A and t to the degrees 6 (n—3) and 4(n—2) (n—3), respect- 
ively. On removing this factor-we are left with the contacts of the extra com- 
mon lines which are given by the equation 


{ A®, a, r=} — 0, (10) 


Now it must be possible to obtain equation (10) by means of the trans- 
vectant process, so we shall examine the covariant sets of points along p”. 
There is no such covariant ‘which involves tke A’s to a degree less than 
8, and the highest order of such in the variable is 3(n—2). This of course 
is the form giving the points of inflection of p*, which in this notation is 
| A’, 02}, Therefore equation (10) is the first transvectant or the Jacobian 
-of the arbitrary form (at)®—® and the linear covariant {4°, B®}, 
In general, then, for every set of points given by (at)®“—® there is a curve 
‘of class 2n—5 on’ the double lines formed by its apolarity relation with 
Con—5,3(n—2)" However, if (at)®*-» =] A’, 0-2] their Jacobian vanishes and 
there is no such curve se to this set cf points. | This proves the 
theorem. 


§ 8. Covariant Curves on the Stationary Lines. 


The covariant which vanishes when C,,, has a triple root is a Osen- 4¢n—a)*_ 
From this form -there are 4n—15 curves of class 2(n—3) on the 3(n—2) sta- 
tionary lines. There are, however, 2(n—2) (n—43 curves of class 2(n—3) on 
3(n—2) lines, and for values of »=6, we shall show how all the remaining 
curves áre given by invariants which vanish when C,,„ has a triple root. 

In terms of the roots of C,» this covariant is 

nan 
OTT == > (a; — a3)". «+ + (@,—@,_»)* (ag—mg)*... - (a,—g—G@y—2)” 
(a,,-1—@,)? (t—a,_1 7-9 (t—a,, PO, (11) 
When n=4 this becomes the invariant I, of the C,,, and it is well known that 
this conic touches the six stationary lines of p*. 
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The condition that C,, have a triple root is the vanishing of * 


Ca, 1=3C;, s— 03 


2 (12) 
The invariant J, also vanishes for a triple root; hence the C, , and the I, give 
the linear system of six independent quartic curves on the nine stationary 
lines of ø. 

The covariant in question becomes a C,, for the C,,, and this gives nine 
‘sextic curves on the twelve stationary lines. However, there are two inva- 
riants, an I, and an I, which vanish when C,, has a triple root.t The 
quartic curve given by the J,, together with any conic in the plane, is a degen- 
erate sextic, and hence a five-fold infinity of the required system is given by 
this invariant. We have thus located sixteen independent sextic curves from 
which the entire linear system on the twelve stationary lines of the p% is 
determined. 

§ 4. Special Line Sections of 0°. 

To examine the curves given by the ccvariants and invariants of C, , and 
ark their relation to the base curve, we shall enumerate certain line sections 

` of 9°, together with the reducec form which the corresponding binary quintics 
can be made to assume. 

a. There are six so-called cyclic lines whos intersections with p are 
given by a binary quintic which is apolar to a unique quadratic. Such line 
sections are reducible to the form -2°+y/’. 

@. Fifteen lines such that four of the intersections are two harmonic 
pairs, while the remaining intersection is a root of the Jacobian of the two 
pairs. This form is reducible to x(a‘+y’). 

y. There are fourteen lines of p° such that the point of contact and three 
remaining intersections are a self-apolar quartic. The corresponding binary 
form may be written 2°(a+y°). 

ò. Ten lines whose intersections with př constitute a few cubic and its 
Hessian. These can take the form zy (æ +y). | 

e. There are nine stationary lines giving forms reducible to a*(2?+y’). 

E. Twenty-four lines of p such that the contact of each forms with the 
three remaining intersections a binary quartic which breaks up into harmonic 
pairs. These binary quintics can take the form a*y(z*+y’). 

yn. Twelve double lines which can be reduced to the form ay?(a+y). 





* Cayley, Selected Mathematical Pavers, Vol. II, p. 469. The 0},, is Elliott’s C,,,. 
t Salmon, “Higher Algebra,” p. 263. 
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It is observed that the C, ; in each of these reduced forms consists of only . 
two terms. 
-§5. The First Osculants of g. 


Let the vation quintic be given by 
= 0,t°+5b,t+100¢2+10d,t2-+5e, +f= (at), (13) 


where i=0, 1,2. Then the osculant quartic of a point v on the base curve is 
obtained by polarizing equations (13) with respect to v. It is 
w= (at) (at) _ (14) 

Now on forming the conic g, of this quartic osculant we see at once that it is 
the C, x of a line section when t=. Therefore: 

The locus of lines cutting out self-apolar quartics from the osculant curve 

- (14) is the conic C, , formed for the given point v. 

Similarly if we form the g, of a line section of (14), it is ee canonizant 
of C, when =v. Hence: 

The locus of lines cutting harmonic pairs trois the osculant quartic is the 
cubic curve C;,, formed for the point v. 

And from these we have immediately: 

The seatic Ci,,—27C3,3, for any point v of pë, gives the tine aks of the 
quartic osculant at that potnt. 

The osculant cubic at the point v is 


w= (aT)? (qt)*, (15) 
‘and on taking the discriminant of a line section of this curve we find that: 
Cy s=C2,2Co,6—C,,5Cs,2, for a point T, gives the line equation of the corre- 
sponding cubic osculant. . 
Polarizing (a,)° three times with respect to r we obtain the osculant 
conic, namely: 
x= (am)? (at)?, (16) 
and it is readily seen that: l 
The Hessian C, formed for v is the line equation of the osoulant conic, 


§ 6. Other Covariant Curves. 


Taking up the curves given by the fundamental covariants of AG, 5, we 
shall consider first the system of conics given by the C,,. Every point ¢ of 
the base curve determines a conic, and for every line & of the plane there are 

. two definite points ¢,andi,. Hence there are four lines associated with the 
same two points, namely, the common lines of the conics determined by t, and 
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t,, respectively.. If we ask that the tangent at A be a line of its conic, it is. 
readily seen that t, must be a point of inflection. For let the parameter of t, 
be: zero and the tangent be the line 2,—0, then the conic for ¢=0 is 


(bE) (FE) —4 (0%) (e£) +8 (dE)*=0, . (17) 


and if 2 =0 is a line of (17), then d, must be zero, whence v =0 is a station- 

ary line, and the roots of C, ,=0 coincide, showing, as we have already seen, 

- that Z,, its discriminant, contains the stationary lines. From a point ¢ there 
will be two lines to its conic, and the locus of noes lines as 7 varies is a curve 
of class 12 given by the eliminant of C,,, and C$ eṣ. 

If 9° has an undulation, all the conics of the system touch the undulation 
tangent and this becomes a double line of the I,. Hence for three undulations 
the linear system of conics given by the C,, is the net of conics on the three 
undulation tangents and I, becomes rational 

The six cyclic lines a are the sections of př for which the canonizant van- 
ishes, and it has already been shown that the C, ,'gives the linear system of 
cubic curves on these lines.t Now each line a has a unique apolar quadratic, 
and if t and t, be the roots of such a quadratic, the C,, formed for ¢, and fes 
respectively, will each have the given line a for a double line. 

The C, , is the Jacobian of C, , and C, s, and for a given 7 is a cubic curve, 
The lines from ¢ to this curve are the two lines to the C, , and the tangent at 
v. Inthe same way C,,, is another cubic curve, being the Jacobian of C, , and i 
C,,¢. The tangent at ris a double line cf this cubic with one of the contacts 
there. The osculant conic C,,, likewise has contact with p° at that point. - 

The pencil of lines through any point v of p° cuts out a pencil of binary 

.quartics, and two members of this pencil are self-apolar quartics. Now the 
C,,, which gives the quartics on the stationary lines, when formed for a given 
point, has contact with p° at that point and contains the two lines through it 
cutting out self-apolar quartics. Similarly the C, s determines a quartic curve 
containing the lines to the corresponding C;,, and having contact wig p at that 
point. These quartics contain the lines a. 

l The quintic curve given by the C, , and formed for a point 7 will cotain the 

lines to the C, and also the two self-apolar lines through v; while the quintic 

given by C; contains the lines to the C}, and the C,,., sige it is the Jacobian . 

of these two forms, Now the C,, and the C; both vanish identically when 

C, s contains a triple root or when C\,, is a cyclic quintic. Therefore: 





* Salmon, “Higher Algebra,” 4th ed., p. 260. 
+ Conner, Johns Hopkins University Circular, February, 1911, p, 67. 
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The coefficients of C;,, and C;,, give the linear system of sia independent 
quintic curves on the fifteen lines a and e. 

It is obvious that the sextic curve C, , contains ie five lines to the C; , 
and the tangent at +, since it is formed by operazing with C,,on C,,. In 
general when any covariant is thus formed from two other known covariants, . 
the lines from any point v to the particular covariant curve it determines are 
likewise known. : 

Let us now take one of the cyclic lines for a reference line, say 

=mi fo, : . (18) 
and form the C, , and C,, for any point 7; the terms in £ and £, respectively, 
in these equations do not appear, since both contain the reference line. Now 
by taking the linear polar of line (18) with reference to the C, , we obtain the 

equation of the point where the curve touches the given line.* Since there is 
no term in £, to obtain the linear polar we need only consider the term in £, 
which is 
Aofot | (aT +d) E+ (6,7 + dy) Eo} Eo. 
Therefore the point of contact of Cz, with (18) is given by 
(¢,7+4,)&,+ (G-+d,)&,=0. < (19). 

In the same way the linear polar of (18) with reference to Cy, is ob- 
tained. The highest term in &, being asfel (cir +d.) + (¢7+4,)& 1&3, we see 
that the required polar is given by èquation (19). Hence it follows that: 

For a given t the C; , and the C; , have the same contact on lines an" 

These lines then represent twelve common lines of the two curves, the 
remaining three being the lines from v to its C,,, as we have seen that these 
are lines of the C;,. By the same method it is readily seen that for a given 
point: Be ok 
The Os.5,Cs,75 Cr, and Cy have the same contact on lines a; also the 
C,,, and C,,, have the same contact on lines e. 


$7. The Invariants. 


Since all the invariants vanish identically when C.,, has a triple root, it 
follows that all the invariant curves contain the lines e The. quartic curve J, 
contains also lines 8 and y as J, vanishes for the canonical form of the binary 
quintic cut out by any of these lines. Now the line equation of p” is given by 
the discriminant of C}, s, namely, Jj—128Z,. Therefore lines y and e represent 
all the lines common to J, and 9’. 








* Dually, the linear polar of any point on a given curve is the tangent to the curve at that point. 
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The lines ¢ are double lines of the curve J,. This is easily seen by taking 
two stationary lines and the line joining the corresponding points cf inflection 
for a triangle of reference. Calling the stationary lines 4 =0 and #,=0 and 
the parameters of the points o? inflection 0 and œ penepemancly, any line sec- 
tion will be given by 


(a8) (at) >a Et +5 (boka tb) f+ 10 (cok teks) | 
+10 (dE +a.) P+-5 (eE + eaba) t+ foks- (20) 
On forming the I, of this we observe that the two highest powers ‘of £ 
and £, do not appear, showing that the stationary lines are double lines. Ina 
similar manner lines y are seen to be lines of J,, for if 


®)= ay? +104 (21) 
be a reference line, from the explicit form of J,* the highest term in &, is 


— 27 apde (f.£,+f.6.)&, and taking the linear polar of (21) with reference to 
the curve the equation of the point of contact is 


FE t+hof.=0. (22) 

Now taking the line equation of p*+ we see that its contact on (21) is likewise 
_ given by (22). Therefore: 

The curves I, and p° have the same contact on lines y. 

The invariant I,,{ is the discriminant of the C, and represents a curve 
of class 12, a being four-fold lines and e double lines. If we examine the re- 
-lation of I to the lines s, by means of (20), we find that I has contact with 
p’ at its points of inflection. The nature of these contacts may be determined 
. by considering the conjugate curve, which will be designated by p’. This curve 
has its line sections apolar to the line sections of p*. In general every line 
section of p* will determine a C., which has a unique apolar cubic, its canoni- 
zant, and this cubic will be represented by three points on a line of p°. Now. 
since I., is the locus of line sections-of pë for which the canonizant has a double 
root, it follows that to every line of Z, there corresponds a line of p”. On the 
other hand, since the point of contact of a line of p* taken with any one of the 
three extra intersections will represent the canonizant which gives a line of I,,, 
we see that to every line of p’ there correspond three lines of J,,. Hence: 

The curve I is în a one-to-three correspondence with the line equation of 
the conjugate curve. 





* Salmon, “Higher Algebra,” p. 229. 
+ Salmon, “ Higher Algebra,” p. 230. 


t The explicit form is given in Cayley, Vol. II, Pe! 294. All the forms of 01,5; are given in full in this 
volume. 


40 Tracey: Covariant Curves of the Plane Rational -Quintie. 


` . Now when C, has a triple root, its canonizant has the same triple root, 
and to a stationary line of p must correspond a stationary line of Za. This 
curve then has points of inflection which coincide with the points of inflection 
of př, and lines e each represent six common lines of the two curves. 

I,, also contains the lines 8, and it is readily seen that I, and I,, have the 
same contact on these lines. Hence the lines @ and ¢ are all the lmes common 

to these two curves. / 

The skew invariant Lis gives a‘curve of class 18 containing all the sets 
of lines mentioned previously except y. From the equation of this curve one 
observes that lines & are five-fold lines and ò and e are triple lines. However, 
the binary equation giving the lines from a point of inflection of p to I shows 
that from this point.the stationary line represents five lines to the I. This 
indicates that the curve has a point of inflection and an ordinary contact at 
every point of inflection of the p*, whence all the common lines of J,, and I are 
given by lines a, 8 and e. ' 

The lines a, ô and e are the base lines of the pencil of quintic curves given 
by the Ces, and, for any member of the pencil, these base lines aré equivalent 
to 87 common lines with the J. There are then three other common lines and 
it is obvious that they are given by the lines from the point 7, which determines 
the C,,, to the C}. Or, since J,, is the eliminant of C,, and Cos we can de- 
fine this curve to be the locus of lines from a varying point ¢ to its C, ,. 


§8. The Pencil j+aAi,. 


It has been stated that J, contains lines y and e, and since Fe has e for 
double lines and has contact with o on y it is evident that Jj+-Al, forms a pen- . 
cil of octavics with e as double lines and having simple contact on y. These 
two sets of lines are equivalent to 64 common lines and are the base lines of 
the pencil. The base curve J?—128/, is a member of this pencil, and of other 
- members the J, and J, have been mentioned. It may be added that the lines a 

are double lines of I}, and this curve may be defined as the locus of line sec- 
tions of p° for which the C, and Cs, are harmonic pairs. 

Another member of this pencil is of especial interest. We found that from 

a point r there are two lines whose intersections with p” are eae see) quar- 
tics, and the locus of these two lines for a varying v is the curve J}--3/,.* 
Lines ô contain a binary cubic and its Hessian, and it is obvious that when ¢ 
` is either of the Hessian points the remaining four are self-apolar, hence the ` 
lines ô are double lines of 2—3I,. These with lines e make nineteen double 





` *Salmon, “Higher Algebra,” p. 259. 
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lines of this curve; it is therefore of genus 2 and has a penċil of adjoint 
curves of class 5.* Since these lines are part of the base lines of the pencil 
C;,,, it follows that: 

The pencil of adjoint quintics of the invariant curve Ij—3I, is given by 
the covariant C,, r 

For a given ¢ the.two ost lines, which are'a set of the involution, are 
the two lines through 7 containing self-apolar quartics, since if four roots of 
C,,; are self-apolar the remaining root is the covariant C,,. Hence the pairs 
of lines in the involution intersect on the base curve and are the lines by whose 
locus the J2—3I, was defined: 

The following table is given to show which covariants contain any of the 
special line sections and their multiplicity. . — l 
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$9. The Discriminant of the Cy ,.- 


If C,,, has a double root, this is also a double root of its C,,. Interpreted 
geometrically this means that for a given point ¢ of gë the C,, will have con- 
tact there, and the discriminant of C,,, must be-a factor of the discriminant of 
the C,,. Again, if four points of a binary quintic are self-apolar, the remain- 
ing point is a double root of the C,,. This is readily seen by making the one 
point ¢=0; then in the Gy swe have f=0, and the last two terms of the C,, 
become 

_(2det-+e) (6ae—15bd-+ 10¢?). ` (23) 
Now the second factor is the condition that the Four remaining points of C, , 
be self-apolar, and hence t=0 isa double root of the C,,. We have seen that 





* Dually a curve of order n and genus 2 has a pencil of adjoint curves of order (n—-3) on the 
2(-—1) (n—2)—2 double points, These have two extra intersections each, and set up an involution 
4?,, on the base curve. 


6 
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'I?—38I, gives the locus of lines whose intersections with p° contain self-apolar 
quartics, and this invariant must also be a factor of the discriminant -of 
the C, ,. 

The discriminant is of degree 24 in the original sosticienta and is found 
from the two iraniani of the C,,. These are: 


129,=2-+72I,, | 


24 
2169,=1,(Ij—3781,). oP) 


These invariants have well-known meanings, and the discriminant of which.two 
factors have been found is- 


g—279=I, (tI, ) (Z—1231,). (25) 


If we consider the C, as given by a line of y, the C, 4 will tave a triple 

root at the point of contact, and.it is obvious that the quartic curve formed for 

that point will have a point of inflection there, the line y being a stationary 
line. l 


§10. The Hermitian of the C, 4. 


Some further relations in connection with the C, 4 are found by means 
of the Hermitian of the system of curves. In general, if we ask for the locus 
of lines which intersect a linear system of (n+1) curves of order » in sets of 
n points in an involution, we find the locus to be a curve of class 


n(n+1) 
9 ? 


which I will call the Hermitian of the system of n-ics. 

If the curves all have a point in common, that point becomes a part of the 
locus, and the class of the remaining part is reduced by one. The same is true 
for every point which the system may have in common. 

Now consider the dual statement, and take for illustration a net of conics. 
The Hermitian is a curve of order 3 and, in this case, is the locus of the 
degenerate members of the net. From any point of this locus the tangents to 
the conics are in an involution.* If the conics are given symbolically by 
(a&)*, (bE)? and (c&)*, respectively, the required locus is 


jaba] |bex| | cax| =0. l ; (26) 


‘In general, for an »-fold infinity of n-ics given by 





* Salmon, “ Conic Sections,” p. 36). 
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(45)*, (,8)", -.- +5 (G5 )” 


nint) 


the Hermitian is 


I |aa a] | amn]... agal = ; (27) 
ai this involves the coefficients of each of the n-ies ae If the three 
conics have a line in common, they will be seen in an involution from any point 
cf the line; and if the conics are a net on three lines, the Hermitian becomes 
the product of the three lines. , 

Similarly, for a triple infinity of cubic class curves the locus of points 
from which these appear in an involution is a curve of order 6. If the cubics 
touch six lines, as, for example, the cubics on lines a given by the C,,, then | 
the Hermitian is the product of those lines. If the cubics have five lines in 
common, the. given curve consists of these five lines and another line, the locus 
of a point which, with the conic on the five lines, is a cubic of the system. 

In a system of œ+ quartics the required locus is a curve of order 10. . Let 
the quartics under consideration be given by the C,, of a general line section 
of p^. This, being a system of curves on lines e, must have these nine lines as 
part of the Hermitian. .The remaining part must be a line such that any point 
of it, together with the unique cubic on the nine lines, is a degenerate quartic 
of the system. The required line can be identified as follows: 

The C, ,, being of degree 4 in the coefficients of p°, and in the &’s, and of 
order 4 in the ?’s, may be represented by {.4‘, £, tf}. The Hermitian is of 
order 10 and is given by ` +s 


II jaba||acu|.... |des, =| 4%, oe}, (28) 
since it involves the coefiicients of the five quartics linearly, and each of these 
-s of degree 4 in the A’s. ‘Hence equation (28) must contain the lines ¢ as a fac 
zor, and the form of the remaining factor is easily found. The p’ in point form 
‘is { A, E, t} and in line form is | A’, a, t°}, while the equation giving the points | 
of inflection is represented by {.4*, t}. Now the eliminant of { A’, a, t} and 
{ A’, t}, which is { A”, w}, gives the product of the stationary lines and an 
additional factor, the cusp-invariant; for if vis a point on a stationary line, 
$ will be a common root of these two forms, while if p° has a cusp, the cusp- 
parameter will factor out for any point x of the plane. The cusp-invariant, 
then, which is of degree 24 in the A’s, must be a factor of the eliminant, the 
remaining factor being the stationary lines, or: 


{A®, a} f Amy (A, æ}. (29) 
The same result may be obtained by taking the discriminant of { A’, a, #8} 
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which gives the equation of p° together with the product of the stationary lines. 
The discriminant is |4”, #*}, and since the equation of p° is [4", x*}, the 
remaining factor is the same as found above. . 

Since the stationary lines are a part of the Hermitian of the system of 
quartics given by the C,,, we have ` o 


1A”, ge} = Ay, x}: {A*, x xt. i (30) 
The remaining part of the locus must be a covariant line, and there is only one 


covariant line of degree 2 in the coefficients; namely, the line whose intersec- 
tion with p° is a binary quintic apolar to all line sections. Its equation is 

. _|aba| |a8| =| afa|—5|bex| +10|cda| =0. (31) 

Therefore froin any point of this line the system of quartics given by the 
C, appears in an involution. ; 

Then there will be a set of four lines eN to all sets of four lines in the 
involution, and any point of the line (31) with the cubic on the nine stationary 
lines is a quartic of the system given by the C, ,. 


$11. A Quartie Curve for Every Point in the Plane. 


Following is a method by which.a curve of the system given by the C, , is 
associated with every point of the plane. ‘Take any two lines & and y and 
form the C, , for the pencil £+4y; this gives a quartic in à, each coefficient of 
which involves ¢ to the fourth.degree. Suppose ë and y cut out the two binary 
quintics (at)° and (@t)°, respectively. These quintics have a combinant quar- 
tic which we can write |abx||a@|*(at)? (Bt)?, x being the point of intersection 
of the two lines. It is seen at once that: . 

If # is a point of line (31), then each coefficient of the quartic in à is apolar 
to the given combinant. 

This is most easily verified by taking for a reference triangle two stationary 
lines and line (31). Then if v is a point of (31) the C,, of (at) 54a (6t)5, 
considered as a quartic in 4, has each coefficient apolar to | aba| aß |° (at)? (8t)? 
Now if we operate with this combinant formed for a point æ of (31) on the 
C, of the general line section (a&) (at)°, the result is a quartic in the £’s from 
which the point x factors, leaving the cubic on the stationary lines. l 

The combinant above is a function of {4?, æ, tt}, while the C,, of a line 
section has the form { A’, &, t}. Now the apolarity relation of tkese is 
{A®, Et, wt, but we have seen that this form vanishes when the line £ and point 
x are incident, provided x is a point of (31). In other words {4°, £t, æ} =0 
when both (čz) =0 and {4?, #}=0. Hence there exists the relation 
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l {AS, Et, wl = fA, E (Ea) +f At, EA, wf, on (B2) 
and this indicates that the cubic on the stationary lines is of degree 6 in the 
coefficients; also [4*, £*} must be the E, since it is the only invariant of degree 
4 in the coefficients. 

The I, and the cubic {4°, £} each contain the stationary lines and hence 
have three other common lines giving rise to an- invariant triangle of g”. The. 
degree of this in the coefficients is calculated by taking the eliminant of 
{A*, Eft, {A% E}, and (Ex). The result on eliminating & is {.A®, w}, and on 
removing the factor which is the product of the stationary lines there remains 
the invariant triangle which is {4", 2°}. . 

From the relation (32) found above there is a double infinity of quartic 
curves picked out of the system given by the C,,. Take any point a of the 
plane and form the combinant quartic of the pencil of line sections on 2. 
Then operating with this combinant on the C, ,, the result is a quartic curve on 
the stationary lines. The pencil of this quartic and the 7, contains the cubic 
on the stationary lines and the point x as a degenerate member. There is then 
a quartic curve of the system given by the C,,, associated uniquely with every 

. point of the plane, and the pencil of quartics formed by this curve and the I, 
will have for base lines the stationary lines, the invariant triangle mentioned 
above, and the four lines from the given point to the L. 


§12. The Cubic Curve on the Stationary Lines of 9°. 


There are three sets of covariant points on the p% of degree 3 in the coeff- 
cients and of orders 9, 5, and 3 in the variable.* These we shall write in 
the forms {45, 1°}, 14", t}, and | 4%, t}, respectively. Now the C, s has three 
fundamental forms of the third degree in the coefficients, namely, Css, C;,;, and 
Cz, which for a line section of p* are in the forms { 4%, £, t}, {4°, £, t}, and 
| A’, £, #1, respectively. On writing the apolarity relation of each pair of 
quantics having the same order.in the variable ¢, the result in each case gives 
a cubic curve of degree 6 in the A’s. Since the cubic on the stationary lines is 
in the form {A°, a, we shall determine whether it belongs to the system of 
these cubic curves. 

The roots of the covariant form } A’, t equated- to zero give ‘the parame- 
~ ters of the nine points of inflection, the symbolical expression for this cova- 
riant being 


|abe| |a8| [By | lya] (at)? (£t)? (yt); (33) 


*See Coble, “ Symmetric Binary Forms and Involutions,” AMERICAN JOURNAL OF MaTHEMATICS,. 
Vol. XXXII, p. 359. 
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and when the p is given by equation (13), the developed form is 
|abe|t? +3 | abd | 8+3{2|acd| + |abe| ti? 
+{8|ace|+10|bed| + |abf| }# 
+3{2|ade|+5|bce| + |acf| }t 
+3{2|bef|+5|bde| + |adf| it 
+ {8|bdf|-+10ede| + jaef| {7 
+3{2]odf| + |bef| {#+3|cef|t+ |def| =0. (34) 
The covariant of order 5, { A’, t}, gives the parameters of the five points 
cut out by the covariant line |aba| |a@|*; the symbolical expression is 
Jabe| |a8|* | By| |ya| (at) (Bt) (yt), i (35) 
and the expanded form =i 
{ |abe|—2| acd |}: + { [abf|—10 |bed| 142! |acf|—5|bce| tt 
+2} |adf|—5|bde| {t+ { ]aef|—10|cde|}t+ į |bef|—2]caf]}=0. (36) 
The remaining covariant form is , 
jade ||aB|* [By Iya] (a) (yt) (37) 
of which the expanded form is found to be i 
{2| abf |—5|ace]| +20|bed| {#43} |acf|—5|ade| +5|bce| it 
—3 | |adf|—5|bef|+5|bde| }t— {2 | aef |—5 bf] +20 | cde] } =0. (38) 
Now take the reference triangle so that any line section C, s is given by 
equation (20) and form the C,,,C;,,, and C,,, respectively, of this equation. 


` Let the apolarity relation of (34) and C; , be denoced by C,,. that of (36) and . 


4 


Cz, by C,, and of (38) and C,, by Cs. These are the three cubic curves each 
involving the original coefficients to the sixth degree; and since v=0 is a sta- 
tionary line, it is only necessary to find a covariant curve which does not con- 
tain the term in £, as such a curve will contain all the stationary lines. We 
observe then if there is a member of the system 


AC +u +r =0 | l (39) 
which is free from the term in #3. Obtaining C,, C}, and C,, it is easily seen 


that the required curve is a linear combination of these three curves, the 
numerical coefficients being readily determined, and hence: 


C=84C,—350,—800,=0 (40) 


is the cubic line curve on the stationary lines of the rational quintic. 


The Group of Isomorphisms of an Abelian Group and Some 
of its Abelian Subgroups. 


‘ By G. A. MELER. 








$1. Introduction. 


Let G represent any abelian group, while J represents its group of isomor- 
phisms. It is known that a necessary and sufficient condition that I be abelian 
is that G is cyclic. Moreover, the invariant operators of I are composed of 
those which transform every operator of G into the same power of itself, and 
hence the order of the central of I is @(m), m being the largest order of an 
cperator contained in G.* In the present paper we aim to determine a few 
new properties of I, especially as regards its Sylow subgroups. This paper 
has close contact with an article by the same author entitled “Isomorphisms 
of a Group whose Order is a Power of a Prime,” Transactions of the American 
Mathematical Society, Vol. XTI (1911); and a paper by Burnside entitled “On 
- Some Properties of Groups whose Orders are Powers of Primes,” Proceedings 
of the London Mathematical Sosiety, Vol. XI (1912). 

Let A, represent any abelian subgroup of J. All the operators of G which 
_are invariant under one of the operators of A, constitute an invariant subgroup 
under each one of the operators of A,. If ż and ¿, are any two operators of 
A, while s is any operator of G, there result equations of the form: 


tr ist, 4,8, ts 1st, =5,5, t's = sis, 


where s,, S, and sj are also operators of G. Since ¢,t,—#,t,, there result the 
Zollowing equations: 


ty tty sht =i 's,t,8,8 = ti ty ‘Stat, = 8181828- 


As ty1s,t,=s1s,, we have the theorem: If any two commutative operators t 
and t, of the group of isomorphisms of an abelian group G transform a given 





* Transactions of the American M athematical Society, Vol. II (1901), p. 260; ef. Ranum, ibid., Vol, 
VHT (1907), p. 84. 
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operator of G into itself multiplied by s, and s, respectively, then the commu- 
tator of t, and s, is equal to the commutator of t, and s,. On the other hand 
it is easy to see that ¢, and ż, must be commutative whenever these commuta- 
tors are equal, so that the given condition is a sufficient as well as a necessary _ 
condition that ¢, and t, be commutative, provided s may represent any oper- 

ator of G. f l . z 

As a special case of the theorem of the preceding paragraph, it may be 

observed that every subgroup of I which is composed of operators transforming 

_all the operators of G into themselves multiplied by operators which are in- 
variant under all the operators of this subgroup is necessarily abelian, but an 
abelian subgroup of I is not- always composed of such operators. The commu- 
tators of G whose elements are composed of a particular operator é of I and of . 
all the operators of G, taken successively, constitute a subgroup T of G which 
may be associated with ¢.* In this way every operator of J may be associated 
with a particular subgroup of G. The identity of J is the only operator in I 
which corresponds to the identity of G, but the subgroups of G which corre- 
spond to other operators of J are not necessarily distinct when these operators 
are distinct. On the other hand, two operators of J are clearly distinct when- 
ever their associated, or corresponding, subgroups are distinct. 

The subgroup of G which is associated with ¢* is clearly contained in T for 
every value of a. The subgroups of G which correspond to the operators of 
any cyclic subgroup of I must therefore all be contained in each of the sub- 
groups which correspond to the generators of this cyclic subgroup of I. In 
particular, J involves at least two operators which correspond to the same sub- 
group of G whenever J involves an operator whose order exceeds 2. If G is 
the cyclic group of order 12, it is evident that any two distinct operators of I 
correspond to two distinct subgroups of G; but if G is an abelian group which 
is not contained in this cyclic group, then the J of G cannot have the property 
that every pair of its distinct operators corresponds to a pair of distinct sub- 
groups. : 

When T is composed of operators which are invariant under t, the order 
of t is the same as the largest order of an operator of T, and the subgroup- of 
G which corresponds to #* is composed of the a-th power of the operators of T., 
Since the group of isomorphisms of any abelian group is-the direct product of 
the group of isomorphisms of its Sylow subgroups, we may confine ourselves 
to a study of the case when the order of G is a power of a prime number. 








* Bulletin of the American Mathematical Society, Vol. VI (1900), p. 337. 
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| §2. Order of G is p”, p being any Prime Number. 
We shall first determine the order of a Sylow subgroup of order p™ in the 
group of isomorphisms of any abelian group of order p", p being any prime 
sapor: Suppose that the indevendent generators of G are of orders p*, p”, 


^` (a,>8,>....>4,), and that the number of the independent gener- 
e of these oe is a, 8, ...., A respectively. Hence 
ery ot -o HAA. 


It will be convenient to use the following abbreviations: 


m=m,=aa,+BB,+....+AA,, 
Mp =(a+B)B,+ eee PAA, 


m= (G+B+....+A)A. 
The orders of the groups genereted by all the operators of G whose orders 
divide p“, p™, ...., p are evidently p™, p™8®, ...., p™ respectively. 

To determine the value of m’ we observe that G has a series of invariant 
subgroups of orders p, p°, ...., p”? under the given Sylow subgroup of order 
p™ in its group of isomorphisms. If we represent this series of invariant 
subgroups as follows: ‘ x i 
H,,H,, EEE He as 
it is clear that H, is any one of the subgroups of order p generated by an in- 
dependent generator of highest order. In fact, H,, H,,...., H, are generated 
respectively by 1,2, ....,a suck subgroups. The subgroup H,,, is generated 
` by H, and the subgroup of order p generated by an arbitary independent gener- 
ator of order p®, while H,,, is the subgroup generated by the operators of 
order p in the subgroup of G generated by its independent generators of orders 
p™ and p*. In general, H,, H,, ....,H,—, is a series. of subgroups such that 
each is included in all those whieh follow it, but a characteristic subgroup of G 
is not always in this series. A subgroup in the given series which involves 
operators of order p* must succeed every subgroup in this series which does 
not involve any operators of this order. 

By means of the given notation it is easy to obtain the following formula: 

m’ =m, l +m — 2+... .+HMmM—atHm —l+tHm— 2+... . +m —p 
+m — l+... . Hm yt... +m it... . Hm 
B(B+1) a, 2AN 

2 2 
-=a?a,+ are vee $ (2044+ 28A4 2... 40770, | 

a(a+1 1 A(A+1 
(UG BBE og MOU), 


annem ater?) Bingen 
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This result may be expressed as follows: If an abelian group of order p™ is 
generated by a independent generators of order ¢*, B of order p®, ...., A of 
order p“ (a, >8,>....>A,), the order of a Sylow subgroup of its group of 
isomorphisms is p™, where 
m =a%a,+ (208+ 67) B,+....+ (2aA4+264+....4+47)A, 
a(a+1) 8 +1 a(a+1 
(eet) 4 UBT) 5 ACEI 
. Let Pẹ represent this Sylow subgroup of order p™. It is clear that Py 
can always be represented as a transitive substitution group of degree p™~}, 
since one of the largest independent generators s of G is transformed into itself 
multiplied by each of the operators of a subgroup of order p"™—! under P,,,, and 
‘Gis generated by this subgroup and s. The regular subgroup R of P, when 
Pw is represented as such a substitution group, which is formed by all tlie sub- 
stitutions of P,,, which are commutative with eack of the independent genera- 
tors of G except s, is of especial interest. 
Let r, and r, be any two substitutions of R. Since all the operators of G 
may be written in the form ts“, where ¢ is an operator in the group generated 
by all the independent generators of G with the exception of s, it restlts that 


Sash Se 8s rg CH= hss, 
where ¢, and ¢, are commutative with both r, and r,, and both a—1 and 8—1 


are divisible by p. From the equations 
lg ail a a aa aa ra ie Pes ERE 


it results that the abelian subgroup of R generated by those substitutions for 
which a=$=1 is a maximal abelian subgroup of R whenever G has more than 
one largest invariant. That is, it is not contained in a larger abelian subgroup 
of R whenever G contains more than one independent generator whose order 
is equal to the order of s. 

If G contains only one independent generator of highest order and if the 
quotient obtained by dividing the order of s by the order of an independent 
generator of next to the highest order is p’, then r, and r, are commutative when- 
ever a and ĝ are such that both a—1 and B—1 are divisible by the order of a 
generator of next to the highest order. The order of a maximal abelian sub- 
group of R in this case is therefore p” times the crder of the subgroup formed 
by all the substitutions of R for which a=8=1, provided G is non-cyclic. 
This completes a proof of the following theorem: A necessary and sufficient 
condition that the subgroup R of order p™— be abelian is that G involves not 
more than one independent generator whose order exceeds p. 
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As the subgroup R is invariant under P,,,, it results that P,, is contained 
in the holomorph of R. When R is abelian its invariants are the same as the 
invariants of G, with the exception that the largest invariant of G must be 
divided by p to obtain the corresponding invariant of R. In this case R is 
clearly a maximal abelian subgroup of Pw, since P, is always contained in the 
holomorph of R. A necessary and sufficient condition that P» be a Sylow sub- 
group of the holomorph of R, when & is abelian, is that all the invariants of R 
are equal to p. Asan illustrative example we may cite the fact that the group 
of degree 8 and order 1344 is the holomorph cf R when G is the abelian group 
of order 16 and of type (1, 1, 1, 1). In this case P,,, is a Sylow subgroup of 
order 64 contained in the given group of order 1344. 

Another important invariant subgroup of Pw is composed of all thé op- 
erators of, J which transform each operator of G into itself multiplied by an 
operator of its subgroup of order p which is invariant under P,,,. In the given 
representation of P» this subgroup must clearly have p™~? transitive constit- 
uents of degree p, and its order is p, ò being the number of. invariants of G 
if at least one of these invariants exceeds p. If all these invariants are equal 
to p, then 6 is one less than the number of invariants of G; that is, the order 
of the given invariant subgroup is p”—! in this case. This result is a direct 
consequence of the important theorem that every abelian group has exactly as 
many subgroups of index p as it has subgroups of order p. A necessary and 
sufficient condition that the giver invariant subgroup be a maximal abelian sub- 
group under P,,, is that G involves no invariant that is divisible by p? and no 
more than one that is divisible by p?. 

As a very special case of what precedes we have the theorem: <A neces- 
sary and sufficient condition thar a Sylow subgroup of order p™ of the group 
of isomorphisms of an abelian group of order p™, m>2, be abelian, is that this 
group of order p™ is cyclic. When no two invariants of G are equal to each 
other, the given series of invariant subgroups H,, H,, ...., H,,_, is completely 
determined by G. On the other hand, this series is not completely determined 
by G whenever G has two equal invariants. As each such series corresponds 
to a Sylow subgroup in the group of isomorphisms of G, we have the following 
theorem: A necessary and sufficient condition that the group of isomorphisms 
of an abelian group of order p” must contain only one Sylow subgroup of 
order p™ is that this group of order p™ does not contain two equal invariants.” 

The subgroup of G which corresponds to a particular operator of P, has 
always an order which divides p”~1, When G is cyclic, this order is evidently 





* AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVII (1905), p. 15. 
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p”! for some operator of P,,. Suppose that G contains two different inva - 
riants and that the order of the larger exceeds p?. It is clear that such a G 
contains a characteristic subgroup which involves operators of order p? with- 
out involving all the operators of order p contained in G. Hence there is no 
operator in a Sylow subgroup of order p™ of the group of isomorphisms of 
such a G, which corresponds to a subgroup of order p™~! in G. In fact, such 
a correspondence implies that every two characteristic subgroups of G must 
have the property that one of them is contained in the other. - 


Self-Projective Rational Curves of the Fourth and F ifth 
Orders.” 
By R. M. WINGER. 


§-1. Introduction. 


In the study of a rational quintie, first pointed out by Cayley, through the 
consideration of special cases I was led to a curve which is invariant under a 
group of six collineations.t The question naturally arose as to other curves 
unaltered by the group, and this was later extended to the problem of the dis- 
covery of rational. curves invariant under other finite collineation groups. 
Such curves have been called self-projective. Many of these have found their 
way into the literature, but usually quite apart from or incidental to their 
connection with the groups. And while the general quartics and quintics have 
_ been discussed by Cianift and Snyder § respectively, the rational case has not 
been systematically treated. Neither is this phase of the question to be ignored 
as a special case of the work cited above, for the order of imposing the conditions 
materially affects the results. : ' 

As the variety of self-projective curves is rather large, some criterion of 
classification had to be adopted. The purpose of this paper is to present in 
-canonical form all of the projectively distinct types of the most general rational 
curves of the fourth and fifth orders invariant under the different finite collinea- 
tion groups. 

‘Of fundamental importance in the study for rational curves is the 

THeorEM. To every ternary collineation of the points of the curve there 
is a corresponding binary collixeation of the parameter, and conversely. 

Both of these must leave the curve unaltered if it is to be self-projective. 
The groups to be considered, then, are those generated by the regular body 
groups : || 7 

cyclic Ino 
dihedral “Ians 
tetrahedral Js, 
octahedral gy, 
icosahedral gy. 








* Read before the American Mathematical Society, January 2, 1913. 
+ Discussed, § 14. E 

ł Istituto Lombardo Rendiconti, Series II, Vol. XXXIII, p. 1170. 

§ AMERICAN JOURNAL OF MATHEMATICS, Vol, XXX. 

li Klein, “Tkosaeder.” 
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It is no condition on a conic to admit any of these groups. 
Again, every member of the syzygetic pencil of rational cubics 
Hy + Bi + Astin MW, = 0 
is invariant under a dihedral g, : 
The cubic with a cusp, 
w= eet, ates, 


is unchanged by the substitution 


% =a a, 
t= at or 4 m= t, 

t 

n= h. 


That is, the cuspidal cubic is invariant under a one-parameter group. 
I. Tae RATIONAL QUARTIC. 


§2. The Stahl Binary Sextic. 


The first case of considerable interest, then, is the rational quartic, p°, 
which will not admit a group without restriction. l 

The labor is greatly facilitated by reason of the existence of a fundamental 
sextic (binary) of which line sections are second polars and upon which the 
invariant theory of the curve depends.” 

Bolza ł has tabulated the canonical forms of the non-singular binary sextics 
with linear transformations into themselves. He exhibits the following types 
with the corresponding groups: 


(1) #E+at+Be+1 cyclic Oz, 
(2) t(# +1) cyclic Is. 
(83) ¢(#+a+1) dihedral  g,, 
(4) -®+ah+41 dihedral Is: 
(5) #%+1 dihedral = gn, 
(6) t(t +i) octanedral gu. 


We supplement this with the singular form } . 
(7) #(#+1) cyclic ga 
To obtain the parametric equations of the different classes of those self- 
projective quartics which have Stahl sextics, we need only select three linearly 





* Stahl, Journal fiir Math., Vol. CIV, p. 302. This is the unique saxtie to which the fundamental 
involution is apolar, referred to hereafter as the Stahl sextic. > 

+ AMERICAN JOURNAL OF MATHEMATICS, Vol. X, p. 70. 

+Other singular forms are not given, for they furnish no new types. Sce § 8. 
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independent second polars of these sextics, written homogeneously. Usually 
the most convenient are 

O° g 2 

of’ hð JË 

Designate henceforth by S, the sextic that admits a group of order n and 
by pa the quartic curve derived from it. Note that we get a proper curve for 
every case except (5). 

We proceed now to the consideration of the others in greater detail. In 
particular, we shall characterize them by means of the fundamental invariants.* 
We use Professor Morley’s set, indicating Salmon’s equivalents and the geo- 
metric meaning of their vanishing, thus: 





Morley: Salmon: Condition for: 
I, —B triple point, 
I; A+12B flex conic to touch, 
L R undulation, 
I, D cusp, 
I, M self-reflexion. 


$3. The Cyclic Groups. 


Professor Morley has shown that the necessary and sufficient condition 
for a p* to be reflected into itself, i. e., to admit a cyclic g,, ts 
I, = 0.t 
On this supposition simply certain properties of the curve are readily in- 
ferred. Thus the center is the intersection of two double lines. The azis 
cuts out one double point, the intersection of the other double lines and the 
contacts of tangents from the center, whose parameters are the double points 
of the involution. The six points of inflexion are harmonically perspective 
from the center, accounting for the two relations that must exist on them. 
Consider next the cyclic g, 
t= ot, =l, 


A sextic to admit this group can contain only cube terms. It is therefore of 


the form 
+a + B. 








* F, Morley, “Projective Geometry Notes” (1910), Chapter 6. J. E. Rowe, Trans. Amer. Math. Soc., 
Vol. XII, p. 304. Salmon, “Higher Algebra,” 4th ed., §§ 220 ff., where the system of two quartics is ta be 
interpreted as the fundamental involution of the curve. 

+ Loc. cit. Instead of involutory collineation we use reflexion, the abstract projective notion of 
physical reflexion. 
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We can choose the unit point so that 8 =1, reducing the sextic to type (4), 
and we have the theorem: A pt that is invariant uncer a cyche g, admits at 
the same time a dihedral g,.* i 

If the sextic is unaltered by the cyclic g, 


t= it, t=], 
it takes the form 


t(t+a) 


The reference scheme may be so selected that a = 1, which gives at once the 
` octahedral sextic S,,. The pt derived therefrom has the same property. 
Therefore: 

If a rational quartic is invariant under a cyclic g,, it admits also the 
octrahedral g,,; in other words, has three inflexional nodes. 

Berzolarit has deduced the properties of this curve from the consideration 
of the g,, of permutations that leaves the double lines unaltered. 

Three second polars of the ©, determine the quartic 


=F, v =t, v= l, 
Xi — Ly, = 0. 


This curve is unaffected by the one-parameter group of §1.4 Hence: 

If a œ admits a cyclic g,, tt admits an infinite group. 

There is-an undulation at ¢=0 and at œ the dual singularity, a special 
triple point whose three parameters have come tcgether, counting for a node 
and two cusps. All of the point and line singu-arities are concentrated at 
these two points. 

All of the invariants vanish. § 


$4. The Metrical Aspect of Dihedral Collineation Groups. 


We shall now explain a very convenient metrical representation of dihedral 
collineation groups of any order, in which all of the conjugate points: of a set 
are in general real, and examine the quartics invariant under them. We shall 
speak in metrical terms at our convenience, leaving the projective interpretation 
to be supplied if desired. 





* The theorems of this section are predicated on the supposizion that the Stahl sextic exists and 
has no repeated roots. Otherwise some of them are not valid. f 

+ “Sulla Lemniscata Projettiva,” Ist. Lomb. Rend., Series II, Vol. XXXVII, pp. 277 and 304. 

£ Cf. Ciani, loc. cit., p. 1175. 

§ Cf. the case of the cuspidal cubic. 
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Using the absolute coordinates 


po 


æ= X-—iY, (X and Y rectangular coordinates), 


and an elliptic naming in which the parameter ¢ runs around the unit circle, 
a point on a rational curve is given by the single equation 


Qu x= f(t), 
where f is a rational algebraic function.* This carries with it the conjugate 
(2) z= f(t), | | 
derived by writing for each complex number, including t, its conjugate. If 
x and z are interchanged when f= the curve is yetil about the base 
line, admits a g,. If in addition 
av’ = ea when t=et', ASasn—1, 


where e is a primitive n-th root of unity, the curve is invariant under a rotation 
about the origin of period n, admits a cyclic g,. The two generate a dihedral 
Jo, containing n rotations, including the identity, and n reflexions.+ 
_ Now a g, means a line of symmetry, and the cyclic group carries this line 
into n distinct positions when n is odd. Hence, in that case: 
A dihedral g,, means symmetry about n equispaced lines through the origin. 
These are axes of the reflexions, the centers being at infinity. 


When n is even there are two sets of 5 lines of symmetry, not conjugate 


to each other, which make up n equispaced a axes of reflexion. Furzhermore, 
the curve has the origin for center. : 

In either case the centers lie on a line, the line at infinity, and the axes 
meet at a point, the origin, pomt and line being fixed elements of the group. 
When n is even there is a center on each axis. 

The elements of the cyclic g, binary and ternary are 


a! = rg 
(4) f= et! F bo 
(E = etg, a= 1,...., n. 





* See a memoir by Professor Morley, Trans. Amer. Math. Noc., Vol. I, p. 97. 
+ Cf. Hilton, “Finite Groups,” p. 53, Ex. 21 (iii). 
8 
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The products of these with the g,’s 


(5) =e 
i a =, 
are the n involutions and reflexions respectively. 

The application of the ternary g, to a point and its image affords an easy 
geometrical construction for the general set of 2” conjugate points. Such sets | 
break up.into two concentric regular polygons of m vertices. Lf, however, a point 
is at a center or lies on an axis of reflexion, it assumes only » distinct positions. 

Among these special sets of n points on p” are the two sets whose param- 
eters are the fixed points of the involutions and which may be taken as the basis 
of determination of the conjugate sets of the binary group. In the canonical 
form employed here, the general set of 2% conjugate points cf the binary group 
is given by 


(6) . (#4+1)2—a e—a 


and therefore factors into two sets of n. 
Among the curves left invariant. by the general dihedral group is the 
system of concentric circles (double contact conics) 


(7) : oe A, 


These will intersect p” in 2m invariant points which break.up into conjugate 
sets, their parameters being conjugate sets of the binary group. 3 

This furnishes a method not only for a geometrical construction of conju- 
gate sets of the ternary group, but also for finding the analytic representation 
of such sets of the binary group. 


§5. The Dihedral pt. 


From the typical sextics we get ea the equations of the dihedral 
quartic curves 








as as 
Ot ors T 
GQ) t=—g > 2 = Brg 
dt, Ot, dt, Ot, 


- We may write the quartic with a dihedral Is 


t = t 


(2) =u atti? ITR FaPFl 





* Klein, loo. eiè., p. 49. 
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Since » = 2, the curve is symmetrical about each of two perpendicular 
lines and their point of intersection. A general set of four conjugate points 
therefore will form a rectangle with center at thè origin. 

The three elements of this group, omitting the identity, are involutory, 
since the rotation is of period 2 and therefore a reflexion from the origin in 
the line at infinity. i . 

Now the parametric equations show that there is a bi-fleenode, isolated 
' however, at the origin. Hence, if a p* admits a dihedral g,, it has a bi-flecnode. 
Conversely, if a p* has a bi-flecnode, tt is invariant under a dihedral g,, for its 
equation can be written 


(3) pet eat ey + 2farye=0, 


` which is unaltered by changing the sign of w, interchanging y and z, or changing 
the signs of y and 2 interchanged; i. e., by a dihedral g,. l 
Here, then, is an example of a rational quartie that is reflected into itself 
from a. point on it. This transformation is singled out from the other two 
which are symmetrical in their effects. l 
Denote the three reflexions by R,, R}, R,, their centers by ai, a, a, 
and the axes by d, a,,a,; @, being the bi-fecnode and a, on the base line. 
Two of the double lines meet at a, and the other two at a,. Again, the 
other four flexes lie on three pairs of lines, one pair on each center, and the flex 
tangents meet in three pairs of points, one pair on each axis. Or we may say: 
` The diagonal 3-point of the four. inflevional points ‘and the diagonal 3-line 
cf the four inflexional lines constitute a single triangle, the centers and axes 
cf reflexion. 
This is a fixed triangle of the group and characterizes it geometrically. 
The fundamental involution is 


(at*—6#) +4 (6—4), 
‘and the invariants are 


I= — 0, I= — a, Tomat (a? — 36)?, 
I= — 164°, 450; Ig = 64 aè (a? —4), 


whence the invariant conditions on the curve are 
' (£) 1613—I, =0, Eee a 0 1) 9. 


The second of fea is the condition for four collinear flexes, which we saw . 
‘is twice satisfied. 
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Since an absolute constant remains, the curve may be further specialized. 
A cusp can not occur, for that would imply too many intersections with. the 
axisa,. The two double points may come together, however, forming a tac- 
node at either a, or a, with a, as the nodal tangent, the condition being a? = 4, 
the Ig above. -We have then a second center of reflexion lying on the curve; 
viz., at the tac-node. 

Equations (2) become 


5 ee en 

a9) Taga Oo gett 
which give, on eliminating t, ` 

(6) (a + #)*—ae=0. 


If a? = 36, J; = 0 and the curve acquires two undulations, given by RŽI 
and lying on a, or a,, corresponding to +a. Thus the two undulations, the 
inflexional node and the intersection of the two double lines are collinear. 

The single condition a=0 suffices for two additional Pr Recnoden; and the 
curve becomes a lemniscate. : 


“$6. The Dihedral på. 


Taking for the S, 
tE +H5at +i, 


we obtain the equations of pj in the canonical form 


at? -4+1 — tpat 
(1) i v= t2 ? s=- 4 








Here n is odd and equal to 3, so that the curve has symmetry about three 


equispaced lines through the origin. On each of these axes of reflexion lies a 
double point, while all three centers are on a double line. 

The group is characterized geometrically as the g, that permutes the sides 
of the triangle of double pownts.* 

All of the single conics, of which there is a multitude, attached to the p‘, 
` belong to the system of concentric circles 


~ 


C= A, 








* Brusotti, Ist. Lomb.. Rend. (II), Vol. XXXVII, p. 888, discusses a class of rational curves that 
admit this group, namely those with three hyper-osculation points, undulations for the p*. 
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To the different values of a correspond projectively distinct p&’s. The 
line at infinity is, however, a common double line having contacts with each at 
the circular points. 

The fundamental involution is 


(40 + a) +A (at*+4t). 


The values of the invariants and the' geometrical significance of their 
vanishing are 


I,=a@—1, triple point, 
I, = — (a + 2}, 3 bi-flecnodes, 
I,= @ (a —16)?, 3 undulations, 
I,= — e (a? —4)3, 3 cusps. . 


Thus, on account, of the triangular symmetry, if a condition is satisfied once, 
it is, generally speaking, satisfied three times. 


The invariant conditions on på are 


I, = 0, 
U, + (41, — I) (601, + I) ]* — 768 I; (121, +1) =0, 


where J; is the tac-node condition. 
The equation in absolute coordinates of the curve with a triple point 
(a =1) is 
a + a — aro? = 0. 


The sixteen intersections with the deltoid (a = 2), in terms of the parameter of 


the latter, are given by ; 

tP (tE +1). 
Hence, the two curves have eight contacts at which the eighteen common lines 
_are accounted for, the common double tangent counting for siz. ` 


We note that, if a p* have three cusps or three undulations, it must admit 
a dihedral g,, since it is then determined by a binary cubic. * 


§7. The Projective Lemniscate with a Real Dihedral g,. 
The octahedral group confains as a sub-group a dihedral g,. We include 
a brief mention of the p} with reference to the gs, since in this scheme of 
representation the sets of eight conjugate points are in general real. 





'* Cf. S, with three double rcots, below. 


62 Winer: Self-Projective Rational Curves 


The metrical equations, found at once from S,,, are 


eo =. a 
PEFD ~ HT? 








x 


whence 
(a? +. 2")? —a2a=0. 

The curve is symmetrical about each of two pairs of perpendicular lines 
which make up a set of four equispaced lines ‘through the origin, which is an 
- isolated node. l í l \* 
The fundamental involution is 


a (t#+1)-+abe, i ; 
a quartic and its Hessian. i 
The invariant relations are 
=0, 1,=0, 
1, —129612=0, ae 
LI, 811, =0. l , j 


‘The curve cuts the base circle at the twelfth roots of unity, exclusive of 
the fourth roots. Bearing in mind the symmetry it is readily drawn.* 


§ 8. Singular Stahl Sentics. 

The table of Bolza gives only non-singular sextics. We shall now examine 
those with multiple roots. A triple root can not occur, for the second polars 
all have a common factor, the æ? line sections reducing to a pencil, and the 
curye is degenerate. There may be, however, one, two or three double roots. 

Starting with Bolza’s types, we may impose the further conditions for one 
or more repeated factors, obtaining thus singular S,’s. But if we first insist on 
repeated roots and then ask that the sextics admit the different groups, will 
we get the same tabulation? In other words, are the processes commutative ? 

Beginning with the extreme case, suppose the sextic’ has three double roots. 
It is then the square of a cubic and may be taken as 


(t +1) 
Hence it is a special case of S,, a = 2. We saw that the three axes of reflexion 


contain each a double point of põ. In this case the other intersections of the 


axes are given by 
#@+1 and #—1. 





* This is the right circular cross curve of Loria, “Spezielle Ebene Kurven,” Vol. I, p. 226. 


of. the Fourth and Fifth Orders. 63 


Starting with (¢®—1)?, we get the same curve, since the two sextics are pro- 
jectively equivalent. 
A sextic with two double roots is made ap of one quadratic and the square 
o- another, and may be taken as 
t(+at+1)% 
Since there is always an involution leaving two quadratics unaltered, a sextic 
with two double roots admits a g,. This is a special case of S,.* If we ask 
further that the sextic admit the involution t’ = — #, the double roots must be 
irterchanged and it may be reduced to the form. 
t (t +1), 
and is a special case of type (3), a= +2. In this case the double points of 
the three involutions of the g, are the two quadratic factors of the sextic and 
their: Jacobian, three mutually apolar pairs. The corresponding œ is an 
instance of one whose Stahl sextic ts cut out by a line, the axis a, or ae. 
The sextie with one double root may be written 
(tta +b tetti). 
Now the double root 0 must be a fixed point in any transformation that leaves 
the sextic unaltered, while all the transformations that leave one point un- 
altered constitute a cyclic group that leaves a second point unaltered. Two 
cases are to be distinguished. l 
Case I. The second fixed point not a root of S. Then the involution 
i’ = —t will interchange the four simple roots in pairs and S becomes 
?(tt+ar?+t1), 
which is a special case of type (1), as is readily verified. S can not admit a 
cyclic g,, for one of the simple roots would be a fixed point contrary to 
hypothesis. The four points, However, might be permuted cyclicly by the 
transformation 
t’ = 148, eos, 
when S assumes the form l 
t (t+ 1). 
The p* corresponding to this may be written 
G=t =t, n=t+1,. 
x5 + Di — aa, D = 0. 


It has a triple point with a cusp at 0, œ. 





* Writing 8,, a6- 605 t+ 4, t7 Hett tt t? ttt bt #5 Hat’, we obtain, on placing a=b = 0 
tP tr (t+ ¢t, t +t’), a form to which a sextic with two double roots may be reduced. 
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Case II. The second fixed point a root of 8. The sextic can now admit 

the cyclic g, : i 

t= ot, ; mi & =l, 
' which permutes cyclicly the remaining roots producing 

l S,, (H1). — 
The PE p may be alte 
% = 40° +1, m =t tti a= FF, 

which is a curve with three undulations, and is therefore a special case of the 
pg already noticed, § 6.* 

There are then sextics with one repeated root invariant iads eyclic 
groups of orders 2, 3 and 4, only the last of which, however, determines a new 
type of curve. 

§9. Cases of Failure. 

There remains the consideration of the p* with a singularity such that the 
tangent cuts out a quartic with four equal roois, for then the fundamental 
involution has a common factor and the Stahl sextic is no longer defined. 

` Tf pt have an undulation, say at the point 0,.it can admit only a cyclic group 
of which the undulation is a fixed point. The group will have another fixed 
point, say œ. Referred to the tangents at these two points and the line 
joining them, the equations of the curve are 
D = t$, 
m =t bt+1, 
l La =t (t + ct +a). 
Tbis will admit the involution , 
t= —t, if b=c=0, -, É 
and we have as the equations of a p} with an undulation 
w=t, m=, m=r( +a), 
which is a special case of p3 of § 3. 
If the other fixed point is an inflexion, pt may admit the cyclic gy t =ot. 
The equations are , 
=, n= m= +1, 


or 
Hy (Vy + m) — m a = O. 








* It should be remarked that while the sextic admits only a g, there is no contradiction in our 
theory, for the Stahl sextic in this case is not unique (see below). i 
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The flex tangent x, meets again at the undulation and x, cuts out a triple 

point. Three flexes and three double lines remain. we be l 

- Again, the quartic with a tac-node-cusp at 0 may admit the cyclic g,, 
giving rise to a new type of p3, 

n=, a=? m= +), 
or 
©, (2o — + 2%, %, T) — Totz = 0. 

The multiple point consumes all of the singularities of the curve except three 
flexes, 

A p* with two undulations, say at 0 and œ, may be written 

B=, w2=1, m=t(£+2at+1), 
which admits the involution 
=1/t. 
Hence, a p* with two undulations is invariant under a g. In this case the 
undulations are interchanged. They may be fixed points of an imvolution 
when the curve takes the form 
g =t, n=l, mn =t(t +1), 
which is invariant under a dihedral g, and is the same as that noticed, $5. 
The p* with three undulations is Brusotti’s curve and'admits a dihedral gs, 
$6, foot-note. It may be derived uniquely from the special S, 
t+ 20041. 
But if we attempt to recover. the sextic, we obtain the doubly infinite system 
(+ 200 +1) +209 (21 +5) + yt (5H +2), 
any member of which determines the same curve. 

We have thus arrived at a complete solution of the first part of our funda- 
mental problem, having found eight types of self-projective rational quartics. 
Moreover, the nature of the investigation is such that we are in a position - 
to say that these eight types include as spectal cases all others. 

For convenience of reference they have been ecllected in a table at the end. 


I. Tse RATIONAL QUINTIC. 


$10. General Considerations. 
We begin our study of the p° with a generalization of a theorem enunciated 
for the p*, §3, viz.: 
If a rational curve p" of order m — 
= (a,t)™, 0,1, 2; 
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is invariant under a cyclic group of order n, n > m, it is invariant under a 
one-parameter group. 

Proof: A ternary collineation of period n can always be written in the 
canonical form 

Uy EU; | 

where the e’s are n-th roots of unity. The triangle of reference is then a fixed 
triangle of the group.* Now each side of this triangle must cut p” in m points 
whose parameters form a conjugate set under the corresponding binary cyclic 
ga- IE n>m, the only conjugate sets of m points are 


tt te, a+b=m. 
The only three sets having no common factors are 
ty; wy, i’ ty lsrsm—1. 


The equations of the curve then become 


t= tr, w= t, Ly = ty, 


which admits an infinite group. 
If n = m, the only conjugate sets of n points are 
it? and at?+ Bi, - a+b=n. 


There can not be three independent sets of the latter kind. If there are two 
‘independent sets, they can be replaced linearly by tî or t}, and we have the 
one-parameter type.. If there is one such set and a set t? or t3, we can obtain 
by a transformation the preceding case. The only new types then are ‘ 


atit Biz, tte", titi”, rs, Lepy<n—1. 


If there is no set of the form at?+ 6 t?, we have again the one-parameter case. 
That is, the equations of a p" invariant under a cyclic g, may be written 


(non-homogeneously) in canonical form 
Ha, Ot, m= i* +1, 


with the above restrictions imposed on r and s. 








* Every such collineation has at least one proper fixed triangle, an homology having ot. 
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These equations are the canonical form of p” invariant under a dihedral 
Gn f T+ SH. 

Incidentally, for varying r in the one-parameter case, we obtain the classes 
of curves invariant under an infinite group. These are the self-dual binomial 
curves, so-called parabolas of higher order, 

ai — ap s; = 0, O<r<n. 
The singularities are all concentrated at the two fixed points 0 and œ. There 
ere two such types of o, r=1,2.* If r=3,4, we obtain curves metrically 
cistinct but projectively equivalent. ł 

Our theorem excludes for the rational quintic those cyclic g,’s and dihedral 
GaS, % >5, Furthermore, a group that transforms a p* into itself must leave 
the flex ninic unaltered. From a study of the characteristic invariant forms 
of the binary group — i. e., those special sets of parameters which assume fewer 
than » values — we readily conclude that 

A p° can not admit a dihedral Jas n even, nor the tetrahedral, the octa- 
hedral or the icosahedral group, even though its flex equation have multiple 
roots, 

There are left, then, only cyclic groups of orders 2, 3, 4 and 5 and dihedral 
groups of orders 6 and 10. It turns out that there are rational quintics 
belonging to all of these. 


$ 11. The Cyclic Groups. 


Using the fixed triangle of the group as triangle of reference, we obtain 
without difficulty the equations of the cyclic quintics in canonical form. l 
Thus the p2 is 
%=t+ at? + bt, 
x i m = t+ et’, 
D =+ 1. 


The only fixed points under the involution are 0 and œ. One of these is an - 
_ inflexion — the center of the reflexion. The other lies on the axis, being the 
contact of a tangent from the center. The parameters of the other contacts 
of tangents from the center and those of the extra intersections of the axis 
must be interchanged by the involution. That is, two double lines meet at the 
senter and two double points lie on the axis. 





* Cf. Snyder’s Ga and Gw, loc. cit., paragraphs 5 and 6. It may be remarked that his curves 
ary +byi+e27=—0 and cayt+b2=—0 
are projectively equivalent. 
t See Wieleitner, “ Algebraische Kurven,” p. 135, Beis. 5. 
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The equations of p3 are 


n= t+ at, 
v,=b#+1, 
C= t+ it. 


The points of the curve are arranged in triads, but as the singularities occur 
in multiples of 3 this can happen without any striking geometrical speciali- 
zation. The line a, is the apolar line and cuts out the fixed points of the 
generating binary transformation. 

We write the pi 


(a =at +t, 
T = t, 
(r= tt +l. 


Now the binary cyclic g, generated by 
t= it, “=l, 
contains as a subgroup the involution ¢’= —t. Hence the pj admits a reflexion 
into itself, The line a, is seen to be a touching flex tangent, the contacts being 
the fixed points of the binary group. The line x, is the axis of reflexion and 
cuts out as above two double points. In addition to the special flex tangent 
two double lines meet at 0. Thus, the center of reflexion is a syzygetic point.” 


For particular values of r and s of the previous section we obtain two 
types of ø invariant under the g, generated by 


. t'=et, P=, 
(1) = =P, =Ë F 
or 
To + Li — ToL Ly = 05+ 
(2) =b, a= t, vy =t +1, 
or f l 


a — a + m wia — 2 w E w = À. 


The first has a fourfold point at 0, œ, with three coincident parameters, 
consuming four flexes and seven double lines. The parameters are the fixed 
points of the binary group. 





* By a syzygetic point we mean a point whose lines cut out the syzygetic pencil of binary quarties 
U +AdH, where H is the Hessian of U. See Johns Hopkins University Circular, February, 1911, p. 101. 
Snyder’s curve, paragraph 5, is a special case of this and may be written parametrically 
t+ t, m= ti, CAN 
when 0 names the undulation, œ the hyper-osculation point and t*4+ 1 the fourfold point. 
7 Cf. Snyder, loc. cit., paragraph 5. 
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The second has a cusp of higher order at a point of inflexion which uses up 
-all of the double points, four flexes and seven double Puey the parameters being 
fixed under the binary group. 

Sets of five conjugate points on either curve are cut out by the pencil of 
double contact conics 


L + Aa t = O, 
five of the intersections being taken up at the multiple point. 


§12. The Dihedral p3ys. 


We find likewise two types of quintics invariant under the dihedral g,, 
obtained by combining with the g, above the involution 


t = 1/t. 
They are 
(1) Gere m=i, m= +l, 
or i 
a + af — sat =0;* 
(2) Cat, Beak: Beare. 
Dr 


x + i + LoT L (3 He, — r) = 0. 


The first has a fourfold pcint with two cusps, the parameters being fixed 
under the cyclic g,. The line v, cuts out the five flexes which are the centers 
of the five reflexions. From each inflexion run one of the five double lines and 
one simple tangent. The contacts of the latter, together with the corresponding 
flexes, make up the five pairs of fixed points of the involutions. 

In the metrical representation of § 4 the curve has fivefold symmetry. 
The equations are +t 





The multiple point is isolated at the origin but the five double lines are real, 
their equations being 


5(ea+e tz) +4=0, G2 Oyo song eer ce. 


There are five inflexional asymptctes, whose equations are 


5 (ea + e's) —1=0. 





* This is Snyder’s curve (2), paragraph 5. t Cf. Hulburt, “Calculus,” Ex. 14, p. 125. 
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We saw that sets of conjugate points were cut out by the system of con- 


centric circles 
CL A 


Among these may be mentioned the circle on 


(a) 5 flex lines, l 102 =1, 
(b) 5 lines from flexes, 2A =l, 
(e) 5 double lines, 52 = 2, 


(d) 10 contacts of double lines. 





(b) has five contacts with p°, lying on the axis and given by ê — 1. 

The curve cuts the base circle at the fifteenth roots of —1, exclusive of 
the fifth roots. A figure (Fig. 1) has been drawn, using the equation 2’= 52, 

Quintie (2) has a double point of which each branch is an undulation,* the. 
nodal parameters being the fixed points of the binary cyclic g. The line 2, 








* This may be called a bi-und-node. 
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cuts out the remaining five flexes which are the centers of the five reflexions. 
From each flex run one ordinary tangent and two of the ten double lines. © 
Metrically the equation of the curve is l 


E A 
+1 
The bi-und-node, at which the five axes of reflexion meet, is isolated at the 
origin. The other five double points are real, one lying on each axis and 
together forming a special conjugate set of the ternary group and their 
parameters a general set of the binary group. That is, 

The six double points lie at the vertices and center of a regular pentagon. 
They are therefore perspective in ten ways, two ways corresponding to each 
awis of symmetry. 

There are five real inflexional asymptotes: 


5 (ea + etg) +3=0. 


Among the system of invariant circles we note that on 


(a) 65 flex lines, 102 =3, 
(b) 5 lines from flexes, 24-1, 
(c) 5 double points, A= 13; 


besides two each on 
(d) 5 double lines, 
(e) 10 contacts of double lines. 


(b) is the perspective conic, or we may say, the perspective conic is in- 
scribed in the five tangents from the jlexes, the contacts lying on the axes of 
symmetry, given by të—1. These contacts and the flex parameters, therefore, 
are the fixed points of the involutions. 

A figure (Fig. 2) is given. 

§18. The Dihedral p3. 
The equations of p* invariant under the dihedral g, generated by 
V=et, U=1/t, o = I. 
are found at once from those of p; by writing a = b: 
m= +a, «a=alt+l, o=t+t. 


The centers of reflexion are points of inflexion and are given by t -+ 1, 
That is, the quadratic giving the fixed points of the binary cyclic g, is the 
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Hessian of the cubic which names the centers of reflexion, and both are cut out 
by the apolar line. Denote the cubic by C,,, the cubicovariant by C, and 
the Hessian by H. . 

From each center run one tangent and two double lines, the contacts Gus 
of the former lying on the axes. The residual intersections of each axis, 
therefore, are made up of two double points. Hence, the double points are 
perspective. - 





The tangents at the centers are i 
3 (it Hotam) + (445) % = 0, i=0,1,2. 
Tbe invariant conics all touch the curve at the Hessian points. Among 
them is the perspective conic 


=L, k=, b =— (a+1)t, 
(a+ 1)°f,%,—&=0:; 
m=(a+1)?, sm =(a+1), = 28, 


or 


or 
4r — (a +1) s} =C, 


which touches again at the cubicovariant points. Hence, the perspective comic 
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is inscribed in the three tangents from the centers of reflexion and touches the 
curve at the same points. i 

The group may be characterized geometrically as the one that permutes 
the sides of this triangle. 

The flex form, exclusive of 2° -+ 1, is 


æt? + (a2? — 9a +10) +a, 


and names a general set of six conjugate points. Owing to the symmetry, the 
vanishing of the discriminant 


(a —1) (a—2) (a— 5) (a — 10) 


means three equal roots and is therefore the condition that they reduce to a 
special set of three. 

Many interesting special cases of pj arise for numerical values ofa. In 
particular are those corresponding to the roots of the discriminant above. 
We note the following: l 


(1) a=], degenerate, 

(2) a= 2, andulations _ at Cys, 
(3) a = 5, cusps E Caa 
(4) a=10, ayper-osculation points “ Cis 
(5) a = — 2, syzygetic points E Gis 
(6) a = — 8, syzygetie points «~ H; 


(3) is self-dual. The cuspidal tangents are the axes and thereZore meet 
at a point. 

(4) is the quintic case of Brusotti’s curves. From each hyper-osculation 
point run one tangent and one of the three double lines, contacts of tae former 
being #7—1. Many of the facts brought out by him in connection with the 
group apply to all quinties invariant under it. 


$14. Three Syzygetic Points. 


I shall conclude the discussion of the quintic with an account of the special 
ps Which suggested this investigation. 

Cayley * proved that the locus of the foci of parabolas on three points 
is a rational quintic passing through the circular points. Now at each of these 
points three double lines meet, t t. e., they are syzygetic points. 





* «Collected Papers,” Voi. VII, p. 568. t Loria, “Ekene Kurven,” Vol. I, p. $394. 
10 
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In absolute coordinates the equation can be written * 


3 
(1) | s=t+ E4, 


t—a; 





where a; are the parameters of the three points on the unit circle and 
A, = (a; — u) (a; — az), Fj Ek. 

In this form the coefficients of (1) can be expressed in symmetric functions of 
the a’s. 

The question naturally arises as to the nature of the locus when a par- 
ticular arrangement of the three base points is selected. For example, if the 
triangle is equilateral, say —1, —-a, —wo’, so that s,—s,—0, s = — 1, 
equation (1) becomes 
ao: 


(2) Ee 


which is the metrical representation of the sixth type of the previous section. 
Hence, the locus of the foci of parabolas on the vertices of an equilateral 
triangle is a special pg, as is evident also from other considerations. All twelve 
double lines cut p° at points of x, two each at the inflexions #*+ 1 and three 
each at the Hessian points. 

Again, if the vertices of the triangle are —o, —u*, 1, whence s,=s,=2s,=2, 
the equations of thé curve written homogeneously are + 


ay = t — 2+ 42—2, 
(3) 4, = 2t— 424 94—-1, 
a, =t — 22 4204. 
It is readily verified that there is a third syzygetic point, t =1, lying on a line 


with the other two. s 
For the sake of symmetry we apply to the parameter the transformation 








_ot+1 Ti. =t 


t’ š : 
t+a E — o 


’ 

so that the syzygetic points are named by 7? —1. Call this cubic Ca: the 
cubicovariant i --~d the Hessian H. Likewise transfer to a new triangle of 
reference by the substitution l 





* Johns Hopkins University Circular, February, 1911, p. 105. The proof is given in the manuscript 
of my dissertation, Johns Hopkins University, 1912. The parameters of the absolute points on circle and 
quintic are 0 and œ, while the a’s on the quintic are cut out by the line joining them. 
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[ % = %— a2, + (o — 1) t, “By = MH + OX; + wa, 
X: 4 t= —on +a + (a—1)%,, X71: « m = 02 + T -+ ot, 
x, = (o — 1) z, ~ | Ly = O Hy. 


Under the transformations T and X equations (3) reduce, on dropping 
primes,” to 


(4) G%=Eb+27, 2 =—27—1, my =t t, 
or, eliminating t, 
(5) 22 (Vi +3 ay, La + wt) + 43 (205 + UB, L +201) — v=. 


We saw, $13, that the syzyzgetic points are inflexions. It is readily found 
taat the tangents at the syzygetic points touch again at C= These three pairs 
of parameters, then, are the fixed parameters of the involutions. Now each such 
touching flex tangent is made up of one stationary line and two double lines. 
The tangents from the syzygetic points therefore account for the twelve double 
lines of the curve. 

The equations of the perspective conic are 


f&=1, =, & =t, 
6 . 
(8) l a — 4mm =D. 


Substituting the values of the x’s from (4), the contacts are found to be 
t (t+ 1). 


Hence, the perspective conic is inscribed in and has contacts in common 
with the five tangents at the points H Os cut out by the apolar line, the con- 
tacts being given by H Cii Since each syzygetic tangent counts for four 
common lines of the two curves, these five defining tangents constitute the 
total of sixteen. . 

We proceed in the next instance to a consideration of the double points. 
The coordinates of a node of (1> were found to bet 


Lo = Sg Qs (Ao + Og) — Aa A3 (Aa — ag) — Sg Q Ag, 
©, = a3 (2 — a) — a2 (a; — a) + 8, 


Ta = Sg Qg, 





* On writing t==—t and changing the signs of æ, and 2,, this becomes the special case (5) of 
pe above. 
+ Johns Hopkins University Circular loc. cit. 
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whence the others can be derived by permutations of the a’s. 


they become, substituting the particular values of the a’s, 


1— o’, I —o’, o —@, 
1—w’, o — 0, 1 — a’, 
1, 1, l; 
1—ao, a— 0, 1—o, 
1—a, 1—a, o— o’, 
1, 1, 1 
Under the transformation X these reduce to , 
(1, 1,0), (1, a, 1), (o, 1, 1) ; 
(1, 1, œ), (1, o°, 1), (o?, 1, 1). 


Denote the first row by d,, da, d, and the second by di, dz, da. 


These two triangles of double points, together with . 


(1, 0,0), (0,1, 0), (9,0,1); 
(1,1,1), (1,0, %°), (1, o7, o), 


For this case 


have the canonical form of four triangles, any two of which are in sixfold 


perspection, the centers of perspection being the other two. 
double points form two fully perspective triangles. 


Hence, the sia 
In other words, they define 


a Hessian configuration in the plane, namely, that associated with a syzygetic 
pencil of cubic curves.* This just accounts for the four relations that must 


exist among them. 


The little table exhibits in rows and columns the six centers of perspection, 


together with the lines passing through them. 





The residual intersections of the fifteen lines joining the double points are 


given by H? C? Cs... 
Hessian points. 


Hence, two of the centers are on the curve, viz., at the 





* Three of the base points of the pencil of eubies are the syzygetic points of the quintic. 
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Since the curve admits three reflexions, the other six inflexions must lie 
in harmonic pairs on three lines from each of the syzygetic points. That is, 
they are in triple harmonic perspection, which just accounts for the four con- 
aitions on them. 

Thus, from each syzygetic point run, besides the touching flex tangent, two 
double lines and two lines carrying each two double points, and three lines 
carrying each two flexes. 





The metrical equation of the curve, reflected in the origin, is 
tt— 2t 
p= ; 
+1 
The syzygetic line is now the line at infinity, and there are three real inflexional 
asymptotes (the tangents at the syzygetic points which touch again) and two 
ordinary ones (the circular rays, imaginary of course). The perspective conic 
becomes a circle of radius 1/2, touching p? where the real asymptotes touch. 
In other words, the triangle of asymptotes is inscribed in the unit circle and 
circumscribed about the perspective. — 
The intersections with the base circle are at the ninth roots of —1, 
exclusive of the cube roots. The curve is now readily drawn and a figure 
is shown above (Fig. 3). 
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§15. Summary. 


To summarize, we have found, according to our criterion, ten types of self- 
projective rational quintics, belonging to cyclic groups of orders 2, 3,4, 5 (two 
types) and dihedral groups of orders 6 and 10 (two types), besides two with 
infinite groups. 

The parametric equations in canonical form of these as well as of the 
quartics are shown in the following table: 


Self-projective:- Rational Quartics. 





cyclic In t + at’, | V+ i, t + bt. (1) 
cyclic Js +, t, +i (2) 
cyclic Is i, t?, +1. (3) 
eyclic Is t, t; t41. (4) 
dihedral Is i, t, i#+at?+1, (5) 
dihedral Is at? +1, tt + at, 12, (6) 
octahedral gy t, t, tt+1i. (7) 


Io t, 4, L. (8) 


Self-projective Rational Quintics. 



















cyclic In t + at? + bt, t+ ct?, +i. (1) 
cyclic Is t + at?, be? + 1, tt +t. (2) 
cyclic Is atë + t, t, t +i. (3) 
cyclic 95 e+ 1. (4) 
cyclic Is +1. (5) 
dihedral Is tt +t. (6) 
dihedral Tia 6+1. (7) 


dihedral 


Iterated Limits in General Analysis. - 


Bry Raru E. Root. 


Introduction. 


In a former note* we have briefly indicated a method for the investigation 
of iterated limits of functions on an abstract range. It is the purpose of the 
present paper to give a more comprehensive account of the method there pro- 
posed. The paper has its origin in the thougnt that in most of the definitions 
of limit that are employed in current mathematics a notion analogous to that 
of “neighborhood” or “vicinity” of an element is fundamental. In the domain 
of general analysis}+ various wavs of determining a neighborhood of an element 
have been employed, notably the notion of voisinage used by M. Fréchet,+ and 
the relations K, and K, used by E. H. Moore, either as undefined or as defined 
in terms of a “development” of the class of elements constituting the funda- 
mental domain. § 

A definite class of elements being assumed, the notion of “neighborhood” 
of an element is essentially tha: of a subclass having a special relation to the 
element. In taking this relatior as undefined and at the basis of our system 
of postulates we occupy a position intermediate, as regards generality, between 
the extreme position of those who take the notion of “limit” itself as undefined, || 
‘and that of those who define “limit” by means of other relations which give rise 
to notions analogous to that of “neighborhood.” The character and form of 
the postulates adopted are determined largely by two fundamental require- 





* Bill. Am. Math. Soc., Vol. XVII (July, 1911), p. 538. 

+ The term “general analysis” is here used in a technical sense to indicate mathematical analysis 
pertaining to a class of elements whose character is not specified. 

$ “Sur quelques points du calcul fonctionnel,” Rendiconti del Circolo Matematico di Palermo, 
Vol. XXII. 

§ E. H. Moore, “Introduction to a Form of General Analysis,” pp. 125 and 138. 

|| For example, Fréchet in the first chapter of the paper referred to above, and F. Riesz in his paper 
before the International Congress of Mathematicians at Rome, 1908 (“‘Stetigkeitsbegriff und abstracte 
Mengenlehre,” Atti, Vol. II, pp. 18-24). 
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ments;* first, to provide for an adequate treatment of ideal limiting elements, 
and second, to insure the persistence of the specified conditions under compo- 
sition of ranges, 

In Chapter I, we consider a class X of elements and an undefined relation R 

between subclasses of P, the system (P; R) being subjected to a set of postu- 
lates that permit the definition of ideal elements in such fashion that the system, 
when once extended by the adjunction of ideal elements, is closed to further 
extension in this manner. It is shown also that from two or more systems 
a composite system may be derived, and that the composite system satisfies 
the postulates if and only if the postulates are satisfied by every component 
system. ; 
A semewhat less restrictive body of postulates, considered in Chapter II, 
pertain to a system (V; U; T), $ being a class of elements, U a class of ideal 
elements, and T a relation between subclasses of $$ and individual elements of l 
PorU. A subclass Ñ of P having the relation T to an element p of Y or to 
an ideal element u of U may be thought of as a generalized neighborhood of 
poru. The postulates of Chapter I, with the definition of ideal elements for 
the system (H; R), lead to a system satisfying the postulates of Chapter IT. 
We obtain for our system a generalization of a portion of the theory of point- 
sets by establishing relations between our postulates and the more general 
conditions involved in the notion of “limit” as used by Fréchet, and those 
involved in ihe “Verdichtungstelle” of F. Riesz. 


In the third chapter a system (P; U; T) is supposed to satisfy the postu- 
lates of Chapter IJ, and functions u defined on the range $, a subclass of P, are 
studied relative to limits and continuity. The treatment is not intended to be 
exhaustive, the theorems developed bemg such as are suggested by familiar 
theorems on multiple sequences and functions of real variables. Interesting 
features of the general theory associate themselves with the presence of ideal 
elements in the system, and with the study of a property of functions which 
has much the same force as uniform continuity, but which we have called 
extensible continuity. 

The fourth chapter is given to applications of the general theory through 
direct specialization of the system and particular determination of other arbi- 
trary features. Special systems (P; U; T) are specified, by consideration of 





* E. R. Hedrick (Transacticns, Vol. XII (1911). p. 289) obtains by his “inclosable” property of the 
fundamental domain essentially a generalization of the notion “neighborhood,” but his assumptions are 
made from a different point of view and, involving a certain uniformity, are more restrictive than the 
postulates of the present paper. 
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which the theorems of Chapter III pertain to: The theory of multiple sequences; 
functions of real variables; functions on a range for which there is defined a 
relation of the type of either cf the relations K, and K, used by Professor 
Moore; functions on a range subject to the voisinage used by Fréchet; and 
functions on a range whose elements are real-valued functions on an arbitrary 
range. In some cases the system (P; U; T) is reached by the mediation of a 
system (P; R), and in some cases directly. In the applications, under certain 
restrictions on the class P, the property extensible continuity is found to be 
equivalent to uniform continuity in each case where the latter is defined. 

We find it advantageous to draw largely upon the notation and terminology 
used by Professor Moore in his work on General Analysis. Convenience and 
economy of notation are conserved by the adopticn of letters for elements, 
classes, etc., whose connotation renders frequent explanatory remarks un- 
necessary. Classes of elements are denoted by P, C, R, ete., while their elements 
are denoted by p, q, r, etc., respectively. Classes of classes are, in general, 
denoted by u, v, w, ete.; properties and relations by P, Q, R, ete., or simply by 
the numerals attached to their definitions. Superscripts denote, in general, 
defining properties or conditions, the character of the superscript as well as of 
the base symbol serving to determine the nature of the limitation. Thus, 
NR? states that N is a subclass of P, p? that p is an element of N, P? that P 
has the property P, ete. The symbol D is a sign of implication, to be used 
in the statement of a proposition. That which precedes the sign of implication 
is hypothesis or given data, and that which follows is conclusion or a true 
statement concerning.the given data. Thus, if A and B are propositions, 
4.2.8 is read “A implies P” or “if A then B,” and if x represents 
a number in a certain interval and F a definite function on the interval, the 
proposition “for every two numbers v, and x, of the interval F (x,)—F (2) < k” 
may be written, £. 2. D. F(x) —F(%,)<k. The reversed symbol Œ denotes 
“is implied by” and W is the symbol of logical equivalence, “implies and is 
implied by.” In á complex statement the symbols D, C and W carry punctu- 
ation marks, .,:, .:, etc., the primary implication of the proposition being 
indicated by the greater number of dots. The mark 4 is read “there exists,” 
and the mark 3 may be read “such that” or “where” as the sense of the 
proposition demands. : 

The independent use of the symbolical statement of propositions is confined 
largely to the proofs of theorems, where it is most useful in conserving pre- 
-cision and brevity, and where the technical symbols may be least objectionable 
to the general reader. 

11 
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CHAPTER I. 
Tue System (P; R): EXTENSION AND COMPOSITION or SYSTEMS. 
$1. Introductory: The System (P; R). 


In this chapter we consider a system (P; R) consisting of a class $ of 
elements p and a relation R on ordered pairs of subclasses of $. While the 
relation R is of the definite type indicated, it is not farther specifically defined. 
We specify a system (X; R) by specifying the class P and the relation R, 4. e., 
a criterion which determines for every two subclasses N, and N, of P whether 
or not Ñ, has the relation R to R,. . 

For example, take for $ the class of all points of an ordinary Euclidean 
plane. Consider a circle as the class of all points within and on its circum- 
ference, then we may specify a relation R in terms of geometry as follows: 
Every circle whose radius is different from zero has the relation R to the point 
at its center considered .as singular subclass, and every two concentric circles 
whose radii are different from zero have the relation R to each other. In no 
other case does the relation R hold. 

In this example we have a definite system.($; R). The pertinence of the 
relation R as specified to the study of limits of functions defined for a set of 
points in the plane is obvious. A study of the current theory of real-valued 
functions, in particular in connection with questions of continuity and iterated 
limits, leads to a determination of bodies of postulates on systems ($; R) which 
serve to validate a theory of continuous functions and multiple and iterated 
limits associated with such systems ($$; R) in general. 

Subclasses of P are, in general, denoted by Ñ, and the notation R, RR, 
indicates that N, has the relation R to R,, while RN, RR, indicates that I, does 
not have the relation R to R,. In case it is desired to imply that a subclass 
consists of a single element, we may for simplicity, and for our purposes without 
confusion, use the notation for single elements. Thus NÈ yp indicates that the 
class Ñ has the relation R to the singular subclass whose element is p. The 
letter v denotes a class of subclasses Ñ of P, and, for a given element p, v, 1S 
the class of all subclasses X having the relation R to p, i. e. 7 


v, = [all Re RR). 


Thus, in the example above, v, is the family of concentric circles whose common 
center is at the point p, excluding the point circle of the family. 
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§ 2. The Postulates and Certain Fundamental Definitions. 


Preliminary to the statemert of postulates for a system (P; R), we note 
that a class v of subclasses N of P may have one or more of the following 
properties; . ' : 

1. Every member St of the class v contains at least one element p. 

2. The relation R holds between every two classes Ñ, and Ñ, a are 
members of: v.’ 

3. There exists a sequence {3,| of members of the class v such that for 
every Ñ of v there is a number ng such that for n>ny the class N, is con- 
tained in Ñ. 

4. For every ® of v there exists an N, of v such that for every p in R 
there is a subclass Ñ, of R havirg the relation R to the singular class p. 

5. If v, is a class containing v and having properties 1, 2, 3 and 4, 
. then ,v = v. 

6. If v, is a class having properties 1, 2, 3, 4 and 5, and not containing v, 
then there exists a member Jt, of v, and a member N, of v such that N, and R, 
have no common elements. 

7. For every element p of Ẹ there is an Ñ of v which does not contain p. 

These definitions may be more concisely stated in symbols as follows: 
W. = 3p”. 

eR. D.R RA. 
J " ala D R). (W: D: Im n> n. D. ne a) 
W::D:3 M: p™. D. JN R Rp. i 
p”, pyrst D. V=. ; 

6.* y pore. ey ane 3 (RE. Hy) -ape gh. p™. 

7. Pog gw sp . 

These properties, 1-7, may be called propositional properties.+ It is not 
here asserted that any of the defining propositions are true with respect to any 
class v, but it is clear that the question whether cr not a given one of these 
propositions is true with respect to a given class v is a question of the presence 
or absence of a definite property for the class. 


lee acl aie Saat 


The desired postulates might now be stated in the following form: 








* The minus sign here signifies negation. Thus ~J is read “there does not exist,” and p~® indicates 
that p is not an element of the subclass R. vv indicates that v is not a subclass of v,. 
+ See E. H. Moore, loc. cit., p. 20.- 
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(A) For every element p the class v, has properties 1-6, i. e., 


l p ‘s 5 : Ores 
(B) For every element p it is true that every R of v, contains p, while 
if p, is distinct from p there is an R of v, not containing p,. In symbols: 


pP:D:(NRp.D. p”). (m Fp.D. IR: RERp. p”). 


But for convenience of reference, as well as to provide for discussion of 
the independence of the conditions on the system, 'we separate these assump- 
tions into simpler components, which we state explicitly in the following seven 
postulates : 

I. RRp. 5. pè. 7 
Il, R Rp. R Rp. D.R RR. à 
MIL pea. ÍR}j[(n. D. R, Rp). (RRp:D: Anr n>ng. D. H*)]. 
IV. RRp:D:ĄAR?[R Rp. (pr. D. 4 RË? R, Rp,)]. 
V. vat, (RRp. D.W): Div =. 
VI. vee ole. J (Ri Re) 273p pr. pr. 

VIL pFp.D.ĄReRRp.p™. 

Postulates I and VII are together equivalent to the statement (B). A 
corollary of postulate I is that for every p the class v, has property 1, while 
postulates II-VI state that for every p the class v, has the respective properties 
2-6. 

The following examples are pertinent to the question of consistency and 
independence of the postulates. Example 0 is an instance of a system satis- 
fying the seven postulates, and the remaining examples each violate one postu- 
late and satisfy all the others, the examples being numbered in the order of 
the postulates violated. , 

Ez. 0. The class } is the class of all complex numbers. The notation Jy, 

where d is a positive rea] number and p is an element of $, stands for the sub- 
class of $ consisting of all elements p, of P such that |p, — p| <d, that is, 
Ra = [all p, 3 |p — P| <d]. S 
The relation R is specified as follows: For every p and every d the relation 
Ra Rp holds, and for every p and every d, and d, the relation Ra, , R Na,p holds. 
The relation holds in no other case. . 

Ez. 1. The system ($; R) is specified as in example 0, except that Ra, 

does nót contain the element p, hence 


Ry = [al p, # p 2| p-— p] <d). 
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Ex. 2. The class X is the class of all complex numbers, and the notation 
Ra has the same significance as in example 0. For every p and for every d 
the relation Ry Rp holds, but ir no other case does the relation R hold. 

In this example postulates V and VI are satisfied vacuously, i. e., their 
hypotheses are incapable of fulfilment, there being no class v which has prop- 
erties 2 and 3. 

Ex. 3. The class $ is the class of all points of a given Euclidean plane. 
The designation “line” is used to indicate a subclass R constituting the class 
of all points of a line. Every “line” has the relation R to every one of its 
points, and every two intersecting “lines” have the relation R to each other. 
In no other case does the relation R hold. . 

Here “intersecting” is interpreted as “having a point in common,” so that 
a “line” has the relation R to itself. Postulates V and VI are again satisfied 
vacuously. l 

Ex. 4. The system (H; R) is as specitied in example 0, except that in the 
particular case p = 0 the classes R,, consist only of real elements p,, i. e., 


Rag = [all real p, 2 |p,| <d]. 


Ex.5. Again, the class R is the class of all complex numbers, and the 
notation R, has the same significance as in example 0. The relation R is as 
specified in example 0 except that for the particular element p,=0 the relation 
Rap Po holds only in case d is less than or equal to unity. 

Ex.6. The class $ consists of two elements, p, and p,.* The cases in 


which the relation R holds are listed as follows: 
é PRD, Rp, BRP. 


Ex.7. Again, $ is a ċlass consisting of two elements, p, and p,. Follow- 
ing is the list of cases in which the relation R holds: 


PEp,, PRp,, PRP. 


In this instance postulate VI is satisfied vacuously, since any class v that 
has properties 1-5 possesses the single member $, and is therefore coincident 
with both v, and v,,. l 








* It should be remembered that elements do not enter in the relation R. The notation for elements 
is substituted for class notation as a matter of convenience. The class vp, consists of one member, the 
class R having the single element p,, and nas no member in commor. with that class v whose only member 


~ is 2B. 
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§3. Extension of the System by the Adjunction of Ideal Elements 


Making use of properties 1-7 defined in § 2, properties that may be 
possessed by a class v of subclasses Jt of P, we proceed to the definition of 
ideal elements for the system (P; R). 

Def. 1. An ideal element of the system (X; R) is a class v » of ‘subelagses 
R of P having properties 1-7. 

The letter wv invariably stands for an ideal element. 

Turorem I. If v isa class having properties 1-6, then v is an ideal ele- 
ment u, or there is an element p such that v = v, 

Proof: If v has property 7, it is a u by Jaa if it has not property 
7, then there is.an element p coramon to all classes N of v. Since v, has 
properties 1-6, we clearly have v= Vy 

Let u denote the class of all ideal elements of the system (33; R), and let 
Q be a class consisting of the elements of P, together with all ideal elements, 
i. e, O=Y—P+ 1. We denote elements of Q, in general, by q, subclasses of & a 
by G, and classes of subclasses by w. A certain technical form of corre- 
spondence between classes is of frequent occurrence, and it is therefore con- 
venient to adopt a special symbol, ||, to be read CETERE to, which we define 
as follows: 

Def. 2. Gj N indicates that € consists of the elements of R together with 
every ideal element u such that there is a subclass Jt, of Jt which belongs to 
the class* u. In symbols: 


SIR:=:S =N + [all way Ne N. 


Def. 3. w\|v indicates that w consists of all classes S for which there 
exist classes Jt in v such that G|| R. In symbols: 


w|lvisiw= [all 6: 4 he32 S| KR]. 


It is obvious that for every Ñ there is a unique G such that S|| NR, and 
that for two distinct classes Jt, and Jt, the corresponding classes ©, and ©, are 
distinct. It follows that for every v there is a unique w, and that for two 
distinct classes v, and v, the corresponding w, and w, are distinct. 

Let S be a relation of the same type as R defined as follows: 

Def. 4. The relation €,9 ©, holds if and only if one of the following 
conditions is fulfilled: 








* No confusion need arise from the fact that the letter u denotes at the same ‘time an element of Q 
and a class of subclasses of Q, as well as of $. It was this double rôle that led to the adoption of small 
letters as notation for classes of subclasses in general. 
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(a) 3 (R,.R,) RRR. 5, I R, SR. 
(b) 3 (R.u) 2h. SiR. (g.D.q4=u). 


In condition (b) the ideal element u considered as a class of subclasses 
contains R, and considered as an element of Q constitutes the singular sub- 
class G,. , l 

We now have a definite system (&; S), which we shall call the eatended, 
system derived from (P; R). We investigate the character of this extended 
system with respect to the seven postulates. The properties 1-7 defined for 
& class v are defined also for a class w, if in the notation we replace v by w, 
p by q, N by S and R by S, and with similar changes of notation we have the 
seven postulates stated for the system (Q; 8). 

TuroreM II. The seven postulates are satisjied by the extended system 
(Q; 8). . 

In proving this theorem it it convenient to establish first the Zollowing 
lemma: 3 ; 

Lemma. The necessary and sufficient condition that a class w shall have 
properties 1-4 or 1-5 or 1-6 is that there shall exist a class v having the 
corresponding properties such that w || v. Be 

In considering the necessity of the condition we have available in each case 
the fact that w has property 2. This is sufficient to secure the existerce of a v 
such that w||v. It is sufficient, then, to assume a definite w corresponding to 
a definite v and prove the following propositions: 


(a) yi 23-4 Mess on F (b) yi 2-34 .D. wE 
(e) t2345 ys v>, (d) , yl 23-4.5 ian w5, 
(e) qwpi?8.4.5.6 g > . vi, (£) qi28.4.5.6 A > P wê. 


(a): Since w has property 1, every € of w contains a q, that is, either 
aporau. Every Ñ of v has a corresponding © in w, hence it contains either 
this element p or an Ñ, of this class u. Therefore v has property 1. That v 
has property 2 is evident from definition 4, and from property 3 of w there is 
a sequence |S,{ such that the sequence /Jt,}, where S, | X,, is effective in 
establishing property 3 for v. Since w has property 4, we have 


(1) S :D:46r1g*. D. 4576,84, 
and we wish to prove 


(2) Msp: GMI. D. 4R: R Rp. 
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Given an Jt of v, take G such that G|| 2, then S” and (1) applies. Take R, 
so that ©, || #,, then R? and every p of R, is in ©,. For every p of K,, then, 
there is a subclass &, of © such that ©,Sp, and there is an R, such that 
G.R., then clearly NF and R,Rp. Thus v has property 4. 
~ (b): The proof is obvious for properties 1,2 and 3. As to property 4, 

we have condition (2) above and wish to prove (1). Given an © of w, there 
*is a corresponding # in v, so that (2) applies to provide an HX, fulfilling the 
conclusion of (2). Take ©, to correspond to R,, then S? and every p in ©, 
is in Ñ, and an S, corresponding to an R, furnished by (2) meets the require- 
ments of (1). Further, every u in €, possesses a member Ñ, which is a sub- 
class of 3t,, and since R, is necessarily a subclass of Ñ, we see that the class G, 
corresponding to N, is a subclass of S; and clearly ©,Su, therefore w has 
property 4. 

Propositions (c) and (d) are easily verified by the use of (a) and (b). 

(e): From property 6 of w we have 


(3) gope tse wm, 5 ` J (Sn : S7) 3 -44 3 q% x q“, 
and we wish to prove 
(4) gh gn, y. g (RE N) apa p™. p™, 


If v, has properties 1—5 and does not contain v, then there is a w, such that 
w, || v, which does not contain w and which, by (b) and (d), has properties 1-5. 
Proposition (3) is now applicable, and the S, and ©, thus available have corre- 
. sponding classes Jt, and R, which obviously fulfil the conclusion of (4). 

The proof of (f) is similar to that of (e). 

The proof of the theorem is now easily completed. In analogy with 
previous notation, we denote by w, the class of all classes G such that ©Sq, 
and we observe that for every p we have w,||v,, while for every u we have 
w,||u. Since every v, and every u have properties 1-6, it follows from the 
lemma that the class w, has properties 1-6: Postulate I being obviously ful- 
filled, it remains to consider postulate VII. We wish to show that 


hF@-D-9S2 (SSq,.G%). 


If both q, and q, are elements of $$, postulate VII on the system (P; R) 
assures us of a class R such that the corresponding class © is effective. If 
either q, or q, is a u, then, since by property 7 of u and postulate I the class u 
is not contained in any class v,, the corresponding class w, is not contained in 
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any class w,, and therefore property 6 of w, is effective, the desired conclusion 
being an ficmnediate consequence. 

It is desirable now to show that ihe extended system (Q; S) is closed to 
this process of extension; that is, if we repeat the process of extension the 
second extended system coincides with the first. We may state the required . 
theorem in the form: 

Tueorem III. No ideal elements arise in the extended system (Q; 8). 

Proof: Suppose a class w to have properties 1-6, then there is a class v 
having properties 1-6 such that w||v. By theorem I visa wu orav, and in 
either case w is a w, and therefore does not have property.7. 

Following is an instance of a system which illustrates effectively the ope- 
ration of the foregoing definition of extension: 

Example. The class X is the class of all rational fambre: If p, and p, 
are two distinct rational numbers, then, if p, is less than p,, the class ot, pa ÍS 
the class of all rational nurabers on the interval p, pa. That is, 


Ny. p= [all p 3 p, SP Lp]. 

Tre relation R, p R Rpp holds if and only if the intervals p, p, and- p;p, have 
a common sub-interval, i. e., if p< p, and p,<p,; and the relation Rar pate P 
holds if and only if p, < p < pa. In no other case does the relation R hold. 

It is not difficult to see that the system (P; R) here specified satisfies the 
seven postulates. We proceed, therefore, to investigate the matter of ideal 
elements. Consider a class v having properties'1-6. By a little attention to 
the requirements of properties 3 and 4 we see that there exists a sequence {M,} 
of members of v such that for every n the class ¥,-is of the form Rosia) where 
the sequence } Pai is an inereasing monotonic sequence of distinct elements 
and the sequence | p,{ is a decreasing monotonic sequence of distinct elements; 
and, further, such that every member Ñ of v contains a member R, of the 
sequence. In view of property 5, then, the two sequences {Pa} and Í Da} have 
a common limit. If this limit is a rational number p, then v coincides with v, 
_ while if the limit is an irrational number a, then v consists of all classes Ry 
such that p, <a < p,. In the latter case v has property 7 and is an ideal 
element of the system (X; R). Since it is obvious that for every irrational 
number a the class v consisting of all classes #,,,, such that p, < a < p, has 
properties 1-7, we see that the iceal elements u of the system (X; R) are in 
reciprocal one-to-one correspondence with the irrational numbers in such fashion 
thai, if u corresponds to a, then i 


u= [all R, 2 Pı <4 < pl. 
12 ' 
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We may therefore consider our definition of ideal elements, in this instance, 
as a definition of irrational numbers. — l 

The extended system (Q; 8) is seen to- be as follows: © is the class of all 
real numbers; two intervals- with rational limits that have a common interior 
element have the relation S to each other, and every interval with rational 
limits has the relation © to every one of its interior elements (considered as 
l singular are) but i inno other case does the relation S hold. 


$4, Composition of Systems.” 


Two classes of elements, $’. and Pr, determine a “product” or composite _ 
class, P =P P”, consisting of all elements p of the form p = (p’,p”), where 
p’ and p” belong to the classes X and $” respectively. It should be borne in 
mind that these bi-partite elements, p = (p’,p”), which we shall denote simply 
by p' p”, are not in any sense products of the elements p’ and p”, but rather 
that p is a notation for the pair p’p”. From ÑW and R”, subclasses of $ and 
P” respectively, we have Jt =W R”, a subclass of P consisting ofall elements p 
of the form p=p'p”, where p’ and p” belong to W and R” respectively. 
Similarly, if v’ is a class of subclasses W of Y’, and v” is a class of subclasses 
R” of P”, we have the composite class v = v'v", the class of. all R = N’ N”, 
where X and R” belong to the respective classes v’ and v”. 

If R’ and R” are relations of the type discussed in $1, defined for p m l 
V” respectively, then from the two systems ($; R’) and (%"; R”) we derive 
what we shall call the composite of these two systems, the system ($; B), 
where P = P$” and R is a relation of the same type as R’ and R” defined 
as follows: ; 
, Def. 4. For a system (P; R), composite of (#’; R and (P”; R”), the 
relation N, RR, holds if and only if there exist classes Jt}, Rr, Ny and Ry such 
that R, = Ri Ry. and N, = R, Ry, and such that the relations R; R'R, and 
R? R” RY hold. = 

It may be observed that the effectiveness of the foregoing definition is 
independent of the conditions imposed upon the component systems, It is 
convenient throughout the present section to regard the systems involved as 
unconditioned, except as conditions are specified in the hypotheses of. the 
several theorems. . 

Turorem IV. The seven postulates are satisfied by the system ($; R), 
composite of (%'; R’) and (%"; R”), if and only if they are satisfied by both 
component systems. 





* Compare T. H. Hildebrandt, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXIV (1912), p. 250. 
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We consider first the following lemma: 
Lemma I, If v=v ‘or, then the following propositions hold: 


$ (a) qy123-4 Paine ie yy! 1-2-8-4 : y" mao ves (b) gy! 1-2-3-4 v" 1.2.3.4 BaF yes 
(c) qyh2.8.4.6 . = N yb ` y" - (d) yt h2.d.4.5 7 v" 1.2.3.4.5 2 > : vř, 
(e) aa =. y's; - v" $, - (£) gy 123.4.5.6 y” 1.2.3.4.5.6 -D- v8, 


(a) and (b) are witiciently obvious if only we remember the significance 
of the relation v = v’ v”: 

(c): Suppose a class vi to contain v’ and to have properties 14. The 
‘composite class v, = v,v" then contains v and, by (a) and (b), has properties 
1-4; by property 5 of v then v, =v, and therefore v=. In similar manner 
it may be shown that v” has property 5. 

(d): Suppose v, to contain v and to have properties 1—4, Sa consider 
the two classes v; and v” defined as follows: 


= [all Vay (W.R) R= HRY, ioa 
v! Ca = [all R” 2 J (R. Ra) 3 R = W R” ]. 


It is not difficult 1 see that these classes have properties 1—4, and also that vi 
contains v’ and vy contains v”-; then by property 5 of v’ and v”, we nave. 
ji =v and w? =v”, and consequently v, = v. 

(e): Suppose v; has properties 1-5 and v’ ”:, then if v, = vi v” we have 
vy?*4 and v ™; hence by property 6 of v, i 


g (Re. He) 2 “ype p™. p™. 


The A x, and Ñ, are of the forms N, =R N; and NR, = Ri RY, where 
R and W are members of v, and v’ respectively, and Rr and N, are menibers 
of v”. ` By properties 1 and 3 of v”, Ry and iz have common elements, there- 
fore Jt, and R, can have no elements in common, and consequently v’ has 
property 6. In like manner it may be shown that v” has property 6. 

(£): Suppose v}?*4> and v™; take vi and vy defined as in the proof of 
(d) above, then as before they have properties 1-4, and by (b) the composite 
class v, = vivi has these four properties. Sinse v, clearly contains v,,-and v. 
has property 5, we have v, =v; hence by (e) vi and v? have property 5. 
Since v is not contained in v,, either v’ is not contained in vi, or v” is not 
containec in vf; suppose the former, then since v’ has property 6, we have 


g (R. R) Tgp a p's. ps, 


Take R; and N, so that N is a member of vy and Ry is a member of v”, and 


v 
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take R, =R Ry and R, = R, Ry; then N, and R, are members of v, and v, 
respectively, and clearly they can have no common elements. Thus we show 
that v bas property 6. 

We record here for future reference certain results reached incidentally 
in the foregoing proofs: 

Lemma II. (a) Ifv has proper ties 14 and 


‘= [all Wag (R.R) R=RP R], 


then v’ has properties 1—4. ; 
(b) Ifv has properties 1-5, then there exist sses v and v” such that 
v=". 

Taking up now the proof of the theorem, we assume that the composite 
system ($; R) satisfies the seven postulates and show * that as a consequence 
heth coi Donan! systems PRET them. For a given p’ there exist elements p 
and p” such that p = p' p” and v,= Vy Vp, and since every Ñ of v, contains p, 
clearly every Ñ of v, contains p’, so that postulate I is satisfied by (P’; R’). 
It follows also from lemma I that postulates II-VI are satisfied by this system. 
If pi E pz, then taking p, = pip” and p, = p, p”, where p” is any element of 
B”, we have p, £ p,; hence there is an Jt not containing p, such that R R p,. 
But such an Wt is of the form R =W N”, where N R’ p; and N” R” p” ; and since 
p, is in ®, we see that p; is in W and p” is in R”. Clearly then, p; is not in S, 
so that the system (X; R’) satisfies postulate VII. In like manner the system 
(%” ; R”) is shown to satisfy the seven postulates. 

The remainder of the theorem, i. e., that if the postulates are satisfied by 
. both ćomponent systems then they are satisfied by the composite system, is . 
sufficiently evident without detailed discussion. . 

From the system (}; R), composite-of the two systems (}’; R’) and 
($"; R"), we may derive an extended system (Q; S) by the process defined 
in §3; or we may take first the extended systems (©; S’) and (Q”; 8”) and 
form their composite system, which we denote by Q; 8). It is desirable to 
compare the two'systems (G; S) and (9; 8) thus derived. Let it be assumed 
that the systems (%8’; RB’) and (%”; R”) satisfy the seven postulates; then the 
systems (Q; 9) and (Q; Š) also satisfy them. The class © consists of all 
elements of the four forms 


(1) =p p", . (2) G=wu", (8) =p u", (4) G=u'p". 














' «It is necessary to exclude the trivial case in which the class P has no elements. 
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Now all elements p = p' p” belong to P and are therefore in Q; also, since all 
c.asses «' and u” have properties 1-7, every class u = w u” has properties 1-7 
and is an ideal element of (8; R) and consequently appears in ©. Further, 
it is clear that a class v of the form vpu” or w vp has properties 1-7 and is 
taerefore.an element of ©. 

Conversely, every element of © is either a p or a u; every p is of the form 
p= p p" and therefore is in Q; every u is a class having properties 1-7, 
hence, by lemma II above, is of the form u =v v”; and by lemma I above 
v and v” have properties 1-6; therefore by theorem I v is a vp, or a u, and 
v" is a vp or a u”, so that every u of Q is of the form wu” or vpu” or w vp. 

We arrive, then, at the following theorem: 

Turorem V. If from two systems, (X; RB’) and (P; R"), which satisfy 
the seven postulates we derive (Q; ©) by composition then extension, and 
(Q; 8) by. extension then compcsition,. the two pyar, (Q; S) and (©; &) are 
related as follows: ’ l 

(a) The elements q of Q are in reciprocal one-to-one correspondence 
with the elements G of Q in such manner that, if.q corresponds to J, then 
q= pp" and q] = p' p", or q is of the form u=u' u”, where G=w' wu", or of the 
form u = vpu", where G = p'u’, or of the form u=u' vpu, where G = w p”. 

(b) If under the correspondence of (a) q corresponds to q, then the 
classes © such that SS q are in reciprocal one-to-one correspondence with the 
classes © such that SSG in such manner that, if © corresponds to ©, then 
under the correspondence of (a) the elements of S correspond to elements of 
E, and those elements of S whicr do not correspond to elements of S are of the 
form p'u” or wp". 

For a given q a class S such that GS] must be of the form & = G'S’, 
and if G’ contains an element p’ for which there is no subclass R of S’ such 
taat W R'p', it is obvious that for every u” in ©” the element p'u” is in S, 
while the corresponding element v, u” is not in the class © that corresponds 
to © under the correspondence cf (b).* l 





* An important fact to be noted here is that it is with respect to the relations S and 8 that this 
discrepancy appears. Our purpose in defining a relation S.and an extended system (Q; 8) is to show 
more completely than would otherwise be possible the operation of our definition of ideal elements. We 
make no further use of relations S, but treat ideal elements u as associated with systems (%; E). A con- 
siderable simplification is introduced in Chapter II. It is sufficient for our purpose that if ll’ is the class 
o: ideal elements arising in ($; R’) and U” is the class of ideal elements arising in (%”"; R”), then the 
class U of ideal elements arising in the composite system ($; R) may be regarded ag identical with the 
sum of the composite classes W U”, W P” and WU”. And this is seen to be permissible, in the sense that 
U consists of all classes u of the form wu” or w’ vp” or vp”. 
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_ Consider a set of r systems, (Pt; Rt), (R2; Re), ...., (H; R"). From the 
first two we may construct the composite system (}?; R»?), and from this 
system and ($; R?) we obtain the composite system (Pt>3; R28). Con:. 
tinuing in this way we arrive at what may be called the iterated composite 
system (P> =r; Rer}, From the definition of the composite of two given 
systems it is at once evident that this iterated composite system is as follows: 
$l is the class of all elements of the form p= p'p?.... p’, where 
p', p’,...., and p” belong to the respective classes P, PP, ...., PW- That is, 

Peet = PIP? Br. Tf Ree" and Ryor are subclasses of Pher, then 
the relation Fiver Root Rer holds if and only if there exist classes 
Ri, We, ...., R and Ri, Re, ...., RI such that Np- = HERE .... R and 
Rpr = RHR... NE and the relations MRR, MRR, ...., MRR are 
all fulfilled. i a 

It is clear that any cther iterated composite system derived from this same 
set of r systems taken in different order can differ from the one considered in 
notation only. It will be observed, also, that if we form the composites of 
groups of systems into which this set of r systems may be divided, and then 
take the composite of these composites, we arrive at a composite system differ- 
ing only in notation from the iterated composite system first considered. Thus 
we see that, aside from possible differences of notation, there is a unique com- 

posite system of any finite number of systems of the type ($; R). 


An obvious generalization of theorem IV is: 


Terors VI. The composite system of a finite number of systems satisfies — 
the seven postulates if and only if every component system satisfies them. 


As a partial generalization of theorem V -we have: 


Tueorem VII. If (P; R) 1s .the composite af the systems ($; BR), 
(P2; R?),. < ($; R"), then all elements of the form q=q'@....q', where 
at least one ¢ is an ideal element of the corresponding system, and the remainder 
are elements of the corresponding classes $, may be regarded us ideal elements 
of the system (P; R), in the sense that the class u = vh 0... . Vi. (in which, 
if qi is a w, vis is understood to be identical with the class w) has the properties 
1-7. And every ideal element of the composite system is a composite class of 


the type indicated. - f 


Fs 
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CHAPTER II. 
` PROPERTIES oF A SYSTEM FOR WHICH IDEAL ELEMENTS ARE DEFINED. 


„$5. Postulates for a System (P; U; T), an Instance of which is Associated 
. with Every System (P; R). , 

. We have seen in Chapter I that the postulates I-VII on the system ($; R) 
permit of an effective definition of ideal elements for the system, and that the 
postulates persist under the process of composition, this process being suitably 
defined. A body of postulates more simple in form and more general in appli- 
cation, yet adequate for a development of a theory of multiple and iterated 
limits, may be stated for a system for which a definition of ideal elements is 
assumed to exist independently. Special instances of systems may arise, 
where ideal elements may be defined in terms of special features of the system 
in such manner that the enlarged system shall possess all the properties that 
are essential for the application of our general theory of functions, but where 
it may be very difficult or impossible to treat the system as a special instance 
of a system ($; R) satisfying our postulates.*. For this reason, as well as for 


‘the sake of simplicity, we specify here the conditions on which we rely for the 


development of the following theory: 
The system consists of a class.% of elements p, a class U of ideal elements u, 


and a relation T between subclasses R of P and elements of the class O=$-+U1. 


The notation for this system is ($; U; T}, but the symbol T is largely sup- 
pressed in practice. That a given subclass R has the relation T to a given 
element q is indicated by R%, while R™? indicates that the relation T does not 
hold between R-and qg. A relation T is said to be defined for the classes P 
and U when a criterion exists determining for every R and every q whether 
H or RY. 

Following are the postulates: + 





* Instances of this sort are found in the systems ($; K.) of §17 and ($; V) of § 18. _ 
+ We discriminate notationally between the present postulates and those of §2 by the use of 
parentheses with the.numerals. The postulates may be read as follows: . 
(I) IFR has the relation T to p, then p is an element of Rt. 
(I1) Every R having the relation F to an ideal element u contains at least one element p. 
(III) For every g there exists a sequence {Rn } of classes having the relation T to- g such that 
for every R having the relation T to g there exists a number mg such that for 1>ny 
‘ Ra is.a subclass of R. 
(VI) For every R Having the relation T to an element q there exists another class R, having the 
relation F to g such that for every p in R, there is a subclass R, of M having the relation 
T to p. 
(V) If q is distinct from q, there exist classes R, and R, having the relation F to g, and q, 
respectively such that there is no element common to R, and R. 


# 
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(I) #.5.p*. 

(I) #.5.g2". 

"(T gsm: a {8 pelm.>. RI). (R22 Di ng en > mg. D. R?)] 

(IV) R534 882 (p™. >. 4 RER). - 

(V) Hg. D. 3 (RP RE) ay pe p™. p™. 

_ A system (V; U; T) may be derived from a system (%; R) as follows: 
Let $ and U of the system ($; 11; 7) be respectively the class $ of the system 
($; R) and the class of ideal elements arising in (P; R); and let a subclass R 
have the relation T to am element p if and only if #Rp, and let R have the 
relation T to an ideal element u if and only if R is a member of the class ù 
which constitutes the ideal element of the system ($; R). 

It may easily be seen that if the system ($ ; R) satisfies the seven postu- . 
lates of 42 the resulting system (H; U; T) satisfies the five postulates stated 
above. By the mediation of the foregoing definition of T in terms of R, either ` 
_ example 0 of §2, or the example of §3, may serve to establish the consistency 

of the present postulates; and in this same way examples 1, 3, 4 and 7 of §2 
serve as instances of systeins satisfying respectively all but (I), all but (IIL), 
all but (IV) and all but (V). ‘Fo complete the proof of the independence of 
the five postulates we have only to show a system failing to satisfy (II) but 
satisfying the remaining four postulates. Such a system is the following: 
“$ is the class of positive integers, and U consists of a single ideal element u. 
The relation R” holds if and only if N contains only the single element p, 
while Re holds if and only if R is the null class. . 

From two systems, ($ W; T’) and (X”; U”; T”), we derive a composite 
system (P; U; T), where P =P P” and U consists of all elements of the form 
wu” or wp” orp u”, i e, W= WW" +wp 4+ PU’, so that if Y =P +w 
and O” = P” +U” and Q=ŅP +U, then Q is the product or composite class 
QQ”. The relation: Re holds if and only if there exist classes W and R”, 
subclasses of P’ and P” respectively, such that R= WR”, and WY and R”, 
where q= g' q”. Obviously, this definition of the composite system is consistent 
with the definition employed in §4 and the above definition of T in terms of R. 

_ Analogous to theorem IV of Chapter I is the following theorem, the proof 
of which should eause no difficulty: 

Tuxorem I. The composite system (P; U; T) of two systems (W; W; T’) 
and (B"; U”; T”) satisfies the postulates (1)-(V) if and only if both com- 
ponent systems satisfy them. 
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As in § 4, the definition of the composite of two systems leads to a unique 
‘composite system for any finite number of systems of the type considered. 
We clearly have here a theorem analogous to theorem VI of Chapter I. ~ 


§6. Limiting Elements: Postulates of F. Riesz. 


The notion of limiting element of a subclass is of primary importance for 
the purpose in hand. From the point of view of the present investigation, it 
is sufficient to define limiting elements only for subclasses* # of $. 

Def.1. An element q is a limiting. element of the subclass R, of P if 
every R such that R contains an element of R, distinct from q, i. e if  ” 


. MD. gr Fg p™. p. 

If q is a p, it is an actual limiting element, and if a u, itis an ideal limiting 
element; and if q is an element of R, it is a proper limiting element of R, 
and if not an element of R, it is an improper limiting element of R. 
Evidently, a proper limiting element is always actual, and an ideal limiting 
element is always improper, but a limiting element may be for the same Ñ, 
both actual and improper. , 

In his papert on “Stetigkeitsbegriff und abstracte Mengenlehre” before 
the International Congress of Mathematicians at Rome, 1908, F. Riesz proposed 
a set of postulates on which to build, for an abstract class, a generalization of 
the theory of point-sets. , He first assumes an abstract system which we may 
denote by (%;C), where $ is a class of elements p, and C isa relation between 
subclasses R of P and individual elements p, in the sense that p is a limiting 
element or element of condensation (Verdichtungstelle) of the class R. It is 
of interest here to note that if the abstract class of Riesz be identified with our 
class $, and if the relation C be assumed to hold i? and only if the element p 
is a limiting element of R by definition 1, then the resulting system is found 
‘ta satisfy the postulates of Riesz. We establish this fact by proving the 
following theorem, the four propositions of the theorem being somewhat more 
general than the four conditions necessary to secure the postulates. . 

Trrorem II. (a) Every limiting element of R is a limiting element of 
every class R, containing R. 


* To define limiting elements for a general subclass af Q it would be necessary to resort to a situ- 
` ation analogous to that of §3; but since the extended system (Q; 8) is of the same character as ($; R), 
we should thus revert essentially to the situation found in the special case when the class U of the system 
(f; U; 7) contains no elements. This spezial case furnishes a close analogue to the usual method of . 
procedure in the matter of limits. ee . 

+ Atti, etc., pp. 18-24. 
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(b) If R=R, +R, then every limiting element of R is a limiting element 
either of R, or of R,. 

(c) Only infinite classes have limiting elements. 

(d) Each limiting element of R is uniquely determined by the totality of 
all subclasses of R of which it is a limiting element. . 

Proof: Proposition (a) is immediately evident from denia $; 

(b): Let q be a limiting element of N=, +%,. We are to show that 
q is a limiting element of R, or of R, . By postulate (III) we have 


(1) BR pe ( (mt. Mg). (Mi Jaan > my. D. MF); 
then by definition 1 we see that 


(2) i i PE ee ee 


A sequence Íp,} thus secured satisfies the condition 
(3) Ri: D: Jm? n> My. >. pF. 


Since either N, or R, must contain an infinite subsequence of {p,}, we may 
suppose that Ñ, contains the sequence {Pant}, Where, if m, E Mme, then nm, E nme 
For a given # only a finite number of terms of the sequence {p,„} can precede 
the term Pay in the sequence {p,}; hence by (3) we have 


RD. Ime? pe 


` and since by (2) ‘every Pan is distinct from q, we see that q is a limiting 
element of Ñ. - 

(e): Let q be a limiting element of N. If possible, let Ñ consist of a 
finite set of elements, Pi, p,,....,2,- By postulate (V) we see’ that for 
every element p, distinct from q there exists a class ÑR, not containing p, such 
that R7. By an application of postulate (IIL) we secure a class R such that #4, 
which is a common subclass of all the classes R,. This class # clearly contains 
no element of it distinct from q; hence we reach a contradiction. M 

(d): We are to show that if q, and gq, are distinct limiting elements of R, 
then there is a subclass of Ñ that has one of these as limiting element but not 
the other. By postulate (V) 


J (RP e Rg) 3 -9 p 3 p™ 3 p™, 


Denote by Ñ, the greatest common subclass of R and %,; then it is clear that q, 
is not a limiting element of 3t,. For a given R such that Re there exists by 


ra 
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‘postulate (III) a common subclass R, of R and R, such that Ry; Since g, is a 
‘limiting element of R, N, must contain an element p of R, distinct from q,, 


and this element p is obviously in Ñ,. Thus every K such that Re contains 
an element of R, distinct from q,; that is, q, is a limiting: element of Ri 

The four postulates of F. Riesz are equivalent to the four propositions of 
this theorem if we restrict limiting elements q to actual limiting elements p, 


- and if in (b) R, and N, have no common elements. 


For the purpose of introducing ideal elements into the abstract class $, 
Riesz considers a system which we may denote by (%; V), where V is a relation 
between subclasses R of P of the same type as our relation R. Hə postulates 
for the system (3; V) four properties as follows: 

(1) If R, and R, have the relation V, and R, contains R, and R, contains 
Fy then N, and R, have the relation V. 

(2) TE R, and Ñ, have the relation V, and Ñ, is divided into two classes, 
then at least one of these has the relation V to R,- 

(3) Two singular subclasses can not have the relation V. 

(4) If R, and R, both have the relation V to a given singular class p, 
then they have the relation V to each other. 

A definition of C in terms of V is given by Riesz, by which the relation C 
kolds for a class and an element p if and only if the class R and the singular 
class whose element is p have the relation V. A system ($; C) thus obtained 
from a system (P; V) which satisfies the first three conditions above has the 
first three properties postulated for the system (P; C). 

From a system (P; U; T) we obtain a system (R; V) as follows: The 
class P of the-system (H; V) is identical with the class P of the system 


(P; U; T). The relation V holds between two subclasses of P if and only if 


the two have a common limiting element (actual or ideal) or one subclass con- 
tains a limiting element of the cther.* 

It is easily seen that if the system (%; U; T) satisfies the five postulates 
of § 5,- then the resulting system (P; V) fulfils the four conditions prescribed 
by Riesz. In fact, the propositions (a), (b) and (c) of theorem II contain 


sufficient conditions on the system (R; U; T) to secure this result. 


Riesz defines an ideal element as a class v of subclasses R which satisfies 


‘the following conditions: | 


(a) If R belongs to v and R, contains F, then R, belongs to v. ` 








* Compare Riesz, loc. cit., p. 23. 
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(b) If R belongs tov and consists of two ‘subclasses, R, and R,, then 
either R, or R, belongs to v. 
(e) | Every two classes R, and R, of v have the relation F. 
‘(d) The class v is not contained in any different class v, having 
properties (a), (b) and (e). 
=~ (e) No element p is contained in every R of v or has the relation V to 
every Ñ of v. . . 

A special case of theorem IT, (d), is the proposition: Every ideal element u 
is uniquely determined by the totality of all subclasses of $ of. which. it is a i 
limiting element. It is not difficult to see that such a totality of classes for a 
given u constitutes a class v fulfilling the five conditions just given. In fact, 
condition (a) follows from proposition (a) of theorem II, condition (b) from 
(b) of theorem TI, condition (c) from the definition of V in terms of T, and 
conditions (d) and (e) from (d) of theorem II. Thus every element of the 
class U of the system ($; U; T) qorresponds uniquely to.an ideal element of 
the system ($; V). 

It may be observed that by the mediation of the definition of a system 
(V; u; T) in terms of a system (V; R) there is associated with every system 
(Ñ; R) a definite system (P; V), and that if the former satisfies the seven 
postulates of §2, the latter must fulfil the conditions stated by Riesz. It is 
clear, also, that every ideal element arising in the system ($; R) by our defini- 
tion corresponds uniquely to an ideal element arising in the sanomaton system 
(V; V) by the definition given by Riesz. 


$7 . The Fréchet Limit: Properties of Classes. 


In his thesis, “Sur quelques points du calcul fonctionnel,” Paris, 1906, 
M. Fréchet* makes use of an undefined relation. between sequences of elements 
and individual elements.. By imposing certain conditions on this relation he is 
able to develop a theory, analogous to the theory of point-sets and of continuous 
functions, in which an element that has the undefined relation td a sequence 
plays the rôle of limit of the sequence. It is of advantage here to show that 
the notion. of limit of a sequence of elements as defined below satisfies the con- 
ditions stated by Fréchet: - 

Def. 2. The sequence {p,} has fe limit g if and only if for every R such 
that R? there is a term of the sequence such that all following terms are in the 
class R. In symbols: + 


p 








* Rendiconti del Circolo Matematico dì Palermo, Vol. XXIL. 


‘+ The notation lim pa=q is here replaced by the more convenient but equally suggestive notation 
n= 
Lnp=q. Note that a sequence may have an ideal element as limit. 
i : 
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_ Ep=qist. ({p,} <4) (R1 D: Age > ng. D. pr). 
The conditions stated by Fréchet for the definition of the limit relation 
between sequence and element are implied by the following theorem: 
Turorzm IIT. (a) A sequence formed by repeating a single element has 
that element for limit. l 
(b) A sequence can not have two distinct limits. 

(c) If a°sequence |p,} has a limit q, then every subsequence {p,_} such 
that n,, becomes infinite with m has the limit q. . 
Proof: Proposition (a) is an immediate consequence of postulate (I). 

: (b): Suppose a sequence }p,} to have two distinct limits, q, and a. By 
' postulate (V) we have 


- BRP. RP) amy pa p™ e p™. 
But by the supposition 
tty, 22 > tp, «D+ p% and Inan > Me, + D- pe, . 
By considering p, such that n is 8 greater than both hp, and Ma we reach a 


contradiction. 
(c): By hypothesis we have 


WD: Imn >My. D. Pas 


and since n, Peca infinite with m there is for every ny a number My such 
that if m is greater than mg, then n, is greater than mg; thus. . 
RI: D: Hmp? m > Mg. D.P, 

which is the required condition. i 

The three propositions of the theorem are equivalent to the properties of 
the Fréchet limit, except that he uses instead of (c) a-less restrictive condition, 
obtained by adding to the hypotaesis of (c) the restriction that the elements of 
.the subsequence are taken in the same order as in the original sequence. In 
the proof just given we made use only of postulates (I) and (V), so that these, 
two conditions on a system ($; U; T), are sufficient for the development of a 
theory at least as extensive as that pertaining to the class (L) of Fréchet.* 








* Fréchet denotes by (L), what we-should represent by ($; L), where L is a relation between 
sequences of elements of P and individual zlements of P. Otserve that the limit relation which we have 
defined differs in type from that of Fréchet to the extent that-we include ideal limiting elements. One 
“gees, however, that the presence of ideal elements does not interfere with the application to the present 
situation of the theorems proved by Fréchet on the basis of his limit relation and without the aid of his 
écart or his voisinage. 
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TurorEM IV. A necessary and sufficient condition that q shall be a limiting 
element of R is that there exist a sequence {p}! of distinct elements of R such 
that Lp, = q. 


It is necessary: By postulate (IIT) we have 


> 


JiR p(n. D. RI). (Rs amen > ng. D. HF], 
and, q being a limiting element of R, 'we have by definition 1, e 


nD. a P, Fae pe + Pa- 


The sequence Íp,} thus sacuead is such that Lp, =g, and since the elements 
of the sequence constitute a class having the limiting element g, we see by 
theorem IT, (e), that the number of distinct elements of the sequence is not finite. 
There exists, then, an infinite subsequence {p,_} of distinct terms such that n, 
becomes infinite with m, and which, by theorem ITI, te), has the limit q. 

It is sufficient: This proposition is a direct result of SS a (a) of 
theorem IT. í 

Theorem IV shows that our definition of Tiag element: of a Subclass is 
consistent with the definition employed by Fréchet. It may be noticed that in 
éstablishing these relations with the work of Fréchet, and the relations to the 
work of Riesz discussed in the previous section, no use has been made of 
postulate (IV); it is clear, therefore, that while we have sacrificed much in 
the matter of generality, we gain somewhat in the extent of the theory avail- 
able for our system. We consider here certain PEN pEEREN of subclasses that 
are found useful in the next chapter. oe 

Def. 3. The derived class of a Atubelass. R is the class of all limiting 
elements of R. 

Def. 4. A subclass is closed if it contains its derived class. 

Def. 5. A subclass St is compact* if every infinite subclass of R has at 
least one limiting element. 

The propositions of the following theorem, which are given by: Fréchet, 
are seen to be valid here, his proof of (d) being entirely applicable to the 
present situation, and the first three propositions being obvious deductions - 
from the definition of a DROtenE. 











. * See Fréchet, loc. cit., p. 6. Here, again, ‘attention must be called to the fact that we recognize 
ideal limiting elements. 
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Tueorem V. (a) Every subclass of a compact class is compact. 

(b) If every subclass of F: is compact, then R is compact. 

(c) A class formed of a finite number of compact classes is compact. 

(d) If every member of a sequence |f,,} of subclasses of a compact class R 
is closed, contains the succeeding member, and contains at least one element, 
© then there is an element commen to all classes of the sequence. 

A proposition somewhat different in content from this lasi, but permitting 
of a very similar proof, is stated by Riesz," and may be stated here as follows: 

THEOREM VI. If every member of a sequence {0,} of infinite subclasses 
of a compact class R contains the succeeding member, then the members of the 
sequence possess at least one common limiting element. 

An important proposition in the theory of point-sets and in the analogous 
theories+ in the domain of general analysis is the following: “The derived 
class of every subclass is closed.” The following theorem, in the prooft of 
which we find the first use for postulate (IV), reduces to this proposition in 
case no ideal elements exist, i. e., in case U is the null class. 

Tusorem VII. If 2, is the class of all actual limiting elements of Ñ, then 
every limiting element of N, is a limiting element of R. 

Proof: -By postulate (IV) we have for a given limiting element q of Ñ, 


(1) Wa: WANs. D. 3M RN. 


Now such a class R, must contain an element p of R, distinct from g. Then 
there is a subclass R, of -R such that R$, and p being a limiting element of R, 








* Loe. cit., p. 20. , , 

+ E. R. Hedrick, “On Properties of a Domain for which Any Derived Set is Closed,” Transactions 
of the American Mathematical Society, Vol. XII (1911), p. 289. 

$ Fréchet shows (loc. cit., p. 15) that this proposition does not follow from the hypotheses he has 
made on the class (L). He secures this theorem only after the introduction of the notion of voisinage.. 
The following example shows ‘that the theor2m is not a consequence oł postulates (I), (JT), (TIT) and (V), 
which, as we have shown, are together as strong as the postulates on the class (Z) combined with the 
postulates of Riesz. We specify a system (P; U; 7) as follows: $ consists of an element p, a sequence 
4 pn } of elements, and a double sequence { pma } of elements. Two elements having different notations 
are distinct. U is the null class. The relation R? holds if and only if R consists of the element p 
together with all, excepting a finite number, of the elements of the sequence {pa}. For a given n, the 
relation Nzn holds if and only if N consists of the element pn together with all, excepting a finite number, 
of the elements of the simple, sequence {fma}. For a given mand», RPmn holds if and only if R con- 
sists of the single element pma - This system satisfies postulates (I), (TI), (II) and (V). For a given n 
the element pn is the limit of the sequence {mn}; and the. sequence {pn} has the limit p. The 
subclass. consisting of the elements of the double sequence { dmn } has for its derived class the class R, , 
which consists of the elements of the sequence {pn}. The only limiting element of R, is p, which is not 
in ,. Thus the derived class R, is not closed. 
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there i is iy theorem. Iv a sequence. of distinet elements of R in w, and there- 
fore i in R. Clearly then we have aono i ; 


RD. TET a 


that is, q is a limiting element of R. . ; 
`` The proofs of the following propositions relative to 2 a composite system, i 
should cause no difficulty. BO mg 7 
‘Tugormm VII. If ($; U; T) is the ONNE jude of. the eae pee 
l (Bt; w; T”), (R; W; T2), ...., (Pr; W; T), and if R= ERER.. M am 7 
See eg the er propositions hold: s - g 
(a) K for every n, Dy = Pa Pa 2 Pas then Lp, =q if. and ety, it for 
i=1,2,....,7 we have Lp, =. 
(bh), The element q is a limiting ener of R if and i if every ‘gi ; 
(i=1,2,...., 17) is contained in R? or is a limiting element m Ri, “and at Š 
; least one of the g is a limiting element of the corresponding RE. ; 


(e) R is closed if and only if every R is closed (i= =L 2, eeo ar). : 
(d) & is compact if and only if every Ñi is compact d = 1, Dig a es ie 2 he 


(To be concluded i in the April ninpi l 





Iterated Limits in General Analysis. — Continued. 
By Rauru E., Boor. , 


-CHAPTER III. 
A Tazory or Functions Basep on P30PsRTIES OF A System ($; u; T). 


§ &. Introductory. 


_ In this chapter we are concerned with a definite system (B ; ‘U; T), which 


i adanined to satisfy the five postulates of $5. In § 10 and $ 12, in order 
‘to provide for the features of iterated limits, special hypotheses are made with 


regard to the composite character of tke system. Subclasses of $ are, in 


c l general, denoted by R; but a definite one of these subelasses, denoted by $, 


receives special consideration, being the range of the independent variable in 
our theory of functions. The derived class of $ is denoted by & and © is the 


least common superclass of P and L. The letters p, g and } denote elements of 
" the respective classes $, Q and &, while a general element of § is written p p, and 
q is an element of the class O = PU. 


Functions are denoted by the letters 0, p, u, etc. The notion of function, 
in general, involves two classes, one called the range and the other the class 
to which the function-values belong. If and ¥) are two classes of elements, 
then a function 6 on Æ to 9) is a correspondence between elements of Æ and 
subclasses of Y; whereby to every element x of £ there corresponds uniquely 
a subclass 0, of Y. If, for every x, 0, consists of a single element y of 9), then. 


- @ is a single-valued function on ¥ to Y. In the present chapter we consider 


only single-valued functions on a subclass of © to Ñ, where Ñ is the class of 
all real numbers with the ideal elements +œ and —o adjoined. The notation 
X stands for the class of all real numbers, and the letter a invariably represents 


- areal number, while the letters ¿é and d always dencte positive real numbers.* 


§9. The Character of a Function in the Neighborhood of an Element. 


We take as the subject of discussion a: definite function zon tof. In 
the consideration of the character of the function u with respect to a particular 


+ limiting element l of the. range, three syxbols play an important rôle: 





* The letters e and d replace the usual e>0 and &>0. ` There can be no doubt that convenience and 


` economy are conserved by these and other special notations. We find sufficient precedent in the work of 


Professor E. H. Moore on “General Analysis.” 


.14 


a 
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(a) Tim 4: upper limit of u, as p approaches J, 


(b) lim üp: lower limit of u, as p approaches 1. 
p-> 

(c) lim w,: limit of u, as p approaches J. 
p->l i 


Following are the conditions under which these symbols may represent definite 
finite numbers: 


Def. 1. The relation lim u, =a is equivalent to the following two con- 
: p->l 


ditions* on u, l anda: 
(1) e:D: å Rls p” $1l.5.u,Sa+e, 
(2) e.W:D: 3p” flay, za—e. 
Def. 2, The relation lim u, =a is equivalent to the following two con- 
pl ` 
ditions on u, l and a: í 
(1) e:D:3%83p™ $1.5. 4,240—<¢, 
(2) ei a: gv Flau Sate. 

Def. 3. The relation lim u, =a is equivalent to the following condition 

on u, l and a: a 
e:D:3 %2 p™ $1.5.|u,—a| Se. 

These definitions lead to the obvious theorem: 

Tuxorrm I. The limit of u, as p approaches a limiting element l is a 
number a if and only if the upper limit and the lower limit of u, as p ap- 
proaches l are both equal to. this same number a. In symbols: 

. lim u, Hat V: lim u, = lim u, = 4. 
p->l pl p> 

For a given limiting element J of P we have also the following analogue 
of the Cauchy condition for convergence: l 

Tuzrorem IT. The following two conditions are necessary and sufficient 
for the existence. of a finite limit of u, as p approaches l: 

(1) If R there exists a p in R distinct from l such that u, îs finite. 

(2) e:D 4N pr Fl. pi ELD. | up, up| Se. 

Proof: That the conditions are necessary is quite obvious. As to their 
being sufficient, we observe that since / is a limiting element of Ẹ¥ we have a 
sequence }p,} of distinct elements of P such that 





* Condition (1) may be read: “For every e there exists a class Re such that R} (Me has the relation 
T to 1) and such that for every p in Re distinct from J the function-value wp is less than or equal to 
a+e”’; and (2) may be read: “For every e and every R such that R? there exists a p in X distinct from l 
such that the function-value up is greater than or equal to a—e.” The conditions in definitions 2 and 3 
may be read in similar fashion, 
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(1) RD: Angee > te. D pÈ. 
If for a given e we consider the class R, required to exist by condition (2) of 
the theorem, we see that 


47,28, Dh. Ds 





= Hons | £ e. 


By condition (1) of the theorem the terms of the sequence {u,,}, after a finite 
number of terms, are all real numbers; thereZore the sequence is convergent 
to a finite limit by the condition just written. Let this limit be a, then 


(2) erDignan>n,.D. lm. aS, 
and by condition (2) of the theorem we have Zor this same e 


(3) JRs p El. pe ELL. by bp, 





<Ê, 
= 


Since, by (1), this conclusion is fulfilled for some value of n, we see that, by 
(2) and (3), ` 
pe -l.D. 


that is, the limit of u, as p approaches Z is a. 





Tuerorem ITI. If for a given l there exist a number a and a class R such 
that R’ and such that, for every p in R, |u,| Sa, then there exist numbers a and a 


such that 


lim u, =a and lito u, =a, 
p> pl 


Proof: By use of postulate (IIT) we secure a sequence {R,} such that 
for every n we have J! and RË, and further; such that each term of the sequence 
is contained in the preceding term. For every n let @, be the least upper bound - 
of u, where p belongs to R, and is distinct from l, and let a, be the greatest 
lower bound of u, with the same restrictions on p; then the sequences {a,} and 
fa, } are respectively decreasing and increasing monotonic sequences of real 
numbers. Since a4,24,, both sequences converge. Let & and a be the limits. 
of these sequences, then it is clear that they are respectively the upper limit 
and the lower limit of u, as p approaches l. 

In the following definition, in which we employ the symbol, =, of defini- 
tional equivalence, we indicate the conditions under which the limit, upper limit 
and lower limit of u, as p approaches a limiting element / may be anaes 
elements of the class M. 

Def. 4. With respect to an aay limiting element 7 of P the following 
are definitional identities : 
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(a) limg,=+ot=ia.8'. 5.9 p* # lau, >a, 


Pt. 
(b) limu, =—%:=:4. W.D. J pË Eleu <a, 
p> . 
(e) lim yp = f coat m ee Hn y = +ocs=nain gR pF D. >a, 
Pl ` 
(d) Timm fly == 09 «tem i lim yy = — oo P= tat Diy Repl. D pp <a. 


Tuzonem IV. If {p,} is a sequence such that Lp, =l, then 


lim u, Slim u, < lim u, < lim g- 
p> no arias p-> 


These four symbols clearly always represent definite elements of the 
class Ñ; i.e “the quantities always exist, finite or infinite.” The proof of 
the theorem follows immediately from theorem III and the foregoing defini- 
tions, with some use of well-known properties of sequences of real numbers. 

Trrorem V. For a given l there exist sequences {p} of distinct elements 
such that Ly, = 1 satisfying each of the conditions: l 


Oe 


n>a 
(b) limu, = lim u, 
na pl 


Proof of (a): First, suppose that lim Up= +œ. Consider a sequence 


{a} of real numbers such that lim a, = avis o, and a sequence {N,) as required 
n> 


to exist Eor l by porvuate (TIT). We have by definition 4, (a), 
D. JPP Flup > p 


A sequence }p,} so secured has the desired properties, namely, Lp, =] and 


lim ap = +. 
ce 


Next, suppose that lim | Hp = a Consider a sequence }e,! of positive real 


numbers such that lim e,=0. By condition (1) of definition 1, 
3 n-o, ` 


(1) . Mia 4R ep Fl. D.U, Late 

Take a sequence {Na} such that for every n Ri and #%=, and such that if R’ 
the classes 3t,, after a finite number, are all contained in Ñ, all ot which may 
be done by means cf postulate (III). By condition (2) of definition 1 we have 


(2) 0. 1D: gem flay, 2o—e,. 
Clearly, Lp, =l, and since p, is an element of R, we have by (1) and (2) 


niD:|#,—4a¢|S2e,, 
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and, the limit of e, being zero, it is seen that the limit of Up, iS a, so that the 
sequence {p,{ is of the kind desired. 


In case lim Up = — © the proof is entirely obvious, and an anGrely 
pl 


analogous proof is available for the condition (b). 
Turorem VI. (a) For a given limiting element l, lim u, =a if and only 
p-> 


af for every sequence pal of distinct elements such that Lp, =1 it is true 


that lim u, = 4. 
n-p 
(b) Proposition (a) still holds if.a be replaced by + œ or by — œ. 


This theorem” is an immediate consequence of Theorems IV and V. 


$10. Iterated Limits at an Element of a Composite Range. 


Let the system ($; WU; T) be the composite of two systems, (W; W; 7’): 
and (B" u”; T”), and let P =P P”, where Y and P” are subclasses of 
IF and P” respectively. Let V and 2” be the derived classes of ’ and P”, 
and let O' =f’ +L and QO” =P” + 8L”; then we have for the derived class 
of P the class 8 =Q O" + O'R’, while O= P+ 8= 99". 

We consider again a definite function u on $ to Ñ. For every p’ the 
symbol u, represents a function on P” to i, having ‘for every p” ‘the function- 
value upp. Similarly, for every p” up is a function on $’ to St. The symbols 

Tim fy gry lim pppn, lim Hot pts lim fpr pn 
rE PU ee pipe! 
represent definite functions, the first two being defined on $” to NT and the 
last two on to Ñ. 
Tusorsm VII. For a given limiting element L= Vl" we have 


(a) lim lim Up ptt < lim lim lpr pr < lim lim Hp pra 


pl >vt pU pitt p- ppt plu, 
(b) lim lim upp < lim lim upp < lim’ lim typ. 
pi p> p->! pt->u p>! pl 


It is clear that the symbols indicated always represent definite elements ' 
of the class Ñ, and the inequalities follow easily from theorem IV. 

Tazorem VIIL. Jf l=/' 1’, then there exists a sequence |p,} of distinct 
elements such that å 





* Compare’Alfred Pringsheim, “Zur Theorie der zweifach unendlichen Zahlénfolgen,” Mathematische 
Annalen, Vol. LIII (1900), p. 301; also Franz London, “Ueber Doppelfolgen und Doppelreihen,” same 
volume, p. 330, Analogies between the theorems of §9 and §10 of the present paper and theorems by 
Pringsheim and London in the papers here cited, analogies extending in some instances to the very details 
of the proofs, are so apparent that they call for no special notice. A method of specializing the present 
general theory to secure a theory of multiple sequences is shown in § 14. 
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5 Lp, =1 and lim u, = = lim IM yp, 
n> pit» pi-> 
and the proposition remains true if the iterated upper limit be replaced by any 
of the three quantities 
l lim lim {ep pits lim lim Up pity lim lim pr pits 

pi-i" p> p> pot piu p> 
We indicate the proof for the case of the iterated upper limit when this is 
a finite number a. Let 0 be a function on P” to M such that for every p” 


0" = im . Hp pu then lim 6,, = a, and by theorem V there is a sequence |p] 
p> pii" 
of distinct elements such that Lp, = 1” and such that 


(1) erDiaman>n,.D-|0.—a| <5. 
We may regard the sequence |p, } as chosen so that 6, is finite for every n; 


then again, by theorem V, there exists for every n a sequence {Pma} of distinct 
elements such that Lp/,, =U and such that lim Ly ot = = by ». Take a sequence 


mapa mnn 
fe,} such that the limit of e„ is zero. We have 
(2) MIDI AM, 2m > mM, +D + | ly yr —Oe| Sey. 





Consider a sequence {NR} such as is required to exist for l’ by postulate (III). 
Take a sequence {m,} such that for every n Vha is in R, and m, > Mej then 
clearly L Pn, =U and by (2) we have 


(3) nD n — On| S en- 


m,n Pn 


For a given e we may take n, so that e E forn > n,; therefore we see by (1) 


"ŚJ 
and (2) that i d My y= a Take a sequence Íp,} such that for all values of n 


| Pa = Pnn Da3 aie: by theorem VIII, (a), of Chapter II, we have Lp, = l, 


and also lim y, = a. 
no 


The proofs of the remaining cases offer no new difficulties, and are omitted 
in the interests of brevity. 


_Tunorem IX. If b=U'l", then 


(a) lma,s lim lim Lot ot S lim Tim lyy p" < lim Kp» 
pl piu p> ppv! p> p->t 


(b) If the limit of u, as p approaches l exists,” then 


. 


lim lim Uy = lim lim pyp = lim w. 


pill! pt >e., p> pt pi>it ` El 








* The term “exists” is employed in the usual sense, to indicate that the limit is defined, i. e. 
represents a definite real number or +-+% or —-w. The theorem may be regarded as comparing iterated 
limits with multiple limits; we can not, however, adopt with consistency any special notation to indicate 
that a limit is “multiple,” since no class is assumed to be linear, and the limits studied in §9 may be 
regarded as multiple limits of any order desired. 
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The propositions of this theorem are easy deductions from theorems V, 
VI, VIE and VIII. 

We have just derived, in terms of iterated limits, a necessary condition 
for the existence of the limit of u, as p approaches a limiting element J. To 
derive sufficient conditions on the iterated limits for the existence of the limit 
‘is a matter calling for additional restrictions. For this purpose it is con- 
venient to introduce certain uniformity features. We indicate that a condition 
is satisfied uniformly with respect to the elements of a class by placing the 
notation for the class in parentheses following the symbol for the condition. 
Thus, if R” is a subclass of R”, and @ is a function on $” to Ñ, finite for every 


p” in R”, and such that lim Ly pt = Opr for every p”, then we may indicate that 
` p> X S % 
the limit function 0 is approached uniformly on R” as in the following 
definition : 


Def. 5. lim wy=0(K") seer ai Ams p RET. p. 
pi->l 





Upp" —On | < e. 


It will be observed that the uniformity of the condition consists in the 
existence for a given e of a single R; effective for every p” in R”. Similarly 
we write: . 
‘Def.6. (a) lim ey too (R) Sar yap’ pl p D un >a, 

ESN i 














(b) lim u= —oœ (R”).: 
piu 


Turorem X. Ifl=VU and R” is a class such that KR", and if R” is the 
greatest common subclass of R” and P”, then the following propositions hold: 


naD gR p Mel. pF, Mot gt < a. 


(a) lim u; = 0 (R). >. lim u, = lim 6,.. lim u, = lim bp, 
pl» p> l peu p> piu 


(b) lim uy =+% (R). D. lim u, =+, 
p—>l p->l 





(c) lim up =— œ (R"). D. lim mq =— v ; 
p!i- p> 
provided that in case l is a p’ we have in the respective cases the additional 
hypotheses - . 
(a) lim Opr < lim r gt and lim Ur p"! < lim Oo, 
piu pizt pip ppt 
(b) lim key p" = + eo, 
p>! 
(e) lim Urp! =Q; 
pU! . 


and in case l” is a p”, in (a) the further hypothesis 


lim 6,0 < bn < lim Gy . 
pyn ~ pi-i 
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We prove proposition (a), supposing that V and l” are improper limiting 
elements of P’ and P” respectively. Suppose first that lim 6 == a; then for 
a given e we have ee 


(1) BR" 2 p'™.5.0,5a+8, 

(2) Mr.D. gp: 0 2a—S, 

and by definition 5, 

(3) By a pp P.D. | uyy MESS 


Let R; be a common subclass of N; and R”, such that N; ”, since such classes 
exist by postulate (IIL) ; then by (1) and (3) we have 


rg" . e 
p” 1D InSa+5, 


1w t " 
gp". >. 





therefore, if N, = R, R7, we see that 


(4) p*.>.u,<at+e, 

Any class R such that R’ must be of the form N = R, Ny, where Hy” and Ry”. 
‘Since f; and R, have elements in common, and since N? and R” have a common 
subclass which fulfils the hypothesis of (2), we have from (2) and (3) ` 

(5) Wp" au, >a—e. l 

We see, then, from (4) and (5), that Tim u, =a. 


Now suppose that lim On = + 0 ; ee for a given a we have 
i ppv! 
(6) RD py > a+, 


and, taking e <1, we have by (3), 

p% 2 pre >. | lace Pa 8 | <1. 
Let H and let R =R; R, then since R; and R, have elements in common, and 
since Jt; and R” havefa common subclass which wee the hypothesis of (6), 


there is a p in Ñ such that u, > a, and thus lim. u, = + œ. 
B->l 
The proof in case lim 0p =—o is ‘not difficult. Under the same hypotheses 
p->" 
with respect to F and }” we easily see that lim Op = lim g. 


pP pt 
If we remove the restrictions on 7’ and 2”, the additional hypotheses then 
‘available easily lead to the desired conclusion. 
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The proofs of (b) and (e), which offer no new difficulties, are omitted. 
We obtain conclusions similar to those of theorem X under more mild 
; hypotheses as follows: 

Turorem XI. Ifl=V U and if 6 and 8 are hindia on g” to Š, then 


(a) A suficient condition for the relation lim by S lim 6, n ÎS 
p> = pyr” 


J Rela [e:; +: J Kra p'™. 2 pie, “. -ly PES < 6, E Ta el, 
(œ) A suficient condition for the relation lim u, 2 lim 8p is 
pi p> 
gqgWreaje: >: gR a pe. pl. D oup SO — e]; 
provided that if V' is a p” we have for (a) and (b) the respective conditions, 


jim 6 gts > > fy and Tim 6 pt a < S On 
pl—> Ut piy 


; We observe that if 6 is finite for every p” in R”, and if 6 = 6, then thie 
combined hypotheses of (a) and (b) are equivalent to the hypothesis of (a) 
cf theorem X, while the combined conclusions are equivalent to the conclusion 


of X, (a) only in case lim 6, „= lim 6 y = = lim Opr = lim 6,,. If for every p”- 
pit» Ur pi- t pie pi 
-in R” we suppose b = = — œ, then (a): is equivalent to theorem X, (c), both 


in hypothesis and in conclusion, and similarly X, (b) is a corollary of XI, (b). 


$ 11. Continuity of Functions. 


We return now to the general situation considered in §9. Making use of 
the notations there employed, we turn attention to questions of the continuity 
of the function u on the range P. = 

Def. 7. A function u on Ẹ to Ñ is continuous on $ if and only if ly is 
finite for every p, and for ery proper limiting element / of $ umn Up = lr 


The definition here given is analogous to the usual definition vi continuity 
of a function of a real variable. With the present postulates on our system | 
(%; U; T) we are not able to define an analogue of uniform continuity on `a 
range; but by requiring, in addition to the conditions of définition 7, that there 
shall exist a finite limit for the function u at every improper limiting element 
of P, we obtain a form of continuity that in most applications is equivalent to 
uniform continuity. We call this extensible continuity, and a function having 
this property is said to be extensibly continucus. We have then: 

Def. 8. wis extensibly continuous on.$ if and only if it is continuous , 
on $ and for every improper limiting element / of $ there exists an a, such 
that lim u, = a. ; 

p->! i 

The following theorem is obvious: 

15 
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Tueorem XII. If $ is closed, then u is continuous on P if and only if 
u is extensibly continuous on $. 
With every function u on $ to Ñ there are two associated functions, ĝ and 4, 
called respectively the upper and lower limiting functions of u on $. 
Def. 9. , the upper limiting function of u on $, is a function on the 
range Q such that, for every l, 9, = tim u, and, for every p not in %, @,=4,. 
Pp 


Def. 10. W, the lower limiting function of « on $, is a function on the 


range Q such that, for every J, }, = lim uw, and, for every p not in 8, ¥,=4,. 
p->t 
The functions @ and 4 are then functions on Q to X. They lead to greater 


economy in the statement of propositions on the function u. 
‘Tueorem XIII. (a) u ts continuous on $ if and only if for every element 
p the function-values $,,, and u, are equal and finite. 

(b) u is extensibly continuous on $ if and only if for ever y q the function- 
values >, and ẹ, are equal and finite, and for every p they are equal to u,. 

(c) If wis extensibly continuous on B and Ñ is ihe greatest common sub- 
class of P and Q, then @ is extensibly continuous on R and for every u in Q 
lim $; = 9,. 
ru oe ` 

The truth of (a) and (b) is obvious. As to (c), it should be remarked 
that since Ñ is a subclass of Q, ĝ is defined on Ñ, and since Ñ is a subclass 
of T, continuity and extensible continuity are defined for functions on R to X. 
Further, in view of theorem II, (b), of $ 6, and theorem VII, of § 7, we see 
that every limiting element of Jt is a limiting element of %. Since by (b) } is 
finite for every r (element of N), it remains, for the proof of (c), merely to 
show that for every / we have lim ¢;= 9,. Since u is extensibly continuous 


on $, we have for every l, um a $,; that is, 

(1) eli gWe p™ El. D. uel S5- 
By postulate (IV) we see that 

(2) aMi ph. D. gW e RP. 

We wish now to show that 

(3) Ta lD: |r — e] Se. 


If * is a p, this follows from the fact that St, is necessarily a subclass of R,. 
If * is not a p, it is an improper limiting element of $, and we have by an 
application of (1), ~ 
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(4) aM ep.. lp — e] S5- 


By use of (2) and postulates (LII) and (V) we may show that R, contains an 
element p of R, distinct from l; then (3) follows from (1) and (4). 

~ Tarorsm XIV. (a) If B is compact and u is eatensibly continuous on $, 
then u is bounded on $, by finite bounds. 

(b) If B is compact, then there exist q, and q such that the least upper. 
bound of u on $ is either Py, OF Up, and the greatest lower bound of u on $ 
is either p,, OT Up, . 

(c) If B® is compact and closed and u is continuous on ‘8, then there exist 
p, and p, such that the least upper bound and the greatest lower bound of u 
cn $ are respectively u, and up. 

Proof of (a): Suppose that u is not bounded from + œ, and consider 


& sequence id, } such that lim a, = + œ. We have then 
t->o ž > , 


(1) n. D+F Pr? Uy, > ne 
Since P is compact, and since the number of distinct elements in the sequence 
\p,{ can not be finite, there exists a subsequence {p ,„} of distinct elements of 
the sequence {p,} which has some element / as limit. Since u is extensibly 
continuous, there is a number a, such that 

(2) erpigmsm>m,.D.|%, —%| Se. 
Now we may take an n, such that for n >, we have a, >a,+e, and since 
there exist values of m greater than m, such that n,, is greater than n,, we see 
that (1) and (2) are contradictory. Thus u is bounded from +, and in 
similar manner we may show that u is bounded from — œ. 

Proof of (b): The least upper bound of u on $ may be a finite number a 
or +. In either case there exists an element p such that p, is this least 
upper bound, or there is a sequence {p,} such that the limit of u, is this least 
upper bound. If the former is true, then g,= p meets the requirements of the 
theorem; if the latter is true, then there is a subsequence |p] of distinct 
elements of {p,} which has a limit J, and clearly we have ĝ, as the least upper 
bound of u on P. Similarly q, exists, fulfilling the conditions of the theorem. 

Proof of (c): Since $ is closed, every g is a p, and since u is continuous, 
¢, = H, =, for every p; therefore (c) is a corollary of (b). 

l § 12. Functions on a Composite Range. s 

Returning to the special case when the system Q; U; T) is the composite 


of the two systems (W; W; T^ and (R" ; U”; T”), and using the notations - 
P, O, V and P”, O”, 8”, as in § 10, we discuss the character of a function u 
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on $ to Ù with regard to continuity and related properties. Use is made also 
of the upper and lower limiting functions, @ and 4, of u on $. We notice 
that for every q’ $, and ẹy are definite functions on Q”, and for every q” 
$, and y,, are definite functions on 0’. 

THrorem XV. (a) If V is such that for every l of the form lL=V p” 
@, is finite and m lp = i, then dy is continuous on B". 


(b) If y is such that for every l of the form l=} q” Q, is finite 
and nn lp = u, then dy is eatensibly continuous on R” and for every a 
lim dy ign = Py 
p> 
(c) If u is continuous on $, then for every p” up ts continuous on $ 
amd for every p' ly is continuous on P”. 

(d) If u ts extensibly continuous on P, then for every p” u,n is esten- 
sibly continuous on 3’ and for every p' up is eatensibly continuous on $”. 

The propositions of this theorem are easy deductions from theorems I 
and IX, (b). 

In the following theorem we employ the notation for uniform approach 
to a limit that was introduced in definition 5 

Turorem XVI. (a) If V is such that pa every R such that R’" there is 
a p' distinct from V such that uy is continuous on P”, and if there exists a 
function @ on R” to Ñ such that lim uy = 9 (B’), then 6 is continuous on P”. 

>t 


(b) Ifl’ is such that in every X such that KR’ there is a p' distinct from l 
~ such that uy is eatensibly continuous on P”, and if there exists a function 0 on 
B” to Å such that Ae by = 6 (B"), then 6 is extensibly continuous on P”. 


(c) With the additional hypothesis that V is an improper limiting element 
of P', or, in case V is a p', that uyp =O,» for every p”, we have for both (a) 
and (b) the additional conclusion that for every p” On = prp = Wyn, and for 
(b) the further conclusion that for every V lim pr = Py yw = Pyy: 
We prove first the lemma.: l OR 
Lemma. If 1=Ul" and R”” and R” is the greatest common subclass of 
P” and RK", ond if for every X such that R” there is a p’ distinct from V in W 


and a number a such that lim Lap = % and -f there exists a function 0 on P” 
p-> t! 


to Ù such that m Up= = 0 (R), then there is an a, such that lim 6, = ay. 
p-b! 
By the inifom approach to the function 6, we have for a given e, 
(ly Wap. fl. pi" + | Map — On| S53 ; 


~ 
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and by the remaining hypothesis on g there is a Pi in R, such that, taking 
account of theorem I, we have 


HM y n R” ot H GY ri ý é 
(2) Fe ae pV ee D+ lungt] Sg 


By postulate (LII) it may be shown that there exists a common subclass Ry of 
N; and R” such that R, ”. If pi and p, are any two elements of Ry distinct l 
from 1’, we have by (1) and (2) the three conditions 


e e 
| Gy — Hyer | Sz | My — 6,158 and | Morar T Haron | Sars 


from which we obtain | 8» —8,-| S <e. Since condition (1) of theorem IT is 
obviously fulfilled, we conclude that there exists an a, such that lini O = Ay. 
i p" id 

From the lemma and theorem X, (a), the present theorem should now be 
evident. : , f 

The language “u is continuous on $” might conveniently be used to indi- 
cate that for every p” the function g, is continuous on $’; and this manner of 
speaking is especially advantageous if the continuity on W is uniform on $”, 
i. e., uniform with respect to p”. Thus we have. l 

Def. 11. (a). uis continuous on $ uniformly on P” if and only if for 
every p the function value u, is finite, and for every proper limiting element } 
of P lim uy = up (B"). 

piu. i 

(bì uis extensibly continuous on $’ uniformly on P” -if and only if u is ' 
continuous on $’ uniformly on X”, and for every improper limiting element 1’ 
of $ there exists a function 6 on $” to. Ñ such that sen by = -0 (B"). 


The following theorem is a result or an easy ara of the Peer 
of theorem XVI. 


Turorem XVII. (a) If u is continuous on PB’ uniformly on P” and if 
for every p’ by is continuous on P”, then u is continuous on $. 

(b) If wis eatensibly continuous on P uniformly on P” and if for every 
p Uy ts extensibly continuous on P”, ‘then u is extensibly continuous on $. 

The following theorem, the notations of which may easily be interpreted 
by analogy with those previously defined, is not without interest, and is found 
convenient in some applications that follow. 

Tueorim XVIII. If (8; ú; T) is the composite of three systems, 
(W; W; T), (Pr; W; T”) and (R; W; T”), and if u is defined on $ = 
WRB’, and l=V I'l", ther the following propositions hold: 
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(a) If there exists a function 0 on PP” to X such that lim Upu = 
p> 
O(P, and if there exists a function a on Y” to X such that for every p” 


lim lim py 997 =a,n, then there exists a number a such that lim lim 6,» 
pi-i! pip pi-i pt 
= lim ay =a. 
papa 
` (b) If, in ditor to the hypotheses of (a), there exists a function E on 


P” P” to A such that for every p” lim wy yw = Ey (BR"), then there existe a 
pl 
function y on P” to X such that lim 6, = y (P”). 
p> 
Proof: By the first hypothesis in (a) we see that 


(1) p” De lim Bp gt = 6, t (T ), 
pity 


and by the second hypothesis we know that there exists a function E on P” P” 
such that 
(2) oe . p” De m yee! pil ptt = = pgn ; 


therefore, applying the lemma to theorem XVI and theorems X, (a) and IX, (b), 
we see that there exists a y on P” such that 


(3) p” See re ma 6 pp! T lim Eprom = = Yp. 


phi- yn 


Now, for a given e, the first hypothesis in (a), (2) and (3) ‘give respectively 
the conditions l ; 


myn 1 1t mi R” awe é 

$ (4) a l Ip .p p n +1 Do |My pr om — Oym | S5 
r IH o e rit ig r i € 

(5) P p D.e | Ri on pm 3 p R y p pr + l "D.e | Ea gm — Uy ot pn | < 3? 
le . ry 7H 1 € 

(6) pD: 3M pw El D- 10m — yrl Sz- 


_ Since for every p” and g” the two classes Ry... and Rep have a common p’ 
‘distinct from I’, we see from (4), (5) and (6) that lim Em = y (B"), and 
. piltpyn 


-since by the second hypothesis lim Eonar = Gn for every p”, we have the 
pt-pt 


conclusion of (a) by another application of theorems X, (a), IX, (b) and the 
lemma to XVI. 

As to proposition (b), it remains to prove. that the approach of 6, to y 
is uniform on P”. This follows from (4) and the following two conditions, | 
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which come respectively from the special hypothesis of (b) and the fact that 
lim Eom = =y (#8), 
pity 


p” : t 7 t n È <£ 
2:4 Re prn ap” EUV. pD. | ke ot in wgn | S 3? 





yun yn A e . ` 
J R! 3 p” f p= + Vv’. wo Eau pn — Ypi | < BY 7 
we 


for, since R?” and R? have a common p” distinct from l’”, 


p' Ream E Va p” D. | Qypi — y | < (2 


CHAPTER IV. 
APPLICATIONS OF THE GENERAL THEORY BY Direct SPECIALIZATION. 
§ 13. Introductory. 


In developing the theory of Chapters I, II and ITI it has not been necessary 
to specify the character of the elements under consideration, and the nature of 
` the conditions postulated is such as to provide great latitude in- the matter of 
applications. Special theories are obtained by particular determination either 
of a system (P; R) which satisfies the postulates of § 2, thus giving rise to a 
system (P; U; T) of the required character, or directly of a system ($; U; T) 
which satisfies the postulates of § 5. In the present chapter we suggest, by 
means of chosen examples, certain methods of procedure to secure these special 
theories. The first instances used, viz., multiple sequences and functions of 
real variables, are chosen not because of any novelty of form or content of the 
results reached, but rather because of the interest that may be attached to the 
manner in which various familar theorems, usually treated as independent, 
emerge as special cases of the same general theorem. The remaining examples 
are in the domain of general analysis, and are chosen to show the availability 
of the present method in certair fields already shown to be fruitful of interest- 
ing and useful theories. 


$ 14. Multiple Sequences. 


We may specify a system (33; R) as follows: The class Ẹ is the class of 
all positive integers; the relation R, R R, holds if and only if R, and R, are 
equal and consist of a single element, or there exist two positive integers, 
n, and m, such that R, consists of all integers greater than n, and Ñ, consists 
of all integers greater than n,. 
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This system clearly satisfies the postulates of § 2, and the resulting system’ 
(P; U; T) therefore satisfies the postulates of §.5. This latter system is said 
to be of type A,, and is as follows: The class Ẹ is the class of all positive 
integers, U is a singular class having only the element œ ; the relation N” 
holds if and only if St consists of the single element n, and the relation R° 
holds if ‘and only if N consists of all integers greater than some given integer. 
The composite system of r systems of type A, is a system of type 4,. 


To obtain a theory of multiple sequences, consider the special case when 
the system (P; U; T) of Chapter III is of the type 4,, and the class $ coin- 
cides with P. A function u on Ẹ to % then gives an r-fold sequence of function- 
values, every one of which is a real number or +0 or —o. Since the nature 
of the range in this instance renders it unnecessary to place in evidence the 
notation for limiting element, and since it is desired to emphasize the character 
of the limits as multiple limits, it is expedient to adopt notation which places 
all the variables concerned in evidence. Accordingly the notation lm eee 


nl... nT) 
is used to indicate the limit of the function-value tm....» as the variables nt... n’ 
simultaneously increase without limit. Similarly, the notations lim. fm... ar 


(n1... nr) 





and lim um... indicate respectively the upper and lower limits under the 


(nt. nr) 
same conditions. Explicit definition of these symbols in the light of defi- 
nitions 1, 2,3 and 4 of Chapter TII should cause no difficulty. For example, 
lim um... = @ is equivalent to the conditions: (a) For every e there exists 


(n1... n") 


m....n such that if nt> nè (i= 1,2, ...., r), then Um... Sate; and 





(b) For every e and every m....n” there exist ni... .ni such that ni >n 
(i=1,2,...., r) and such that Wn... Z @— e. 

Among the contributions of $9 to the theory cf multiple sequences are 
the following, which we record in the form of a theorem. 


 'Turorem I. (a) The limit of the multiple sequence jpm,..nr| is a finite 
number a if and only if the upper and lower limits of the multiple sequence 
are both equal to a. 


(b) The limit-of the multiple sequence \um..ar} exists and is finite if and 





only if for every n'....n" there exist nj... .ni such that ni >n (i=1,2,....,4r) 
and such that Lenk. ..ng is finite, and for every e there exist nj....nt such that, if 
ni > ni and n> n (i =1,2,...., r), then [lning — Bal. .ng <e. 

(c) If there exist ni... ni such that, for n > mi (4=1, 2,....,7), Um. ane 


is finitely bounded, then there exist numbers a and a such that 
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lim Uni....ar = a and lim Uar.. = A. 


(n... nf} (nl....n7) 





(d) If the. simple sequence {un} is such that lim ni, = (i= 1,2, 
.. T), then 


lim aan < lim lent ....ar < lim Un ..unr < lim ar.cune + 
(ny mpo 7 mF amr) 
(e) There exists a simple sequence of the kind described in (d) having 
for limit lim un...inr, and also one having for limiè, lim un... nr 
(pl... nt N . (nt....nt) 


(ni... nt) ; 
(£) The limit of the multiple sequence exists, finite or infinite, if and only 

if all simple sequences of the kind described in (d} have the same limit; and 

the limit of the multiple sequence is the common limit of the simple sequences. 

In $10 we may consider the systems (P; W; T) and (R; U”; T”) to be 

of types 4, and A,, respectively, where f, + f, =r; then our hypothesis with 

raspect to (V; U; T) is fulfilled. The real force af the theorems on iterated 

limits is here realized only by repeated application of the principles established, 

-a process made available by the persistence, under composition of systems; 
‘of the conditions specified in our postulates. We may conveniently use the 
notation * lim Lna....nr to denote the result of taking the upper limits 


(NLRA) e (nto. MT) 
as the variables 7’... .n’ tend te infinity in groups, the group nê... n passing 
to the limit first, ete. Analogcus. notations, easy of interpretation, may be 
used for limits of other types. With a little reflection the theorems of § 10 
are seen to yield the following results: 





Turorem II. (a) For every expression of the type 


lim fiie cnans 

(mi.a). (nt... mr) y 
where the grouping of the variables and the arrangement of upper and lower 
dashes are entirély arbitrary, there exists-a simple sequence f| un....n,} such that 


lim na = œ (i = 1, 2,....,7) having the given expression for limit. 
m>o ; 


(b) An eapression of the type mentioned in (a) is not less than the eg- ` 
` pression obtained from it by replàcing any number of upper dashes by lower 
dashes;.or by the subdivision of any group that has an upper dash and giving 
the subgroups either upper or tower dashes; or by combining any number of 
adjacent groups and giving the combined group a lower dash. In particular, 





* Compare Bromwich and Hardy, “Some Extensions tc Multiple Series of Abel’s Theorem on the 
Continuity of Power Series,” Proceedings of the London Mathematical Society, Series 2, Vol. Il,-p.-161. 


16 
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if the limit of the multiple sequence exists, then every expression of the type 
discussed is equal to the limit of the multiple sequence.* 
(c) If there is an s-fold sequence {6n...n} such that for n > nm (i=1, 2, 
-a T) On...nr iS finite, and such that 
lim Pepe =0 (R... R), 


{na +3..n 








where R* consists of all n* greater than ni (i =1,2,...., r), then 
lim Unt. unr = lim Ga ey and lim Hnr. nr = lim Oe 
(m...) (nã....ns) (nint) (n1... .unt) 
and if for similarly chosen N... .R we have 
lim lnti.. g = H o (R... R), 
(ntt2,...n") 4 ; 


then we also have 
lim lm.nr == + 0 5 


(ml..unt) 
and this latter statement remains true if +œ be replaced by — œ .. 


_ The theorems of $11 and § 12 are clearly applicable to multiple sequences, 
_ although in some cases the results are trivial, and in some cases are identical 
with results already obtained from §9 and §10. We note here the fact that 
if the system ($; U; T) is of type 4,, then an extensibly continuous function 
on $ gives a convergent sequence of finite terms, while analogous statements 
hold for systems of type A,. If we assume the system to be of type A, and 
consider u defined on the class P = P, then the lemma to theorem. XVI, § 12, 
may be interpreted as follows: 


Turorem ITI. If the s-fold sequence \6u.,.ns} is such that 
lim yin tent oO Caan Cah Be 


(né+l, oon 
and if for every nt!....07 there are values. nit*.... nf such that ni > nt 
(t= s+1,....,7r) and such that uyr....nt is a convergent s-fold sequence, then 
1Ons....ne} 8 @ convergent s-fold sequence. » 


§ 15. Functions of Real Variables. 


To obtain applications of the general theory to functions of a real variable 
we might, as in the previous section, specify a system ($; R) in which P 
should be the class of real numbers and R should be so defined as to secure 
ideal elements corresponding to +o and —o. For the sake of ‘simplicity, 
however, we proceed at once to the specification of a system (8; U; T). is 








* Compare the note by G. H. Hardy, Proceedings of the London Mathematical Society, Series 2, 
Vol. IT, p. 190. o 
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the class of all real numbers; U consists of two elements, +c and —o ; 
a class Ñ has the relation T tc a given element p, if and only if there is a 
number d such that R consists cf all elements p such that |p — p,| Sd; N has 
the relation T to +o if and only if there is a number a such that R consists 
of all elements p such that p >a; and Ñ has the relation T to —o if and only 
. if there is a number a such that R consists of all elements p such that p <a. 

Such a system, which obvicusly fulfils our postulates, is designated as a 
system of type B,, and the composite of r such systems is a system of type B,. 
Attention should be called to the fact that with this special determination of 
the system ($; U; T) the definitions and theorems in Chapter II relative to 
limiting elements, and, pertaining to properties cf subclasses of }, are in 
accordance with the usual treatment of these features of the range of a real 
variable. l 

It may be seen, without detailed discussion here, that in this instance the 
theory developed in Chapter III is a theory of multiple and iterated limits 
and continuity of functions of several real variables. The definitions and 
terminology employed render tke interpretations of the various theorems im- 
mediate, except for the fact that the term “extensible continuity” has not been 
in use to denote a property of a function of a real variable. We show in 
theorem V that this property, for functions on a lirited number set, is equiva- 
lent to the property “uniform continuity.” For convenience in the progi of 
theorem V we prove first the folowing theorem :* 

Turorsm IV.‘ If the system (B; N; T) is of type B,, then every subclass 
P of P is compact. 

Proof: In view of theorems V, (a) and VII, (d) of §7, it is sufficient to 
consider the special case when r=1 and R=. Let {pa} be a sequence of 
_ distinct elements of P. If any limited subclass of P contains an infinite sub- 
sequence of {p,{, then by a well-known property of the number system this 
subsequence gives rise to at leas: one limiting element. If no limited subclass 
of % contains such a subsequence, then, considering a sequence fan} of real 
numbers such that oe a, = +2, we see that for every m there is an n, 
‘ such that p, > am or Pan < — m. Clearly at least one of the infinite ideal 
elements is then a limit of a subsequence of }p,}. 

Turoxem V. If the system (R; U; T) is of type B,, and if u is defined on 
the subclass P of SB, then we have the propositions: 





* There is a difference in the force of the term “compact” as employed here and as employed by 
Fréchet (Rendiconti del Circolo Matematico di Palermo, Vol. XXII, p- 6), due to the fact that we recog- 
nize ideal limiting elements while Fréchet does not. 
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(a) If u is extensibly continuous on $, then p is uniformly continuous 
on $.. $ ; 
(b) If $ is limited and u is uniformly continuous on $, then u is esten- 
sibly continuous on $. . 
Proof of (a): By the definition of extensible continuity we see that for a 
given limiting element p of $ and for an ERr positive number e we have 





TP] Sda. D. |n Po 


(1) Jda P=p.... p P= pi... -pie |p 
i i ; (@=1,2, a r); 


while for an element p that-is not a limiting element of P we have 


(2) Ad,ap=p’. BD = Pi- Die [pi— p |d, D- P = 
(i=1,2,... 7). 
Consider a function ô on P defined as follows: For every limiting element p 
of $ let 6, be one-half of the least upper bound of the set of values effective 
as dẹ in (1). For every element p that is not a limiting element of $ let ô, 
be one-half of the least upper bound of the set of values effective as d, in (2). 
‘This function ô is positive for every p, and we proceed to show that the greatest 
lower bound of § on § is positive. Let a, denote this greatest lower bound of ò 
on $, for the value of e in question, then since $ is compact by theorem IV, 
we see by theorem XIV, (b), of §10 that either there is a p such that ô, = a, 
or therè is a limiting element / of $ such that lim ô, = a,. . In the former case 
r p->i 
a, is clearly positive. In the latter case we have by the extensible continuity 
of É on $, applying theorem II of §9, 


‘ a R,3 py. P2”: DD ing Mee Le i 
Now we clearly have l= qt .... q and R, =9.... R, where the relation 2": 
holds for i = 1, 2,...., r; therefore each of the Nt must be of one of the three 
forms: (a) all p‘ such that |p’ — qt] <d*; (b) all p such that p' > a‘; (e) all 
g such that gp <a. Consider now a class R,=%j.... Ni gsuch that Ki, defined . 
as follows: If S is of form (a), then Ni consists of all p p such that. | pi—q‘l<d; ` 
if R is of form (b), then Ri consists of all pt such that pi>ai+d; if Rt is of 
form (c), then I consists of all p* stich that p'<-a'—d. The number d is 
one-half of the least of the d‘, in case any of the R? are of form (a), and other- 
wise d is unity. For a given Ñ,, then, R, is a definite class, and for every p 


- in R, we have 6,244. Clearly lim 4,244, so that a, is positive. Now re- ` 
f p>! 

ferring to (1) and (2) we see that if p, = pi.. pi, and p,=p;.... pi, and l 

[pi — pi| <a,, then |up — Hp! Se; that is, u is autoualy coni anong on $. 
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Proof of (b): Since uniform continuity on $ implies the convergence of 

Up a8 p approaches any proper limiting element of $, and since, P being limited, 
every limiting element of $ is finite, it is sufficient to show that u is convergent 
at every finite improper limiting element of %. By hypothesis we have, if 
p= Pi... pi and P, = pz... pi, 
(3) e:D:344?|pi— p| <d, (¢=1,2,....,r).5. 
If Z is an improper limiting element of P, then for a given e we may take 
N, =R... R7, where N = [all #2 |p — | <d,/2] (i = 1,2, ....,r), where 
l=q'....q', and obviously, if p, and p, are both in R,, we have by (3) 
|u —Up,| <e Thus, by theorem II of § 9, u is convergent atl. 

Interesting results are obtained if, in $10 and $12, we take one of the 
component systems to be of typ2 A, and the other of type B,. We notice here ` 
a few special cases. 

In theorem IX, (b), of § 10 let (B’; W; T”) be of type A, and- (RB; u”; T”) 
of type B,. Let P = P, but let P” be an arbitrary subclass of p”. V is 
necessarily the ideal element œ, but we take 2” as a proper limiting element 
of P”, this class being assumed to have such a limiting element. If we replace 
the notation p’ by n and p” by a, and set I” =a, the theorem yields the 
following l 


Lp | Se 





Turorrm VI. If {&,(x)} is a sequence of functions defined for every x 
cf the set P”, and if lim &, (2) =§(x) and lim (£) =E (a), and if for every e 
ao 
there exist n, and d, er that |&, (2) —a|<e for n>n, and x such that 
|æ — T| S d., then we have . 
; lim # (£) = E im) = lim E (s) = = g (a) = =q. 
2—}-%o . 

A sequence of functions satisfying for every e the condition of the hypoth- 
esis of this theorem is here designated as a sequence “totally * convergent 
at xy” By similar specialization we obtain from theorem X, (a), of § 10 the 
` following: i ; 


Ba 
* If there is an interval %—d to #,-+d such that, fer every œ in the interval, ae Bi (©) = (a), 





and if for every e there is an ne and a de such that for n> me and-a—de<@ Sa -+ ds aA "hav the con.. 
dition |fn(#) —Ẹ (Œ) | < e, then the sequence: may be called “uniformly convergent at 2,” by analogy with 
- the use of this term in the theory of series of functions (W.H. Young, Proceedings of tke London Math. 
Society, Series 2, Vol. I, p. 90; also Vol. VI, p. 29). In cese the limit function £ (x) exists for all values 
of œ in an interval a,—d to a)-+d, total convergence at To implies uniform convergence at a; and in case 
the number of functions of the sequence that are continuous at 2 is not finite, uniform convergence at 2, 
implies total convergence at 2); but for an unconditioned sequence of functions total convergence at a 
point and uniform convergence at a point arc independent propertiés. ` 


, 
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Tuerorem VII. If a sequence of functions is uniformly convergent on a set 
consisting of all elements œ in the interval from a,—d to +d and if the 
limit function is continuous at %, then the sequence is totally convergent at wy. 


‘And from the same theorem, but taking (Bs U; I’) to be cf type B,, 
‘and (P; U”; T”) of type A,, we have 


Tueorem VIII. If the functions of a sequence are equally* continuous 
at x, and if the sequence is convergent at x, then the sequence is totally 
convergent at Ty. 

By taking account of theorem V of the rnent section we have the following 
two theorems resulting from theorems XV and XVI of § 12: 

Turorem IX. If- {ëE,(x)} is a sequence of functions defined on $”, and if 
the sequence is convergent for every x in P”, then 

(a) If the sequence is totally convergent at every proper limiting element. 
of P”, the limit function is continuous on R”. 

(b) If the sequence is totally PEA at every limiting element of P”, 
the limit function is uniformly continuous on R”. 

Tueorzm X. If {£,(x)} is a sequence of functions defined on the limited 
set P”, and if the sequence is uniformly convergent on $”, then 

(a) If for every term of the sequence there is a subsequent term that is 
continuous on $B", then the limit function is continuous on $”. 

(b) If for every term of: the sequence there is a subsequent term that is 
uniformly continuous on $”, then the limit function is uniformly continuous 
on P”. 
The remaining two theorems of this section are seen to follow from 
theorem XVII of § 12, if we take account of theorem V of the present section 
and remember that in the general theorems the situation is symmetrical with 
respect to the two-component systems. 


Turorem XI. (a) If §£,(a) } is a sequence of functions continuous on $ ' 
and if the sequence is uniformly convergent on P”, then at every proper limiting 
element of P” the sequence is totally convergent. l l 

(b) If P” is limited and the functions of the sequence are uniformly con- 
tinuous on P”, and if the sequence is uniformly convergent on $”, then at every 
limiting element of P” the sequence is totally convergent.t 








* The functions of a sequence are equally continuous at æ, if for every e there is a de such that for 
every n and for |w-——@,|<de we have Enla) —En(a)|<e. For a discussion of the term see _ Fréchet, 
loe. cit., p. 11. 

+ Theorems XI, (a), and IX, (a), together give the well-known theorem: “A uniformly convergent 
Badene of continuous: functions has a continuous function for limit.” Propositions (b) of these two 
theorems give the corresponding theorem for a sequence of uniformly continuous funerais: We notice 
that these theorems are corollaries of the two propositions of theorem X. 


Roor: Iterated Limits in General Analysis. 127 


Turorem XII. (a) If the functions of the sequence {E (x)} are equally 
continuous on $”, and if the sequence is convergent at every x in P”, then at 
every proper limiting element of P” the sequence is totaly convergent, and the 
limit function is continuous on $”. 


(b) If P” is limited and the functions of the sequence are equally uniformly 
continuous* on P”, and if the sequence is convergent at every m in P”, then at 
every limiting element of P” the seguence is totally convergent and the limit 
function is uniformly continuous on Y”. 


$16. An R Relation in Terms of K,. 


The K, relation used by Professor E. H. Moore in Part IL of his memoir on 
“General Analysis” may be characterized as a relation on the composite class 
T ¥, where $ is a class of elements of any kind whatever, and 3 is the class of 
positive integers.t In other words, K, may be considered defined for a class $ 
if a criterion exists by which it may be determined for every element p and 
` integer m whether Kpm or “K m; 1. €., whether the relation K, holds or does not 
hold for p and m. While Professor Moore defines certain properties for this 
K, relation, he does not permanently condition the relation by any fixed prop- 
erties or postulates. i 


We define a relation R in terms of K , as follows: The relation #, R R, 
holds if and only if R, and R, both consist of the same single element p, or 
_ there exist two integers m, and m, such that R, consists of all elements p such 
that Kpm and N, consists of all elements p such that K,,, 


‘ In ae that the system (H; R) obtained in this v way shall satisfy the 
seven postulates of § 2, it is nesessary that some restrictions be placed on the 
K, relation. The following conditions are found to be sufficient: 


(1) For every m there exists a p such that K,,, 
(2) For every p there exis:s an m for which K m does not hold. 
(3) If m, < m, and if K then K,,, 


pm. > 

Assuming that these conditions are fulfilled, we see that a class v, consists 
of a single class Ñ which contains the single element p. One ideal element 
exists, consisting of all classes Ñ of the type R = [all P3 Kym], there being 
a class Ñ of this class of classes corresponding to each integer m. 





* The functions of the sequence are “equally uniformly continuous” on P” if, for every e, There is 
a de such that, if.|%,—2,|<de, then the relation |Ẹn (@,) — $n (2) | £e holds for every.n. 
` + E. Hi Moore, “Introduction to a Ferm of General Analysis,” P- 126. 


4 
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$ 17. Application to a System (B; K,). 


In this section we consider a system (V; K,), where $ is an arbitrary class 
of elements and K, is a relation on BRY. That is, we suppose a criterion pro- 
vided by which we are able to say. for every pi, Pp and m whether or not the 
‘relation Kamm holds. The notation K, is used by. Professor Moore for a re- 
lation of this type,* and as in the case of the relation K,, the relation is con- 
ditioned by various hypotheses to secure desired results. in the théorems in 
which it is involved, but no permanent postulates or conditions are adopted. 

For our purposes it is convenient to postala the following conditions on 
the systemt ($P; K,): 


(1) The relation K pm holds for every p and m. 

(2) If Kupms then Hy os 

(3) If m <m, and if Kym» then Kopno 

(4) For every m there exists an m, such that if Kpm m and. A i 
then Kpm- ` ` 


(5) If p, and p, are such that K 


nom Holds for every m, then p, = p,. 
Still further resťrictionsł on the system ($; K K,) would be required to 
enable us to derive from it a system (P; R) which would fulfil our postulates. 
These assumptions, however, furnish sufficient basis for a special definition of 
ideal elements, and for the determination of a system§ (P; U; ; T) which fulfils 
the postulates of $5. 
An ideal element of the system ($; K,) is a class s of sequences [Pal of | 


elements of P, having the following properties: 


1. If {p} is a sequence belonging to the class s, then for every m there 
exists an n, such that, if n, and n, are both greater than Nm, the relation 
K holds. - 


Pm Pnz m 

2. If {p,{ and }p,} are sequences belonging to otha class s, then for every m 
there exists an n,„ such that, if n, and ey are both greater than u,,, the relation 
~K pm ôn m Holds. 





` * Loc. ctt.,.p. 126. i 

+A system of the type here indicated forms the basis of T. H. Hildebrandt’s “ Contribution to the 
Foundations of Fréchet’s Calcul Fonctionnel” (AMERICAN JOURNAL OF MATHEMATIOS, Vol. XXXIV, p. 237). 
He gives a “complete existential theory” for eight properties of the system, including the first three and ` 
the fifth of the properties postulated here, The first three are among the properties considered by B. H. 
Moore, loc. cit., p. 127. 

tA sufficient additional restriction would be the following assuraptioni If p, +M, then for every m 
there is a p such that Kp, pm holds but Kook does not hold. 

§ A system (P; U; T) in which U is the null class may be derived by omitting this definition of ideal . 
elements. In this case assumption (4) may be made less restrictive by permitting m, to depend on p as 
well as on m., i 
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3. For every p there exists a sequence |p,} of the class s and an integer m 
such that for every n there is an n, greater than n such that K,,, pm does 
not hold. 

4. Any class s, which has properties 1, 2 and 3 and contains s, must 
coincide with s. 


Let U denote the class of all ideal elements arising by this definition and 
lei O =$ +U, then we may extend the definition of K,, to make it a relation 
on POJ, as follows: The relation K Pim holds if and only if there is a sequence 
{p,{ of the class s such that for every n the relation K pmm holds. 

To complete the specification of a system (X; U; T) it remains to define 
a relation T for the classes % and U. Let the relation R1 hold if and only if 
there is an integer m such that 9 consists of all elements p for which the 
relation K,,,, holds. ‘That this system ($; U; T) satisfies the postulates of § 5 
easily follows from five conditions which are easily deduced from the assump- 
tions on the system (%; K,) and the special definition of ideal elements. These 
five conditions, the first of which is identical with the first assumption, may be 
written: . | 

(1) The relation K pom Holds for every p and m. 

(2) For every u and m there exists a p such that K pum 
(3) If m, < m, and if K,,,,, then | Gene 

(4) For every m there exists an m, such that if Ky, p m and Ky, am: 
then Ky, qm: . l 

(5) If q, Æq, there exists an m such thet no element p can fulfil both 


reations K,,,, and K, 4, m- 


The theory of Chapters IT and III is available for any system ($; K,) 
which satisfies the assumptions of this section, by the mediation of the asso- 
ciated special system ($; U; T). Here, as in the case of a real variable, there 
is a close relation between the properties “uniform continuity” and “exten- 
sible continuity.” If (8; K,) isa system which fulfils the foregoing assump- 
tions, and u is a function defined on a subclass $ of B, then u is uniformly + 
continuous on $ if and only if for every e there exists an m, such that if 
K pp Me then | lp, — -up| £ €- 

Turorem XIII. If (P; K,) is a system fulfilling assumptions (1) to (5), 
then a function u is uniformly continuous on a compact subclass $ of P if and- 
oniy if, with reference to the associated system (B®; U; T), u is extensibly 
continuous on $. 

_ The proof of this theorem may be made similar to that of theorem V, § 15, 


17 
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$18. The Fréchet Voisinage. 


In his thesis M. Fréchet* denotes by (V) a class of elements for which: 
there is defined, fulfilling certain conditions which he specifies, the notion of 
“yaisinage.” We may present his assumptions accurately, but in form adapted 
to our purposes, as follows: With the class X of undefined elements is associated 
a function F, forming the system (P; V). The function V is defined on PP to M; 
„i. e., it assigns to every pair of elements, p, and p,, a real number, which is 
denoted by (P, Pa). - The conditions postulated for this system (P; V) are: 


(1) For every two elements p, and p, we have (p,p,) = (p,p,) Z0. 

(2) If (p, 9.) = 0; then p,= p i 
' (3) If p, =p, then (p,p) D, 

(4) There exists a function (d) such that lim (d) =0 and ‘such that 

if (Pı Pa} Cd and (p,p,)<d, then (p,p,) Sẹ (d). 

Proceeding now as in the case of a system (P; K,), we give attention to 
the introduction of ideal elements.t An ideal element of the-system ($8; V) is 
a class s of sequences | p„} of elements of the class P which fulfils the following 
conditions: Pa 

1. If {p,} is a sequence belonging to the class ©, then for every d.there 
exists an , such that, if n, and 1 are both greater than n4, then (p,, Pu) Sd. 

2. If fp,} and } Pa! are sequences belonging to s, then for every d there 
exists an n, such that, if n, and n, are both greater than ,, then (p,, Pn) <d. 

3. For every p there exists a sequence ip,„} of the class s and a positive 
number d such that for every n there is an m greater than » such that 
(PaP) > 4. oe 
4. Any class s, which satisfies conditions 1,2 and 3 and contains § must 
coincide with s. 

We extend the definition of F so that it is a function on PO, where, as 
before, © is the class % with ideal elements u adjoined, by assigning to (p u) 
the value d, of the greatest lower bound of the set of numbers d for each of: 
which there exists a sequence {p,} of the class u such that (pp,) <d for every n. 

In terms of this extended function V a relation T is specified: The relation 
#2 holds if and only if there exists a d such that # consists of all elements.p 
for which (pq) <d. It may be shown without difficulty that the system 





* Rendiconti del Circolo Matematico di Palermo, Vol. XXII, p. 17. 

+ Here also we might specify a system (P; R) in which Æ should be defined in terms of V in such 
manner as to fulfil our postulates, by the adoption cf an additional condition on (P; V). A condition 
effective for this purpose would be: If p+ Pe , then for rely d there exists a p suci that © P) S <d; 
while (p p-) >d. A 
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($; U;-T), now definitely determined by the system (X; V), satisfies the pos- 
tulates of §5. As to the significance of the general theory of Chapters II 
and III, in this special case, we give attention here only to a feature of exten- 
sible continuity. Let (B; V) be a system satisfying conditions (1) to (4) and 
let u be a function defined on the ‘subclass P of P. The function k is uniformly 
continuous on P if and only if for every e there exists a d, such that if 
(P: Pa) S de, then | — lip] £ e. 

In strict analogy with theorem XIII of $17 we have 

Tarorzm XIV. If (P; V) is a system satisfying conditions (1) to (4), 
then a function u is uniformly continuous on a compact subclass $ of P if and 
only if, with reference to the associated. system ($; U; T), u is extensibly 
continuous on $. l 


$10. A Class of Functions as Range of the Independent Variable. 


By the mediation of our definition of a system (X; U; T) in terms of a 
system (V; V) our general theory is available for any class $ of elements for 
which there is defined a voisinage, or an écart, which may be considered as a 
special voisinage. Among these classes }, is the class of all real-valued, single- 
valued functions that are uniformly continuous on a given interval of the real 
number system.” Our theory is equally applicable, however, to a class $ 
consisting of all real-valued, single-valued functions on a range absolutely 
unconditioned. 

. _ Let & denote a class of elements k, concerning which no hypotheses are 

-required. We consider a system} (P; 11; T) in which $ is the class of all 
single-valued functions on & to N, U is the null class, and T is defined relative . 
to a particular function o on & to A. Fora given function ø the relation T 
is specified as follows: The relation 3? holds if and only if there exists a posi- 
tive number e such that Ñ consists of all functions p, such that for every k 
|P — P| <ejo,|. This system obviously satisfies the five postulates of $5. 
Since in this special instance the class U is not arbitrary, and since the system 
involves the arbitrary class ® and the arbitrary function o, the notation 
($; T; R; 0) is adopted for a system of this special type. 

A necessary and sufficient condition that a sequence {p,} shall have the 
limit p, by definition 2, § 7, is: For every e there exists an n, such that, if 
n>n, then |p,,—p,|Sel|o,| for every k. If this condition is fulfilled, the 








* M. Fréchet, loc. cit., p. 36. ; f 
t We might just as readily set up a system (P; R) which would give rise to this system ($; U; 7) 
by the process explained in §5, but the present plan is more direct. ~ , 
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sequence {p,{ of functions is said to approach the function p relatively uni- 
formly,* the relativity being with respect to the scale function o. Theorem IV 
of § 7- now shows that a subclass R of P is closed (definition 4,47) if and only 
if every sequence of functions belonging to R that converges relatively uni- 
formly with respect to o converges to a limit functiont that is in R. For 
example, the class of all functions constant on & is closed; or, the class of all 
functions p such that a,<p,<a, for every. & is closed. 

If we make the special hypothesis that @ is a subclass of a clasa P for 
which there is defined a relation R. so that (¥; R) satisfies the postulates of 
§ 2, then, through the associated system of the type ($; u; T), the theory of 
Chapter III is applicable to functions p defined on &. With this restriction 
on & and the hypothesis that o is bounded on 8, we have the following examples 
of closed subclasses R of $: 

1. The class of all functions p that are convergent at a given limiting 
element of &. 

2. The class of all functions p that are convergent to a given limit at a 
given limiting element of &. 

3. The class of all functions p that are continuous on Ñ. . 

4. The class of all functions p that are extensibly continuous on &. 

With the further hypothesis that (%; R) is the composite of two systems, 
(W; R’) and (B" ; R”), and that = R RK", where §’ and Ẹ&” are subclasses 
respectively of P and $”, we have the further examples of closed subclasses 
of $: 
5. The class of all functions p such that, for a given limiting element 
L=VU1" of Q, lim lim p,,, exists and is finite. 


KV > 
6. The class of all functions p such that, for a given limiting lament 
b=" of Q and a given number a, lim lim py, = a. 


kl > 

7. The class of all functions p such that, for a given limiting element 

l=} l" of &, there is (for èach p) a function a on R”, convergent at J”, such 
that jim Dy =a (K"). , l l 


8. “tthe subclass of 7: containing every function p fot which the corre- 
sponding a has the limit a at 1”. a agi 





* E. H. Moore, loc. cit., p. 29; also Atti del IV Congresso Tnterndaronare dei Matematici (Rome, 
1908), Vol. II, p. 101. 

7 A class of functions that is closed in this sense, for a given o, has the closure ‘property Cs. 
kolod as tô ©,” used by E. H. Moore (“General Analysis,” p.37; and Atti, ete., p. 101), where ©, the scale 
class, contains the single function e. If there exiet positive real numbers a, and @, such that a, Sox] <a, 
for every k, then closure as to ø is equivalent to closure under extension by adjoining the limits of all 
uniformly convergent sequences of functions of the class. Important instances in Which this equivalence 
is not effective äre furnished by classés of functions defined for positive integets and giving rise to abso. 
lutely convergent seriés (E. H. Moore, “General aes laos p- 33, as to Mills; and Atti, ete, p. 102, as 


‘to MI). 


$ 
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9. The class of all functions p such that for every k” py: is continuous 
on &. 

10. The class of all functions p such that for every k” Py is s extensibly 
continuous on &. 

11. The class of all functions p -continuous.on & uniformly on g”. 

12. The class of all functions p extensibly continuous on §& uniformly 
on &”. i 

The proofs that these classes are closed* may be made to depend on the. 
general theorems of Chapter III in the same way that the theorems on sequences 
cf functions in §15 are deduced from them. 

Dropping now the special hypotheses on & and c, we. observe that 
theorem + VIL of §7 reduces in this case to the familiar proposition; “Every 
derived class is closed.” 

Consider a system (P; T; R; o) as defined above, where ® and o are 
arbitrary, and consider a function u defined on a subclass P of P, finite for 
every p. The function uw is uniformly continuous on $ if and only if for every e 
there exists a d, such that, if |p,,—py,|S4,|o,| for every k, then |u,,—p,,| Se. 
We have again the relation between uniform continuity and extensible con- 
tinuity : 

Turorem XV. If $ is a compact subclass of a class P pertaining to a 
system (V; T; R; o), then a function u is mnt mly continuous on $ if and 
only if u is extensibly continuous on $. 

Nore.—-The investigations leading to the present paper were completed in June, 1911, and the manu- 

` geript left the hands of the author. in April, 1912. These facts are offered in explanation of what might 
otherwise appear to be unwarranted disregard of certain recent contributions to the literature of this 
field. We have added foot-note references to’ papers by E.R. Hedrick, Transactions of the American 
Mathematical Society, Vol. XII (1911), pp. 285-294, and T. H. Hildebrandt, AMERICAN JOURNAL Or MATHE- 
Matics, Vol. XXXIV (1912), pp. 237-290. At this point we should mention a recent paper by E. V. Hunt- 
ington, on “A Set of Postulates for Abstract Geometry, Expressed in Terms of the-Simple Relation of Inclu- 
sion,” Mathematische Annalen, Band 73 (1913), pp. 522-559, which obviously has a strong bearing in the field 
of the present paper. Mention may also be made of a more recent paper by the present writer, “Limits 
in Terms of Order, with the Example of Limiting Element not Appreachable by a Sequence,” Transactions of 
the American Mathematical Society, Vol. XV (1914), pp. 51-71, which pertains to the same general field, 


and in which relationships of varions systems of postulates receive further attention. 
ANNAPOLIS, MD., February, 1914. 








* These classes, 1-12, have also the property “self-closure” defined by E. H. Moore, Atti, ete., Vol. II, 
p. 102, and designated simply as “closure” in “General Analysis,” p.37. Other properties of general refer- 
ence, i. e. properties defined for classes of real-valued functions in general, and therefore applicable to the 
classes here enumerated, are the five dominance properties, D, Da, D'o, D, and D, (General Analysis,” 
p- 39). Classes 1, 3, 5,7, 9,10, 11 and 12 have properties D, and D.; classes 2,6 and 8 have property D,, 
and, in case the given number a which enters in the definition of each class is positive or zero, they have 
property D,, and property D’, in case a is zero; and the class 4 has properties D, Do, D, and D,. 

f It is worthy of note that this general theorem, as applied in the special case now under con- 
sideration, is, by an application of theorem II, (b), of § 6, equivalent to a special case of theorem ITI, 
p. 52, of Professor Moore’s memoir on “General Analysis.” The special feature is, obviously, in the 
reduction of the scale class © to the single function g. : i 


Simply Transitive Primitive Groups Whose Maximal Sub- 
group Contains a Transitive Constituent of Order p’, or 
pq, or a Transitive Constituent of Degree 5. 


By Exiaseta Rurua BENNETT. 


If the maximal subgroup G, of degree n—1 of a simply transitive primi- 
tive group G of degree » contains a transitive constituent of degree 3, it is 
known that it must also contain another transitive constituent of degree 3 or 
6.* Similar restrictions on G, have been determined when G, contains a transi- 
tive constituent of degree 4.+ We proceed to consider restrictions that may be 
placed on the degree of G or on the transitive constituents of G, when G, 
contains a -transitive constituent of order p? or pq, or a transitive constituent 
of degree 5. 


Tueorem I. If a transitive constituent of G, is of order p°, the degree of 
G is q*, qa prime. When k, the number.of transitive constituents of order p? 
in G, ts odd, h==3, mod. 4, and q=2. When h==2, mod. 4, q is a prime of 
form 4n+3 and ais an odd number. 

All groups of order p? are abelian and can be represented transitively only 
in regular form. Therefore the order of G, can not exceed p? and G, must be 
formed from the simple isomorphism of groups cf degree and order p?.} 
G is then of class »—1 and of degree q°, q a prime.§ 

The following relation must exist where k represents the number of 
transitive constituents of order p? in G,: 


kp’ +1=q". . (I) 
By considering (I) with respect to modulus 4, the remainder of the theo- 
rem is evident. 


Turorem II. If a transitive constituent of G, is of order pq, p and q 
primes, p > q, and the order of G,1s pq, G, is formed from establishing a 





* Miller, AMERICAN JOURNAL OF MaTHEMaATiCcS, Vol. XXXYV, p. 7. 

f Bennett, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXIV, pp. 8, 9. 
+ Miller, Bulletin American Mathematical Society, Vol. VI, p. 104. 

§ Frobenius, Berliner Sitzungsberichte (1902), pp. 455-459. 
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simple isomorphism between groups of order pq. When the constituent of 
order pq is abelian, G is of degree r*, r a prime, and of classn—l. If the 
arder of G, exceeds pq, G, must contain a transitive constituent of degree pq 
whose order is greater than pq, and, in case the constituent of order pq ts of 
degree p, the order of G, must be q*p. 7 

When the order of G, is pq, G, is formed from the amke isomorphism of 
groups of order pq, for the order of G, is not divisible by the square of a prime 
number.* l 

A group of order pq can be represented transitively only on pq or p let- 
ters, and, in case the group of order pg is abelian, the representation must be 
on pq letters. Therefore, if the. order of G, is pq and the constituent of order 
pq is abelian, G is of class n—1 and:degree r?, r a prime. When the order of 
G, exceeds pg and the transitive constituent of order pq is regular, then G, 
must contain an additional transitive constituent of degree pq whose order 
exceeds pq.t When the constituent of order pq is of degree p, the subgroup 
leaving a letter of the constituent of degree p fixed is composed of transitive 
constituents of order and degree q. G, must then contain a transitive con- 
- stituent whose degree is pq and whose order is greater than pq.} If the con- 

stituent of order pq is of degree p, the order of G, must be g “pt for the order 

of G, is not divisible by p*. l 

CororLary I. If G, contains o dihedral group of prime degree p as a 
transitive constituent, the order of G is 2p. 

Txxorem III. When G, contains k transitive constituents of order 5, k an 
odd number, the degree of G is 2% and k=38, mod. 4. If k=2, mod. 4, the 
degree of Gis q*, q a prime of form 4n+3 and a an odd number, 


Since G, contains a transitive constituent of order 5, the order of G is 5 
and G is of class n—1. The degree of G is then g*,q a-prime. If the number 
of transitive constituents of order 5 is odd, 5k-+1 is even or 54+1=2* and 
k==8, mod. 4. Since 2 is a primitive root of 5, in order that the above equa- 
tion be satisfied a=48. If k==2, mod. 4, 54+1=8, mod. 4, and in order that' 
a° = 3, mod. 4, a must be odd and g a prime of form 4n+3. 

Treorem IV. If G contains the semi-metacyclic group of degree 5 as a 


transitive constituent, G, must contain another transitive constituent of degree 
10 or 5 and the order of G, must be 2-5 








* Miller, Proceedings London Mathematical Society, Vol. XXVIII, p. 536. 
f Reitz, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVI, p. 3. 
+ Bennett, loc. cit., p. 6. 
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When the order of G, is 10, G, can be formed only from the simple iso- 
morphism of groups of degrees 5 and 10. If the order of G, exceeds 10, from 
Theorem II G, must contain a transitive constituent of degree 10, and the order 
of G is 27:5. 

Tusorem V. If G, contains the alternating group of degree 5 as a transi- 
tive constituent and the order of Gis 60, G, is formed from the simple iso- 
morphism of groups whose degree can be only 60, 39,'20, 15, 12, 10,6 and 5. 
If the order of G, exceeds 60, G, must contain a transitive constituent of 
degree 20. The order of G, is 2*-3°-5. 

When the order of G, is 60, since the alternating group of degree 5 in sim- 
‘ple, the order of the other transitive constituents of G, must also be 60. The 
group of order 60 can be represented only on 60, 30, 20,15, 12, 10,6 and 5 
letters; therefore, only transitive constituents of such degrees may occur when 
G, is of order 60. If the order of G, exceeds 60, G, must contain a transitive 
constituent of degree 20, for the subgroup leaving fixed a letter of the alter- 
nating group of degree 5 is a primitive group.* Since the order of G, is not 
divisible by 5°, the order of G is 2°-3°-5. 

A theorem concerning the symmetric group of degree 5 may be stated 
which differs from Theorem V only with regard to the possible representations. 


* Bennett, loc. cit., p. 8. 


An Extension of Green’s Theorem. 


By Iva Barney. | ; 


$1. Reéctifiable Green Fields. 


In the usual proof of Green’s theorem the functions must be continuous, ` 
and have at each point in the field of intégration partial derivatives of the first 
order which are integrable over the given field. The field itself is assumed to l 
have as a boundary a rectifiable curve, which is cut only a limited number of 
times by lines parallel to the axes. Other proofs* of this theorem have been 
given, in which the conditions on the functions are not so narrow, but all require 
the field of integration to- satisfy the condition mentioned above. The proof of 
Green’s theorem given in this paper makes the theorem apply to a much larger 
class of functions than has been possible before, and also permits the field of - 
integration to be cut an infinite number of times by each one of a certain set 
of parallels. 

For the sake of clearness, the definition of a line integral over any rectifi- 
able curve will be given, together with some other geometric definitions. 

Let «= X(t), y Sr (t) be one-valued continuous functions of ¢ in the 
interval Y = (a < 8)? As t ranges over A the point v, y will describe a con- 
tinuous curve C,,. If such a curve has no double points, it will be called a 
Jordan curve. A continuous closed curve without double points will then be 
a closed Jordan cugve. It has been proved that the necessary and sufficient 
condition for C to be rectifiable, i. e., to have length, is that X(t) and Y(t) 
have limited variation. + ; 

Let P’ and P” correspond to t=?#’ and ¢=4" on the curve C. If t’<t’, 
then we say P’ precedes P” and write P’ < P”. 








* M. B. Porter, “Concerning Green’s Theorem,” Annals of Kath., Ser. 2, Vol. VII (1905), p. 1. 
A. Pringsheim, “Zur Theorie des Doppel-Integrals des Green’schen Integralsatzes,” Sitzwngs- 
berichte der k. b. Akademie d. Wissenschaften gu München, Vol. XXIX (1899), p. 49. 
Heffter, “Zur Theorie der reellen Curvenintegrale,” Göttinger Nachrichten (1902), p. 115. 
J. Thomae, “ Einleitung in die Theorie der bestimmten Integrale.” 
W. F. Osgood, “Lehrbuch der Funktionentheorie.” 
C. Jordan, “Cours d’Analyse,” Vol. I. 
7 Pierpont, “The Theory of Functions of Real Variables,” Vol. II, p. 583. Hereafter this will be 
referred to as Lectures, Vol. II. 


18 


138 Barnsy: An Extension of Green’s Theorem. 


As ¢ ranges from a to 8, C is described in the positive direction. 

If P’ on C corresponds to t=t', and at t either X(t) or Y(t) has a proper 
extreme,” then the curve C will be said to have a peak at P’. 

‘Let C,» be a rectifiable Jordan curve defined by l 

x=X(t), y=Y(t), t ranging over A= (a < 8). | 
A function f (a, y) is defined for each point of C,, and limited over C,,. 

Let A be a division of X of norm & into subintervals 6,, 3,,...., Ò 
Then to A corresponds a division D of C,, of norm d into ares l,,1,, ...-; Im. 
As C is continuous, d=0 with ò. 

Let a = (2°, y°), (2, Y), ...-, (a, y”) =b be the end points of ares 
Ly..-+,4,. Letv, be any point on l. Then 

Sou f (2, y) dæ = lim 2 f (v,) (at —a'), 


Ses f (2, y) dy = lim = f (v) (yy), 
_ when these limits exist. g 

Functions for which both limits exist will be called integrable functions 
over the curve Ca. A sufficient. condition for a limited function f(a, y) to be 
integrable is that lim > 6,1, = 0, where o, = ose f over are l, of C,,. 


\ 


A set of parallels to the axes will be called a pantactic set, if any interval 
of either the g- or the y-axis is cut by at least one of these parallels. 

The field of integration considered in this section will satisfy the following 
conditions: 

1°. The boundary C is a closed rectifiable J ordan curve sii by 

e=X(t), y=Y(t), tin®=(a< 6). - 

2°. X(t) and Y(t) are functions such that, if A is a discrete set in X, 

the image of A given by X(t) or by Y(t) is also discrete. 

3°. The points in NX corresponding to peaks on C form a discrete set. 

4°: C has only a finite number of segments parallel to the axes. 

5°. C is cut by each one of a pantactic set of parallels in only a finite 

~ number of points. 
We call such a field a Green field and denote it by ©. 

We will denote by $, a pantactic set of parallels to the z-axis each of which 
cuts C only a finite number of times, and does not pass through peaks of C. 
P, will denote a similar set parallel to the y-axis. We set $= PtP, That 
` such a pantactic set exists, follows from 2°, 3° and 5°, since by 2° and 3° the 
projections on the axes of the peaks on C are discrete. 


* Lectures, Vol. II, p. 21. 
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It will be convenient at times to let $,, P, denote only the points of © on 
these parallels; in so doing no ambiguity will arise. ‘ 

A ‘normal division D of norm d of a Green field G is a division of © made: 
by a finite number of parallels of P, and of ŞB. Since $ is pantactic, d may be 
made to approach zero. 

` Twnorem I. Let C be the boundary of a Green field 6. Let =a, a parallel 
of P,, cut C in the points whose ordinates are a,<a,<....<@,. Ifu<a 
for points on C immediately preceding P,=(a,4,), then v>a for points on C ` 
immediately preceding P,,,= (a, 4-1), and conversely. 

We take P’=(2’', y') on C preceding P,, so that: 

1°. Between P’ and P,, C does not cut æ =a. _ 

2°. Dist (P P,) <e. . (1) 

, The theorem will be proved for the case where 2’ <a. A similar proof 
holds where v’ > a. 

Now let P” = (x", y") be a point on C so that P.4i< P”, and between 
P,,, and P” there is'no point of C on =a. Also let dist (P.4,P.)<« (2). 

Suppose that «<a for points immediately preceding P,,,. Then g” >a ~ 
for P”. 

Let C.,.41 denote the part of C from a, to a. 41, Which does not contain 
the points P’ and P”. 
C..41, together with the interval (a,a,;,), forms a closed J ordan curve F, 


- and divides the plane into two precincts,* R and L. (ig) 


Tt will be proved later that P’ lies in one of these precincts and P” in the 
other. For the moment this will be assumed. P’ and P” ean be joined by an 
arc of C, which does not includes C,,,,. Call this are C’. C’ must intersect I, 
as P’ is in one precinct and P” in the other: C has no double points, so.C’ can 
not intersect C,,4; and must cut the interval (a,a,,,). Therefore 4,41 is not 
the next point to a,. This is contrary to the hypothesis. Thus x >a for 
points immediately preceding P,.,. 

To prove P’ and P” are in different precincts, we take g > P, and 
— QO" < P.41, 80 that: 

1°. Dist (Q' P.) and dist (Q” P,41) < &. 

2°, C does not.intersect «=a between P, and Q’ or between Q” and P,,,,/ 
About P,,, and P, circles ¢, and ¢,,,, of radius p, can be drawn, so sinall that 
they will contain no points of C,,,, except such as lie between P, and Q’ or 





* Lectures, Vol. II, p. 612. 
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between Q” and P,,,. Within (a,a,,,) take an interval a= (a +n, a, 41—71), 
n <p. Then 


u= dist (A C ipa) is > 0. * (4) 
Starting with a, +% as the first center, draw a series of equal overlapping 
circles Ci, ¢,.... with centers m,, m,,.... on 2, with radius r<y. Finally, 


each point of 2 will lie in at least one cirele. The number of circles required 
will be finite. Let it be m. 

a tn is a frontier point of [; therefore c, contains points of both R and L. 
Since c, contains no point of C,,,4, as r<u, any two points of c, for which >a 
can be joined by a curve not cutting ©. Thus all such points belong to one 
precinct. The same statement is true for points of c,, where x<a. A point 
in c, as M for which x >a, and a point in c, as N for which x<a, can not 
belong to the same precinct, because then all points of c, would belong to the 
same precinct. Of the two precincts L, R introduced above, let L denote that 
precinct to which the points in c, belong for which g < a. (5) 

Similar reasoning can be applied to each circle, since the centers are 
frontier points of T. This reasoning proves that in any circle all the points 
for which a <a belong to one precinct, and all those where «>a to the 


other. i ny (6) 
Some points of c, lie in z, , since n <p. Let us take a set of points 
Poy Pry + -+ +» Pm for which ~<a, and such that p, is in ¢, and ¢,, p, in ¢, and cz, 


ete. Finally, p,, is ine, and %,}ı. From (5), p, and p, belong to L. From 
(6), p, and p, belong to. the same precinct. Thus Po, Pi, Pa are all in L. 
Continuing in this way, we can prove that all the p points belong to L. (T) 
Take a corresponding set qo, Q4, ----; Jm for which ~ >a. Reasoning on 
these points as we did on the others, we can prove that they belong to R. (8) 
. In @, there is no part of C, .+ı for which «<a; therefore all points in ¢, 
for which «<a belong to one precinct. From (7), p, belongs to L; thus all 
points in č, for which æ <a belong to L. ` l 
From (1), P’ is in ğ, if e<p, and a’ <a by hypothesis. Therefore P 
belongs to L. ; 
Similarly all points i in ¢,,, for which æ >a belong to one precinct. From 
(8), dn belongs to R; therefore all points in Č, +ı Where æ >a belong to R. 
From (2), P” is in č% p if e< p ‘and we assumed that s” >a. Thus P” 
belongs to R. 
Therefore P’ and P” are in different precincts. 
Remark, A similar theorem can be proved for y=, any parallel of $,. 
We can now assume that the positive direction on C is such that, if (a, a) 
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is the first point of C on w =a, a parallel of $,, then «<a for paints on C 
. immediately preceding (a,a,). For if this were not the case, the variable t 
could be replaced by a new variable —t. 


Tueorem IT. Let C be the boundary of a Green field ©. Let z=a and 
y=ß be parallels of P. Let y =B cut C in Q,, Qz, ----, Qomo reckoned from 
left to right. Then y >B for points on C immediately preceding Q,. 

Let S be a square containing ©; and bounded by =A, x=B, y=E, y=F- 
A<B,E<F. OnC, we take points V = (v, v) < Q, and W=(w,, W.) > Qon? 
so that: . 

1°. Dist (VQ,) and dist (W Qin) < €. (1) 

2°, C does not intersect y = between V and Q, or between Q,,, and W. 
Suppose y < for points on C immediately preceding Q,. Then. Theorem I 
_ shows that y > @ for points immediately preceding Q,,,. Then 

w, < 8 and v, < B. ! (2) 

Let Cim be the part of C from Q, to Qı» not including V or W. 

We now take =a so that =a cuts y =ĝß between the points Q, and 
Qam, and also v,<a<w,. . (3) 

Let à, be the segment of y= 8 from Q,i0x=A. Let A,,, be the segment 
of y= from Q,, to 2=B. Cyen+%,+4%, and the boundary of S where 
y < @ make up the boundary of a precinct H. 

Let a, be the point of Ci em on =a nearest y=E. Let the segment of 
æ=a from a, to y=E bet. «q divides H into two precincts. That precinct 
which includes 4, in its frontier we will denote by L, and the other by R. Then 
F isin L and W in R. 

' To prove this, let us take P, and P m, two otal on Com, 80 that Q <P, 
and Pym < Qm. Moreover, between Q, and P,, Pan and Q,,, there shall be no 
point of C,,,, on y=. Let Ci sm denote the part of C,.,, between P, and 
Pam. Then 

: d, = dist (A,Cien), d = dist (A, Ci 2m) > 0. , 

About Q, and Q,,, draw circles-c,, c, with radius <h fa< dan. He<ys, 
-V lies in c, and W in ¢,, from (1). ; l 

Since c, contains no poinis of Ci em, all points of c, where y <8 must 
belong ‘to L. But Aas 8, so V lies in L. Similarly we can prove that W 
lies in R. 

V and W can be joined by an arc of C not including C,,,,. Call this are 
Cow- Cou must intersect the boundary of L. C,,, can not cut the boundary 
of S, or Cram, OF A,, OF Ag,,; SO it must intersect 7 at some point a,. Co. may 
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cut “=a in other points below a,, but in order to return to F in L, C,,, will 
have to cut z =a an odd number of times. Then Theorem I proves that r>a 
‘for points immediately preceding (a, a). This is contrary to the definition of 
the positive direction on the curve C. . Thus the theorem follows. 
y ~ Itis now necessary to introduce the idea of limited fluctuation. * 
Let P be one of the parallels of ®,. Let D be a division of P of norm d. 
Let œ, = ose f over the ith interval on P. Suppose now | f 
max žo, < F, for any P of $. - (1) 
Let a be a discrete.set on P. Let o,= So, over those intervals of D con- 
taining points of a. Let 
Oa < Ma; for any line of B,, > (2) 
where M is independent of P. -> 7 

When (1) and (2) are satisfied, f (x, y) has limited fluctuation with respect 
to y on §,. 

A similar definition holds for limited fluctuation with respect to æ on P. 

Let the curve C be the boundary of a Green field ©. We effect a division 
D of norm d of C by taking points ; 

Eo l 6 ay 6 ear . (1) 
on it which satisfy the following conditions: 

If C has no segments parallel to the y-axis, we will take the points (1) 
so that they lie on =,, =o, ...., parallels of ¥%,, and such that each are 
C,C,,, has length < d. . 

i If C has segments parallel to the y-axis, we may suppose their lengths are 

all <d. For if the length of any such segment is >d, we may subdivide it. 
_ The end points of these parallel segments also form a part of the division D. ’ 
Let the parallels x =a, cut C in the points whose ordinates are 


GRO ee whe Sie 
We now prove Theorem III. 


-Tusorem IIL. Let f(x,y) be limited and integrable over the boundary C 
of a Green field, and have limited fluctuation on P, with respect to y. Then 


lim = [f (a,, 4,95) — f (a. Q 2j—1) ] Ax, = Sof. (x, y) du, (1) 
where At, 0. — C,» 
Using the notation in the beginning of this paper, . . 
Z f (v,) (x — a) = fof (x, y) da. (2) ` 





* A similar classification of functions is given in Lectures, Vol. II, p. 634. 


Barney: An Extension of Green’s Theorem. 143 


For the sake of brevity let us set 6, = xt — æ. Three classes of points are 
to be considered. í 

` (A) Where a, ; and Gs are consecutive points. of D., Here 6,=0, so 
Zf (v,)ð, is not affected by such terms. However, in general, 


f (a,, @,,;) + f (a,, dy 544) 
Let 5 = 5 [f (a,, @, 2;) —f (a) %,2;-1)] Ax, for terms belonging to points of 
A uj ; ; 
elass (A). Then l 
X| <PzAz,, (3) 
- A A 
where P = max & osc f over any line of $,. 
P is finite, as f (x,y) has limited fluctuation. Since the intervals > Az, 
A 


contain the projection of the peaks of C, and this projection is a discrete set, 
SAs, <e/2P, ad<d. 
From (3), : E pa H ug i 
|=, < &/2, d <d. - (4) 
(B) Points lying on vertical segments of C. Let m be the number of 
such segments. In the sum in (2) there are at most 2m terms affected by 
these points. Denote their sum by z f (v,) 6. Then : 


|Z f (v) èl < e/4, d< d". (5) 


Let the sum of the corresponding terms in (1) be >. This contains at most 
B 


“2mterms. Therefore 
; ` |z] <é/4, d<a" , . (6). 


(C) Where two consecutive division points of D lie on two consecutive 
parallels v = a,, ©=a,,,. The positive direction on C is such that «<a for 
points on C immediately preceding (a,, a,,). Theorem I proves the same is - 
true for (a,, @,,o;-,), and also proves that «>a for points on C immediately 
preceding (a, 4, ;). Therefore, k l : 
l Figs a, 93) Az, = —f (v,) ò,, g 
f (a,, @,2;-1) Aw, = f (v,) Oy 
Thus r 


IEF (098I an aa) Hen da1) 12, [SIEI H 121412 F081. 
EE E i 
Sp Tg tg? from (4), (5), (6), 


g `. - +s <e b<8 . (7) 
where: 8, 8”, 8” > 8. : ' K a 
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From (2), (7) comes (1). 
Remark. If x and y are interchanged in the preceding theorem, and if 
Theorem IT is used, (1) becomes 


lim a [F (bizi, B;) — f (bzem 8) Ay = Sof (£, y) dy. 


In the Green field ©, we take a discrete set A. Some cells of a normal 
division D of norm d of © will contain points of 4. We will call this sum 44. 
A, will in general consist of one or more columns of cells parallel to the y-axis. 
The boundaries of these columns will be made up of lines parallel to the axes- 
and parts of C. Let B, denote the parts of these boundaries which belong to C 
or are parallel to the z-axis. That is, B, is the boundary of A, exclusive of the 
parts parallel to the y-axis. __ 

For the parallel «=a, of D which cuts B,, denote the points of intersection 
by G11 <Š.. <Q. om. In the next theorem, Theorem IV, the ¢’s will have 
, fhe meaning defined above. 


Turorem IV. Let f(a, y) be limited and integrable over the boundary c 
of a Green field ©, and have limited fluctuation on P, with respect io y. Then 


Z [f (œ, boii — f (a, Guay) Ax, 20 as d=0. (1) 
Let = Ax, be the sum of the projections on the x-axis of columns of cells 


belonging to d4, where X |f,;—¢,,4,| > some positive number L. Then 
j 


d=0 4 


lim = Az, = 0 for any fixed L. (2) 
For suppose the contrary; i, e. l 
ZA’ z, >M >0 for some L. 


Then area A> ML>0. This is contrary to the hypothesis that A is discrete. 
Let &, be the projection of © on the z-axis. Divide the columns of cells 
of A, into two classes according as 


(a) E |F Cs Se 24-1) =f (as Sy2j)|S2/2G,, d<; (3) 

(b) E |f (ao buria) =F (to buai) | > 2/28.) dd’, (4) 

Since f (x, y) has limited fluctuation, for columns of (b) X|, ;— č, ;+ı| > some 
number L. For such columns of cells, from (2), l 

Zaa, <e/2P, d<d', o (5) 


where P = max = osc f for any line of P,- P is finite, as f (x, y) has limited 
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fluctuation. Then the sum in (1) breaks up into two sums X and 2: 
ó e b 
| z [f (a; Ča) —f (a,, b23-1) 1Ae, | < ©, noss |f (a,, Cay) —f (a,; Caine) | 
< &/2, d < d, from (3), 
|Z [F (&,, Č 2) — f(a, Čaji) Ae, | <P¥'Ar, < &/2, d < do from (4), 


where d’, d” >d,. Therefore l 
| 7 [f (a, Čaj) —f (a, Cu aj-1)] Az,| < | z| + | z| < &, d < dy. 


Remark, In the preceding’ theorem s~ and y may obviously be inter- 
changed. 
Turorem V. Let B be a pantactic* set in the Green field ©. Let A be 
a discrete set in G—B. Let D be a normal division of G of norm d. Let 
d,,....,d,, be cells of © containing no points of A. Lèt f(x, y) be limited and 
integrable over B. Then 
lim 3 f (v,) d, = Saf (2, y) dB. (1) 


Let ¢,,...., €, denote the cells of © made by D. Let 3,,...., ¢, denote 
the cells of © containing points of 4. Then 
Se, =5d, + 5X.. 
By definition of an integral,. 


[af (2, y) dB — Ef (v) e| <6/2 d<d. (2) 
Also . : 
: |E f (w) e — If w)d| << Fs, (3) 
where |f| <Fin®8. Since Æ is discrete, ; 
|Z, | <e/2F, d<a. © (4) 


From (2), (3), (4), 
| Saf (%, y) dB — EF (v) d| <E, d< d, 
‘where d < d', and d, < d”. . ; 

Turorem VI. Let B be pantactic on each parallel of %,, and © on each 
parallel of B,, in a Green field ©. Let B =, —®V and C=, —€ be discrete 
in two-way space. 

Then A= Dv (B, ©) is pantactic in ©. 

Let D be a rectangular division of ©. Let d be a cell of D. As B-C is 
discrete, and as 8,€ are pantactic, there exists in d a rectangle ò which con- 
tains only points of P, belonging to 8 and points of P, belonging to €. 








* Pantactic is used here in the sense defined in Lectures, Vol. II, p. 325. 
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Let ò, be the part of one of the:parallels of P; inè. -Every point of.6, 
belongs to. The points on LA through which pass lines of $, are pantactie. 
Moreover, each point on $, in 8 belongs to €.. ‘Therefore, points ‘of ‘A ‘which 
lie on ð; are pantactic relative to $,. Thus ò and also d contain points of A. 
Since d is any cell of ©, A is pantactic relative to ©.. 


Tuerorem VII. Äer f(x,y) be limited and eee over. the Uoni C 
ofa Green field ©, and have limited Reon on $, with respect to y Let 


B be the set on B, where a = AF o exists. Let B be pantactic on Gack ‘parallel 
y 

of $, ana let B=%,—8 be a discrete setin ©. Let fa be limited ana integrable 

over B.. Then 


Sof (my) da = Sq SL a, ee eee) 


` Let D- be a narmal division of © of norm d. Let M; be the-cells of D 
where f, exists on $,, i. e., containing no points of B. Let ‘d; be a cell of X, 
one of whose sides lies on =a, and has énd points (a,,v), (a,,u). Since f, 
exists for each point of (v, u) on “=, by iy pothesis; the law = une mean may 
be applied, and we have i ee 

F (aise) — F (a, v) = fy (a, Kj) (eu); om (2) 
If we do this for one side of each cell of %,, taking always the sides par allel 
to the y-axis, and add all the equations thus obtained, some of the terms on the 
left will cancel in pairs. For example; if (a,,7) isa point within %,;, but at the 
corner of a cell d;, it will. Be both av point and a a point. Considering d; 
we have 

f (an r) — Tarje ever k;) w aI k år. ; 
Considering d,_, we have. 

F laan) — f (m4) = fa (ais kj) Gra ASK _ySn.- 
When we add these two equations, f (a,⁄) drops out. In the sum obtained by’ 
adding equations of type (2), only terms involving points on.the boundary of W, 
will remain on the left. We call these & pors; and denote those on æ =a, by 
bei hoe Sones L Euer l (3) 
These points are finite in number, as D is a normal division. Adding 

equations of type (2) and multiplying by Aw, we get 


2 [f ‘(a,, fa) f (os A aj—1) | Ag, = igi Zla (a, k, a Ag Ay. > (4) 


Let v =a, cut C in-the points Qa L Gig Looe L on: (5) 
Let B, be that part of the boundary of © —4U, which is not parallel to the 
y-axis. 
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Let v =a, cut B; in čni <ua oee <L Eom: - (6) 
. The £ points are either č or a points; i. e., either on C or on By. 

Suppose &,,=a,,,. Then both k and s are odd or both even. Let k be 
even. Then, from (3), points near £,, but < E, , on =a, belong to Wa; and 
those near &, , but > &,, on s=a,do not. As &, is on C, these latter points 
do not belong to .G, and the former do. Thus, from (5), s must be even. 
Similarly, s can be proved odd, when k is odd. 

` Suppose now £, = Gas If k is even, s is odd and Gouversely. Let k be 
even. The statement above holds in regard to points belonging to %,. Since 
E+ is not on C, points above oon on «=a, must belong to G—YW,. Then, 
from (6), s is odd. 

- Thus the left side of (4) maybe broken up into two sums, one containing 
terms involving č points and the ‘other containing terms involving a pats 
We have, therefore, ; 


EEF (os G05) —f (ee a,, 2j- -1) ]Aa, + ELF (a, Ge 2j- —1)— F(a, hes oj) lA, =2+2. (7) 


If there exists a point § which is both an a point and a point, it is not 
on the boundary of %,; so the term f(a,, 0) does not appear in (4). 

Let 6=a,,=¢,,- Reasoning similar to that used for the case where 
£,.,=4,,, shows that s and r are both even or both odd. Therefore, in (7) the 
term involving f (a,, 0) enters twice, but with opposite signs;. so (7) equals the 
left side of (4), no matter how many points like 0 there may be. Therefore, © 


ZHE = hy (a, hs) AD AY; (8) 


(7) contains now all the terms involving a points for lines x =q, of D and all 
¢ points. By Theorem III, ` 





E.— Sof (a,y) da. (9) 
By Theorem IV, . l 
- % 0. . (10) 

By Theorem V, 
Zhalan k) Aa, Ayi fa 3508. (11) 


The theorem follows fron (8), (9), (10), (11). 


: Remark. If in the preceding theorem and demonstration œ and y are 
interchanged and Theorem IT is used, then (1) becomes 


Soa dy = fa Zha6. a) 
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We have, as a corollary of the foregoing, 
Turorem VIII. Let A= Dv (B,C). Then, from (1) and (12) and 
Theorem VI, 


fol f(ary)detaolaydyl=s{52—sol aa, (as) 


The relation (13) is Green’s theorem proved for a very general class of 
functions over a field which may be cut, by each one of a certain set of parallels, 
in an infinite number of points. This set may contain an infinite number of lines. 
The functions do not need to be continuous with respect to one variable on all 
lines in the field, but only on a certain set of lines P, or P,. The value of the 
function on lines not belonging to this set is of no consequence, provided the 
function is integrable over the boundary of the field. The derivative need not — 
exist for every point on the lines $, or %,, but must exist for a certain set, 
over which it is integrable. The derivative may exist for points in the field 
not on P, or P,. When this is true, the derivative may not be integrable over 
the whole field for which it exists. 


§ 2. Nonrectifiable Green Fields. 


Up to the present, line integrals have been defined only for rectifiable 
curves. If now we look at the relation (12) obtained in Theorem VIII, we see 
the right side has a meaning whether the boundary of © is rectifiable or not.’ 
Let us see, then, if it is not possible to extend our definition of a line integral 
so that the left side of this relation has a meaning when the curve C is not 
rectifiable. This can be done for a class of curves defined as follows: 

1°. Ca is a Jordan curve defined by 

s=X (t), y=F (t), t in X= la < B). 

2°, A is a discrete set in N having J as its image on C,,. 

3°. C is rectifiable except in the vicinity of points of I. 

By 3° is meant the following: Let A be a division of X of norm ò. As 4 
is discrete, if <6, there are intervals containing no points of A. Let their 
sum be X, and let C, be. the part of C,, corresponding to M. Then C, is © 
rectifiable for each 6<6,, but C,» is not rectifiable. 

An example of such a curve is 


a —t, y=tsinz, 0<t<1, 
= 0; t=0. 


This curve is rectifiable except for the point ¢ = 0. 
The set 7 will be called the singular points of the nonrectifiable curve C,,. 
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Let f (x,y) be defined and limited over C,,. If f(s, y) is integrable over 
_Cs for each 8<6,, f(x,y) is said to be regular over C,,. 
Let f (x, y) be regular over the nonrectifiable curve C. If -~ 


lim fo, f (a, y) dæ and lim jo, f (2, y) dy 
exist, these limits are denoted by 


Soa f (2, y) dæ and So,,f (x,y) dy. 
If both limits exist, f (x, y) is said to be integrable over C,,. 

A field G whose boundary C satisfies the following conditions will be called 
a nonrectifiable Green field. 

1°. C is a closed Jordan curve defined by 

z=X(t), y=Y (t), tinŇ=(a<ß), 
and rectifiable except for a set J waose images on the axes are 
discrete.. - 
` 2°, For any C; the corresponding functions X, (t) and Y;(t) are such 
that, if A is a discrete set in M, the image of A given by X, (t) 
or by Y, (t) is discrete. 
3°. The points at which either X al or F (ë) has a proper extreme form 
a discrete set in A. 

4°, C has only a finite number of segments parallel to the axes. 

5°. C is cut by each one of a pantactic set of parallels in only a finite 

number of points. 

Let f(x, y) be regular over.the nonrectifiable boundary C of a Green field G, 
and have limited fluctuation on $, with respect to y. Then f(x,y) will be called 
a normal function of © with respect to y. A similar definition holds for a 
normal function with respect to z. 


Turorem IX. Let f(x,y) b2 a normal function of the nonrectifiable Green 


field © with respect to y. Let 8 be the set en P, where f, = gi exists. Let 
Yy 


B ~P, —®V.-be discrete.. Let f, be limited and integrable over B. Then 
ð 
fof (my) da= — Sas! aX, (1) 


Let I, be the projection of the singular K of C on the z-axis. J, is 
discrete by the definition of a nonrectifiable Green field. Let D be a normal 
division of © of norm d. Let us look at the columns of cells parallel to the 
y-axis, which contain no points of J. In each of these columns, there is one or 
more partial fields of ©. These are finite in number, as D is a normal division. 
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Let these fields be ©,, ©, ...., Gn, with boundaries 4,,%,,....,4,- Let 8%, 
be the part of 8 in G,. . 
Hach ©, satisfies the conditions of Theorem VII; therefore ' 


fa. f (ay) da = fo, 39.. (2) 


Let l, be the part of 2, belonging to C. For the rest of 2,, dæ =0, since 
it is parallel to the y-axis. Thus 


f, f (£, y) dæ = fa, f (ey) da. (3) 
Let 8, = 5%,, C;=51,. From (2), (3), 
i=j i1 





ə 
Soa f(E 9)d2 = — fa, SF dD. 4) 
f y ; 
As 8, = 9, 
ð # . 
| fa, 56 dB fas! av = © 
Therefore lim fo, f(z, yìdo exists. Then, by definition, . 
= 0 
lim So, f (2, ane y) do. (6) 


Therefore fof (x,y) da =—50$ =L l a, from (4), (5), (6). 
Remark. If «x An y are a ed as has been done before, (1) becomes 
Segl y) dy= fe Zae | (7) 


As a corollary of the preceding, we have 
Trrorem X. Let A=Dv (B,C). Then 


folf (ou) de + gla, y) dyi = S| 52—54] aa (8) 
(8) follows at once from (1) and (7). 





* Lectures, Vol. II, pp. 55, 60. 


On the Asymptotic Solution’. of Lined Differential Equations. 


By CuyDE E. Love. 
4 . 

Asymptotic developments for the irregular integrals of a linear differen- 
tial equation have been obtained by Horn,* provided that the coefficients of the 
equation are themselves developable in asymptotic (or convergent) power series 
in the vicinity of the irregular point in question, and provided also that the 
roots of the so-called characteristic equation are distinct.t The important 
special case in which the point is a regular singular pointt of the differential 
` equation has been studied by Bécher§ for the equation of second order, and 
later by Dunkel|t for the equation of arbitrary order. But no discussion of 
the general problem including the various cases of Topeng FODA has as yet 
been attempted; 

By way of approach to the general solution it seems worth while to con- 
sider in some detail the cases of repeated roots for various equations of special 
orders. Such a study is undertaken in the following pages. We restrict 
ourselves, for simplicity, to equations of the second and of the third order, the 
method used being applicable at once to equations of any order. The irreg- 
ular point is taken at meee and only real values of the independent variable 
are considered. 

In point of method, we make use of two general theorems arising from 
Dini’s| researches in the theory of linear differential equations. The state- 
ment of these theorems, with an outline of their proof, is to be found in See. I. 

The equation of second order forms the subject of Sec. II. Although the 
researches of Horn,** Kneser,{+ Bécher {+ and others leave less to be done 





* Journal für Mathematik, Vol. CXXXVIII (1910), pp. 159-191. 

f Horn has published several papers on this case of distinct roots. Important contributions have 
also been made by Poincaré, Kneser, Birkhoff and others. : 

The term “regular singular point” has here the meaning which is assigned to it by Bécher.’ Cf. 
Transactions of the American Mathematiccl Society Y, Vol. I (1901), pp. 40-52. 

§ Bocher, loc, cit. 

|| Proceedings of the American Academy of Arts and Sciences, Vol. XXXVIII (1903), pp. 339-370. 

Tånnali di M atematica, Ser. 3, Vol. II (1898), pp. 297-324; ibid., Vol. III (1899) , pp. 125-183, The 
possibility of applying Dini’s methods to the problem in hand was suggested to me by Prof. W. B. Ford. 

** Acta Mathematica, Vol. XXIII (1300), pp. 171-202. 

tt Journal für Mathematik, Vol. CXVI (1896), pp. 178-212: tbid., Vol. CXVII (1896), pp. 72-103; 
ibid., Vol. CXX (1899), pp. 267-275. ; 

+t Bécher, loc. cit. 
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upon this equation than upon those of the third and higher orders, it is believed 
that the discussion, from the standpoint of the Dini theory, is of sufficient inter- 
est to warrant its insertion in condensed form. We begin with a brief treat- 
ment of the case of distinct roots. While the results for this case are not 
new, it seems ‘best to exemplify the method by applying it first to this simple 
problem, so that in the subsequent discussion of more complicated cases many 
details may be omitted. For the equation under consideration, the only case 
of repeated roots that offers any difficulty is that in which the point at infinity is 
a “regular” singular point, and this, as noted above, has been studied by Bôcher. 
However, on account of his more general hypotheses he does not obtain an 
asymptotic solution in Poincaré’s* sense, but only the dominant term of such 
a solution, so that the present results are a step in advance. 

Questions of more interest arise in connection with the equation of third 
order, which is discussed at length in Sec. III. This discussion, when compared 
with that for the equation of second order, is of distinctly greater moment, not 
only because the results possess greater novelty, but because the methods used 
are much more suggestive in pointing the way toward a solution of the general 
problem. This is especially true of the case in which the characteristic equation 
has a simple and a double root. 


I. Two GENERAL THEOREMS on LINEAR DIFFERENTIAL Hauarrons.t 
be t 


Suppose that, in the differential equation 


y™® +a (ayy +... . +a (@)y=0, (1) 
the coefficients a (£), ...., a (£) and their first n derivatives are continuous 
for all positive values of œ sufficiently large. Let us choose n auxiliary func- 
tions 2,, 2,, ----, Za of %, which, with their first n derivatives, are continuous 
for large positive x, and such that for the same values of v the determinant 


1 
ey Fe aves BY 
as ee ee ee (2) 
Ba 2h ger) 


never vanishes. ‘Let A,(x) denote the minor of Q(x) with respect to the ele- 
ment 2@-, Also define 
Z,(@) =2,0p— (2,Oq—1)/ bee (1) 97 (2,0,) OP + (—1) "2, (3) 
p= leia 





* Acta Mathematica, Vol. VIII (1886), p. 296. Ț Cf, Dini, loc. cit. 
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and form the determinant 


g(a) a(r) -o 2a) Z, (m) 
r a È ; ga 2 > 
Ee ae | (4) 
e(a) aia) .... 2-%(2) Z,(a,) 


Let C, denote an arbitrary constant, ard place 





K (a, a) = ee fi), " 5) 
9,(2) =, (2) =0,,0(0) = EAD) pat. 


upala) =S S2... o fa- K (a, 8) E (ay, Oy)... a 
K (Era, ©, —1) E (tri, 21) 9,(%) dada,_,....dx,de,,¢ (6) 
Vp a (2) = Sa Sa e e Sanoa (@, B) E (Bir B) -ar . 
; l K (2—2, Bai) E (Tri y Va) J, (T) ALda. AK Mo; . 
Then we have . 


Txrorem A: If a constant 2 can be found such that for all values of «>a 
the series 


y(x) = 2th, a(x) 


satisfies the following conditions: 
(a) the series converges; 
(b) the series defines a function y,(%) such that the series for y,(%,) when 
, multiplied by q(x, Œ) may be as a term by term with 
respect to æ% from a to a; 
then for such values of œ the function y, (x) is an iu of (1). 


Tazorsm B: If for values of x greater than some constant, the series 


y.(a) = Z vala) (7) 


satisfies the following conditions: to cs . B 
(a) the series converges; l 
(b} the series for y,(%) when multiplied by q(x, %,) may be integrated 
term by term with respect to x, from x to œ ; 
(c) the series defines a function y,(x) such that each of-the integrals 


{2y (£) Z (£) ax, E NE 4 
has a meaning; 


then for such values of « the function y, (æ) is an i A of (1). 
20 


154 Love: On the Asymptotic Solutions of Linear Differential Equations. 


To prove Theorem B, place 





e... oo s] (8) 
Ps, n—1 = 2an Ds, n—29 s=l, 2, erate) 1 E59 n5 
p (2) =f7Y,Z ax, s=1, 2, ...., r—l, r41, ....,, 
P,(2) =f Y4, d2 +C,; 
Pro Pui +++ Pun Py (2) 
Ata Pao Poar «+++ Poan- Py(%) ; 
Pa,o Pa 1 Payn—2 $, (x) 
Pio Paa Pi, n= ai 
Am P2,1 P2n-1]=(—1) 2? Q(z) 
Pao R Pai alse ie Pn, n~ 
Now by condition (¢) the series (7) may be written 
yY, (2) = =g,(%) +S Y,(%,) E (x, Ti) )da,. (9) 
By substituting the values of g,(~) and K (a, s) in (9), we find 
A, (2) 





Y= Alay? 

so that it suffices for our proof to show that this function is an integral of (1). 
To do this, consider the system of n functions 4), ni, ...-,) %,—1;, each 
defined for all values of x sufficiently large by means of the following system 

of n linear equations: 
Dso%n—1tDs,1Ma—2t + vee FDPs n= PP, (x), s=1,2,....,%. (10) 
We have at once 
N = AAT) =Y;- 
A(s) 7 
Upon differ E equations (10) with respect to w, and making use of (8) 

and (11), we find 


eO, 0,4+07, Oot. ---+0'.,-10,1=0, s=1,2,....,2, (12) 





(11) 


where 


6 =, +4, (L) Mpg t ++» FOy—1(%) M0+4,(%) Xs (13) 


(14) 
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The system (12) consists of n homogeneous linear equations in the n 
quantities 0, 6,,....,6,,. By virtue of the relation — 
Pi s=2 Beri — Pr, s41) t=1, 2, ...., n; $=0,1, ....,2—2, 
the discriminant of the system reduces at once to (—1)"~'Q(x), and hence by 
our hypotheses does not vanish for any value of v under consideration, whence 
6=6,=....=0,_,=9, © 
or, by (11) and (14), 
i nay,  s=1, 2, -y M. 
Substituting in (13), we find 
yya (wy) +... . +a, (£)y,= 0, 

which was to þe proved. 

The proof of Theorem A follows similar lines, and may be omitted. 


II. Tee Equation or Saconp ORDER. 
In the differential equation l 
y” +a(x)y’+b(x)y=0, (15) 
suppose that for sufficiently large positive real values of « we may write 


tae [a+ a. zy ‘i, 


b (a) ~x| d+ 4... |, 


k being 0 or a positive integer, and suppose also that a’(x) has an asymptotic 
development. , 
1. Distinct Roots. — 

Consider first the case in which the roots m,, m, of the characteristic 

equation . 
, m+ a,m+b,=0 

are distinct. . 
Let us choose two auxiliary functions 2, (2), (x) (cf. Sec. I) of the form 





g m eT iD gano r=, 2, (16) 
where 
m ro k+1 O,, 40" hy — k-41 oP} 
f(@ ©) = kei F k T k—1 ea 
and 7 
9, (2) = SEa 








og 
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The undetermined coefficients a, ,,°...., a,,,-, and the arbitrary integer `s 
will be selected presently. 
Upon forming Z,(x) as given by (8), we find * 





Z, (x) = 2,07" [i + čna +... + Seema + Seat P,, (a) | > rol, 2, 


in which (1, 5,0) -+-+7 Čr s+p are certain easily determined functions of a, _,, 
E AE 
Now let us place 
raba e... = ns+-1=0, pee (—1)"(m,—m,), r=, 2, 
and determine the coefficients + a, _,, ....,@,,,-, by means of this system of 


equations. Under our present hypotheses the equations can always be solved, 
and the functions 2, 2, thus determined will be unique. Let our notation be 
such that t - 
R[f (e) JSR} (2) 1, 
when « is sufficiently large. i 
Put 
G1, o Fa, o= Ao 5 O,,o- k=, fil) +f,(@) =f (x). 
Then we may write, by (4), (2), (6) and (5), respectively, 
r i 
q (x, £) = > etr) Aegna, (2) eiD g ees pP, (a) j 
1 


Q (x) = (m,—m,) ge T@g-s TEP, (s) , 


gda = SAT 


r ; 
m. etg P, (2), real, 2; 
2 
2 z 
K (a, w) = 2 eh OarP,, (ae rae Py, (2) $ 
T= 


An arbitrarily large integer p having been fixed, let us choose s so large 

_ that l 
s>p+2+2|a, o| +2las,0l; 

also take C,=(—1) (m —m,) and form the function v;,,(%) occurring in 

- Theorem B. Then the function.y, of that theorem takes the form 








* Throughout the present work the symbol P(e) (generally written with subscripts) denotes a func- 
tion expressible in the form, 
P@)=14 E 4....4 4ete@ , lim ¢(0)=0, 
$ g gr t=% 
p being an arbitrary integer. 
7 A8 soon AS d,o; A20 are determined, s is selected to fulfil a condition pointed out later. 
{Throughout the work, R[w] denotes the real part of a. 
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y= eP, (x) + V1,.(%). 
a=l 


Upon recalling the way in which s was chosen, together with the fact that 


it appears that the function |K (a, x,)g,(«,)| is a monotonically decreasing 
function of æ, whence l 


Sonal E (21: Br) g (0) [day < |E (mu, DT 1) | <4 | AO Dap |. 
Further, i 

Saa fai | E (Bs Pr) |E (2x1 MH) Gs (2) [dadayi <E | haD], 
Proceeding in this way, we find that 


| v, a (x) l < eh E) yp | ; 


4a 

PFI PoP | 
and therefore that 

8 1 
< pti pti 
when zis sufficiently large. This inequality being established, it follows very 
readily ihat all the conditions of Theorem B are satisfied, and hence the func- 
` tion y; is an actual solution of (15). 
As a consequence of (17), we may write 


y =P, . (a), (18) 


chap |, i (17 ) 

















I 


and therefore 
Y meh gh [a+ antes dt e| i (19) 


It is not difficult to show that y; and yi also possess asymptotic developments, 
which may of course be found by differentiating (19). 
Now if R[f,(x) ] =R[f,(2)] , we may write at once by the same ant 
y= et OP, (2). (20) 
If, however, Rif, (2) 1 <Rlj,(”)], the argument fails, since some of the 
improper integrals in v2,,(%) cease to have a meaning. To obtain a solution 
in this case, it will be convenient to revise our ‘system of auxiliary functions, 
and then apply Theorem A. . 
In the adjoint equation 
z" —(ae)’+b2=0, i, “(945 
corresponding to (15), the coeficients satisfy all the hypotheses of this section. 
Thus (21) has a solution 2, of the form (18), which is found by direct compu- 
_ tation to be 
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Be Mg pP, (2). 
In the system (16) let us replace z, by this function z,, thus making Z, (x) ==0. 
‘With this change we find that 
(a, 2) Se Orr (eet Oae P (a), 
while g (Œ) is in essentials unchanged. 


Now form the function %,,(%) of Theorem A. Then by that theorem we 
find 


y= EDP, . (2) + Z tsa (x). 
Now upon recalling that 
Rifi (e) —f, (2) ] <0, 
we see that, if a be chosen sufficiently large, 


4 1 


à PE ps 
<ar geri Ere iai E 

















whence both the conditions of Theorem A are satisfied, and y, is a solution of 
(15). It may evidently þe expressed in the form (20). 


2. Equal aooi. 


- To consider the case m, =m, it will be convenient to reduce the differen- 
tial equation tc the form 


` y" £b(@)y=0. | (22) 
Now if m =m, we must have either 
bijaa ce ee bo, 88) 
or . : 
b, b 
b(a)~ + = eee o - (24) 


- When b (x) has the form (23), we may reduce the problera to the case of 
distinct roots by merely introducing * t=za' as a new independent variable. 

It remains only to study the case in which (24) holds. Here the point at 
infinity is a regular singular point}: of the differential equation, so that the 
problem is closely related to that solvéd by Bôcher.t Hence only the briefest ` 
of discussions is necessary. 








* Cf. Kneser, loc. cit. (third paper), p. 275. + Of. Bécher, foc. cit.. ... 
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Let us choose two auxiliary functions 





e=] 1+ wehbe. ef =|, 


git 
gy =g [1+ b: + a + Bet |+Be, log z, 
and determine the constants by the use of Z,(2) and Z,(x), as in the case of 
distinct roots. We find BÆ0 whenever p,—g,, and, in general, also when p,—, 
is a positive integer, but otherwise B=0. .By use of Theorem B we raay 
obtain the asymptotic forms of two independent solutions y,, y, of (22). The 
developments are of course formally identical with those obtained when the 
point at infinity is a regular point in the sense of the Fuchs theory. 
The results for the equation of second order may be summarized in 
Turorem I: In the differential equation 
y" +b(e)y=0 (22) 
suppose that b(x) is a real or complex function developable asymptotically, 
for large real positive values of s, in the form 


b (2) ~a | by h. i a 


where kis 0 or a positive integer. Then, for the same values of x, equation 
(22) possesses two linearly independent solutions y,, y, such that ` 
(a) if bo=F0, i. e, of the. roots m, m, of the characteristic equation 
m?+-b,=0 are distinct, we may write 


yweram| 1+ Aas +... mE r=], 2, 
where : i 


mort p 0 


l : aaa ara ead k +....+4,_ 93 





(b) if b)=0, 6,560, we may write ` 





x 


A Pe B uf 
yera 14 ft... t ACB, ot ma +..--)], r==1, 2, 


where 


O, or 10T? | a, 9,0 a, a 
i. @)= See ee E S A 
A aaa i 


(c) if k=b,=b,=0, we may write, in general, 


gmit tnt.. r=], 2; 
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(d) but if p,=p, or, in general, if p.—-p, is a positive integer, we have 


nmi., 


y~y, log gta A not Sa +... |. 


A 


HI Tse Equation or THIRD ORDER. 


Take for consideration a differential equation of the third order, which 
we shall suppose reduced to the form 


yb (a) y’—e(a)y=0. (25) 
Let b(x) and c(x) be developable, when x is large, in the form 


(x) ~a| b+ Se. ma 


o(2)~a™| 0+ <i +++. oP 
and suppose that b’ (x) also has an ERN development. 
If the roots m,, m,, m, of the characteristic equation 
m+ boam+¢,=0 
are distinct, the asymptotic solutions are well-known.* We therefore pass at 
once to the cases of multiple roots. 
1. A Simple and a Double Root. 


Suppose first that two of the roots are equal—say m m, =m. 
Let us select three auxiliary functions l 


2 =e tOter@ay— aro, r=, 2, 3, 














in which . 
k+1 k+’ k 
f (a = La + ST + Tenat ' BAS T Bt f 
2 
== Zra Œr, 25—22 
$, (s) = a T Goo 1a" í 


Upon. forming ae we find that 





ger kt 


; y ee 
4,(x) =e | Se + Sus a Gr, ast Sb—1 Sr north P,, (2) |, r=1, 2,3, 


Čair +++ Sp, o¢49, being certain easily formed functions of the undetermined 
constants in f,(~) and $,(#). l 





*Cf. Horn, Journal für Mathematik, Vol. CXZXVIIL (1910), pp. 159-191. The results are easily 
obtainable by the present theory. 
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_ Let us try to determine these constants by placing 


Came Sy cpton— a0, Cnota = 9, j l (27) 
` the constants 6, being for the present unspecified. Inspection of the equations 
thus formed shows that the function z, corresponding to the simple root m, 
is always determinate, and that the same is true of one of the other auxiliary 
functions, say Ly In determining 2, by (27), difficulty may arise. Suppose 
that the first h coefficients of 2,, as given by (27), coincide with the correspond- 
ing ones in 2,, h being 0 or some positive integer. If h<2k, 2, may be deter- 
mined by (27). If h=2k+41, there is, no difficulty unless the difference 
Qs, o—& 0 18 an integer, in which case the equations in genera] become illusory. 
Finally, if h>2k-+1, i. €., ag o=o o, 2 coincides with 2, throughout. 

We consider first the ordinary case in which equations (27) serve to 
determine three definite, distinct functions of the form (26). 


Place f(x) +/,(2) +f (£) =f (£), 


ò= X3,—ex—ith %e,—ok—1+h) 


Ò, = — Ò = M — Me, 
ò =5,0,5;, 
_ ô pe: 
se a v=1, 2, 3, 
A+1 


B,=0, Ba= b = -5 
Pr = An 9 —2h-+B,. 
Then we get 
Q(x) =86 eget- P (a), 
g(a) =0, $ OP, (D), r=1, 2,3, 


` š 
K (a, æ) = > dOP, Cary edly beret Pee 4), (28) 
1 


Consider first the case in which the functions f, (x) have distinct real 
perts. Suppose for definiteness that . 
7 Rifi(2)]<R[f(2)]<R[f(2)]. ` (29) 
Take C,=0,, and form v,,(«). Then by Theorem B we have 


Yy,=POnP, (at) + 5 v,i (2). | (30) 
A=l $ 


In v,,,(@),.we have 
DZ y= 


e ZZA. 





` 21 
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Further, by (29), l 
Rifi (z)—f.(2)] <0,  r=2,38. 
Whence, if we choose 


$ 3 
s>p+2+h+1+ È |Rlp,l|, 


p being, as usual, an arbitrary integer, it appears by argument like that used 
in Sec. II that 


2 - 3° “| har]. 


eas 


Thus 


| eh® Pt | S 





Z n | i 
This T TEA once established, it is easy to show that y, satisfies the 
conditions of Theorem B, and is thus a solution of (25). Further, we may 
evidently write 
y= eaP, (2). i (81) 
To obtain a second solution, let us employ a device similar to that used 
in Sec. II. The adjoint equation 
g” + (bz)'—cz=0 | (32) 
may be shown by (31) to have a solution z, expressible in the form 
g= eT hgp, (2). 
We shall replace the function 2; by this z, thus making Z,(7%)=0, so that in 
K (a, x} r takes only the values 1, 2. 
Form vs,,(@). Then by Theorem A 


ao 
y= CaP, (a) + E ta (2). 
Axl 


Now we have in the present instance 
BaL... Lesa 





and 
R{f;(Œ)—f.(£)]>0, r=1, 2, 
so that 
2- 2 i 
Jusa (£) |< CESI aa JeDa], 
and 
1 Dink 
RA [ Us, a(x) ] <2 Zi pr ef=. dof ; 
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whence y, is a solution of (25). It may be out in the form 
š Yo =eh@anP, 3! act), 
We see now that (32) has a solution 
A = ehg pP, i (a) ` 
Take this as an auxiliary function instead of 2,, so that Z,(v)==0, and 
_K (x, æ) reduces to the form 
K(x, L,) = eh@gnP, . (2) ehed gh— spP, (0). 

Upon writing out y, by Theorem B, we find by argument now familiar that 

y= hp, (at), 

This evidently disposes of the case in which the functions f,(%) have dis- 
tinct real parts. Only very slight changes in the argument are needed if two 
real parts are equal, while if all three are equal the three solutions may be 
written down by Theorem B at once. 

By direct substitution in (25), it appears that all the terms in y, involv- 
ing fractional powers of x disappear. 

We return now to the exceptional cases noted above, in which equations 
(27) do not serve to determine three functions of the form (26). 

Suppose equations (27) become illusory, in which case a, ,—a,,, must be 
an integer. Take , 

gm eT HOTh@lg a0, 
ge T hO Hagas Be logs,  BÆO (33) 
2 ah g 








in which 
f(a) = me 4 Soo J.e fo, 1% = r=, 2, 
one a, “rl Qr, 2 r s—i = 
. $, (2) = taa .+ Goe * 1, 2, 3. 


The constants can now be determined without trouble in the usual way. 

Placing | Fe 

Ò = a3, > — Ae, o ’ 

§,=—d, =m, — M, 

ò = 8,8-0; , 

' . =t o— 2k, p =a, o k+l, r=?, 3, 

we find © 

go) =0, $- OP, (2), r=1, 2, 
be : (34) 

93(") = Cy eO xP, .(%) +89 (x) log a, 
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Z, (at) =e Og mtp, (a), 
Z(H) =67 Ogm t EP , (x) + Be, log x, 
Za (x) =e Og tE: pP, (a), 


K (a, m) = È g,(2)Z, (a). 


By familiar reasoning it may be shown that (25) has three solutions. of 
the form l l 
y= eaP AL), r=], 2, 
a “Bele (35) 
Ys=Yo log w+ Be>arP,, (x), 
where B is a constant. . 
There remains only the case in wach the functions 2, and 2,- as given by 
(27), are identical. 
Take the auxiliary functions as in (33). We find that now ag ,=a, 9, 
a, 1 Fa. If we place 
Ò= 0, 12,15 
5, == —6,=,—M, 
ò =ù, 0ps ? 
the functions g,(z) have the same form as in (34), and the three integrals y, 
take the form (35), except that now p,=p,. 


2. A Triple Root. 
If m,=m,=m,, we have either 


ba) mam | 2s 4 to], 
(a) 
oe 


where b,, c,, & are not all 0; or else 


—— 
(b) ¢ 


In (a), if e560 or if b,=c¢,=0, ¢,9£0, we need only introduce the new inde- 
pendent variable ¢=a! in order to reduce the problem to the case of distinct 
roots. : 

If ¢,=0, b ,Æ0, a similar reduction results if the new variable t=. be 
introduced. One of the solutions is found to proceed in “poner of x, the other 
two in powers of a}. 
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There remains only (b). This case may be disposed of by Thesrem B. 
On account of the closely related discussion by Dunkel, mentioned above,* 
together with the formal analogy between this problem and that in which the 
point at infinity is a regular point in the ordinary sense, we content ourselves 
with a mere statement of results, in the theorem below. l 

In summary, our results for the equation of the third order are as follows:t 


Turorem II: In the differential equation 
y” +b(x)y’+e(2)y=0, (25) 
suppose that b(x) and ¢(«) are real or complex functions developable asymp: 
totically, when «x is large, real and positive, in the form 


baysal B+ 2 4....], 
o(a) at +... “|: 


where kis 0 or a positive integer, and suppose that b (a) also has an asymp- 
totic development. Then for the same values of x equation (25) has three 
linearly independent solutions Yı: Ya, Ya possessing asymptotic developments as 
follows: 
(a) If the roots ma Ma, Ms of the characteristic equation 


m+ bym+c¢,=0 
are distinct, we may write 
“yea [1+ fas Fpi ale r=1, 2, 3, 
where 


r k+ 
f; (£) = ne + faut F.a. HA T 


(b) If Mani = we may write in MEA 


Y eh Ogh [+é 1,1 +. a 








y,~ er Omer [3 +A eee +3(8 f 
where f (x) has the same form as in Pi and 


f(a) = FA + Sep + Sagal am ai 











* Of. Dunkel, loc. cit. 
+The results for the case of distinct roots are included merely for ‘completeness. 


2 
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(c) but if ps=p,, or in general if p,—p, is a positive integer, we have 


year 14 Aus ols a le - la, 





Y~ yz log v+ eg [ia + fos +... |e 
where f(x) and f,(#) have the same form as in (a). 
(d) If m=m =m, and either FO or b,=c,=0, E0, we may write 


y, wel Oge [1+ fart. tA (Bn m.. 











1 C, l 
+ Kontta.) 1=1,2,8, 
where l 
7 = moet Oy gpt t a, epg ; Op, 1 C* . 
f,.(2) k+1 + k+$ + k+4 a ae ae 4 ? 


(e) if ¢,=0, 6,0, y,, Ya, Ya have expansions of the same form as in (b); 


(£) if k=b,=¢c,=¢,=0, we may write 


yo [1+ Say... ], 





y,~Ay, log wta) Ay T Aas +... a 
Y,~By, log? «+2 log z| Bro 4 Bs, Fasia |} 
+or[4,,.+ 423 4....]. 


This evidently covers all cases that may: arise in connection with the 
equation of the third order. l 


UNIVERSITY of Micurean, April, 1913. 


Restricted Systems of Equations.” | 
By Arrsur B. CoBLE. 


Throughout the following account geometric ideas and language are em- 
ployed exclusively, though the material is algebraic. A homogeneous equation 
ot degree J in n+1 variables is called.a spread of order / in S,. A manifold 
of dimension r is indicated by M,. According to Kroneckert it can always be 
defined as the totality of points on at most »+1 spreads. The simplest problem 
in the theory of restricted systems of equations is the following: Given n 
spreads in S, of orders 4,,...., An, all of which contain M,, in how many 
points of S, outside of M, do they meet? A very wide range of problems in 
enumerative geometry and algebra can be expressed in terms of restricted ~ 
systems of equations. With this in mind, Salmont began to develop a theory 
of such equations. His method was inductive, but the general case was not 
touched. Furthermore, the results which he obtained were proved only for the 
case where the manifold M, is the complete intersection of n—r spreads in 
S,, a manifold of a type referred to hereafter as “regular.” The examples 
given at the end of §2 show that such results may or may not be true for the 
general case. That no systematic development of the subject of restricted sys- 
-tems has been‘attempted is due, no doubt, to the success of Schubert § and others 
_ in the field of enumerative geometry with the aid of the principle of the con- 
servation of number and a certain symbolic calculus. 

The object of this paper—the first of a series under the same title —is to 
give a general account of the theory of restricted systems of equations. The 
simple problem formulated above is considered in §1. A solution is obtained 
in terms of the orders à, and of r+1 so-called “index numbers of M, in S,,” 
which depend only on the M, in S,. Certain theorems relating to the determi- 
nation of these index numbers are derived, and applications to specific prob-- 
lems are made. 





* Written under the auspices of the Carnegie Institution of Washington, D. C. 
} Crelle, 92. 
£ “Lessons on Modern Higher Algebra.” Cf. E. Lasker, “Zur Theorie der Moduln und Ideale,” 
_ Matematische Annalen, Vol. LX (1905), in particular p. 44 and p. 112. 
§ “Kalkül der abziihlenden Geometrie,” Leipzig (1879); cf. Pascal-Schepp, Repertorium, Vol. II, 
Chap. XV (1902). . 
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In $2 there is treated the more general pr shai in which S, is replaced 
by a manifold M, in a linear space of any dimension greater than #. For this 
case the r+1 “relative index numbers of M, as to M,” are introduced. It is 
shown that they have properties entirely analogous to those of the ordinary 
index numbers. Some relations connecting the two kinds of index numbers 
are also given. l 

Further problems are readily suggested, and these will be discussed in later 
papers. Possibly the most important is that of the “incomplete restricted 
system,” namely: Given n—r-+ k spreads of orders 4,,....,%,—,4, on M, in S, 
which meet in a residual M,_, which has an -M,_,_, in common with M,; what 
are the index numbers of M,_, and of M,_,_, in S, and what are the relative 
index numbers of M,_,_, as to M, and as to M,_,? For k=r we have again 
the problem of $1. An obvious generalization is the problem of the “incom- 
plete relative restricted system.” It appears that if r52- k, the ordinary 
index numbers of M, are not sufficient for the solution and further index 
numbers must be introduced. Closely related to the above inquiry is that as 
to the index numbers of a composite manifold in terms of those of its con- 
stituent manifolds. 

Beginning with the fact that k manifolds in S, of orders Aase e-e, Ay, and 


k ; 
dimensions 7,,...., Tp, where E r; = n(k—1), ordinarily meet in m à; points, 
i i t= 


we may ask what is the reduction in this number due to the fact that the mani- 
folds all contain M,, r<r,. This question can be extended in the same direc- 
tions as the ore originally put, and doubtless leads to the most general one in 
the subject. l l ; 
Some attention will be devoted to the determinetion of the index numbers 
of certain spreads, such as those defined by matrices and those which occur in 
mapping. 
$1. The Index Numbers of a Spread in a Linear Space. 


1. Let M, be a manifold of dimension r in a space S, whose section by an 
arbitrary 9, o-r 0<k<r, is M,. In Speo- let M, be on n—(r—k) spreads 
of dimension n—(r—)—1 and of orders 4,,4,, ...., re which meet 
further in a finite number, O,, of points not on M,. If c, be the sum of the 
products of the A’s, j at a time, on the (k+1)-th mdex miber of M, in 8 
is defined by the formula 


n 


(1): Oy, = On (er) — Ao Ty — Oy Opi — ig Tyg» — raa T, Or, 


in terms of the orders 2, the number O,, and the earlier index numbers a, «,, 


Coste: Restricted Systems of Equations. 169 


..+, @,;, Which are similarly defined by means of sections of M, in S,_,, 
Saarti ++ ey Daere Im particular, a, is the order of M,. The last index 
number, a,, is defined by # spreads of orders 4, in 8, and this particular form . 
of (1): 

(2) Q, = On — Oy F, — 4, 0,_; —G_,0,_2— .... —a,_, 0, —O,; 
and it is convenient to say that 


(3) The r+1 index numbers of M, in S, are the last index numbers of M, 
and its successive linear sections. 


For a given set of index numbers, a,;¢,,...., and a given set of orders, 
Ay, ++++)%,, We shall often use a symbol A, defined by 


(4) Ay = Oy; F aj + Oy, 0;,2+-..- +10 +4,;. 
Then, if o’ and A’ refer only to the orders 4,, ...., An, we have 
(5) 0; = 0; +A,6;-,, A;= A; +,4j_,. 


2. The index numbers defired above are independent of the orders of the 
spreads employed in the definition. This is certainly true of the first index 
number a,, the order of M,, and according to (3) needs to be proved only for 
the last index number «,. Beginning with (2), which we write 0, = 0, — 4,, 
let the order à, of the spread f, be increasec by unity by adding to f, an arbi- 

trary linear spread L which cuts M, in M,_,. Then Of =c, — A,’, where the 
l superscript refers to the new order A,+1 and the possible new index number 
ar. The points Of outside of M, are made up of the points O, and the points 
O, outside of M,_, in L. But Of_,=0o}_,— Aj_,, where the superscript 
refers to the orders a,,...., A, and the index numbers a,....,a,_,. Thus 
Of = 0,40), = 6,—A,+0,_,—A}_, = of —A,—Aj}_,. Hence 4?=A,+Aj_,, 
and we see from (5) that af=a,. By induction tke index numbers are inde- 
pendent of any increase in any of the orders due to the addition of, linear 
spreads. According to Schubert’s principle of the conservation of number, 
they are independent of any possible increase. Since the original orders might 
have been the lowest possible ones, the index numbers are entirely independent 
of the orders. The application of Schubert’s principle here is eminently proper. 
We may regard the spread M, as defined by j,,..-., fa and the exclusion of 
the O, outside points. Then f, L, ...., fas with the exclusion of O7, define M, in 
precisely the same way for our present purpose. To be sure, f,£ has M,_, as 
a locus of double points at least while f, itself may have only simple points on 
M,_,. But this does not affect the number o? outside intersections. For in 
both cases f,,...., f, meet in M, and a residual curve which cuts M, in y points. 

22 


170 Cose: Restricted Systems of Equations. 


To obtain the legitimate number of outside intersections, we have only to choose 
L so that it contains none of these y points. l 

(6) The index numbers of M, in S, do not depend upon the orders of the 
spreads used to define them. They depend only on M, ttseif and the dimension 
in which M, lies. a 

The dependence upon the dimension is given below in (14). 

3. From (6) and (2) we have at once that l 

(7) The order of a restricted system of equations in S, with the common 
solution M, is given by the formula 

O, = 6, — Gy), — Ori — AO, ooo I Aya T IM —a,=0,—A,, 
in which ao, ...., a, are the index imbar of M, in S, and the o’s refer to the. 
orders of the given equations. ; 

Thus if the order of one restricted system for M, itself and for each of its 
successive sections is known and thereby the a’s are determined, then the order 
of any restricted system involving M or any of its linear sections can be ob- 
tained. The first problem in the theory of restricted systems is the deter- 
mination of the index numbers of given spreads. Some theorems relating to 
this will now be derived. 

Let us call M, in S, a complete manifold of excess k if it is the complete 
intersection of n—r-+k (0<k<r) spreads in S,. If, in particular, k=0, M, 
will be called a regular manifold; an ordinary manifold, if it lies in an Sey 
in S,. 

4. Let Hien M, be a complete manifold of excess k defined in S, by spreads 
of orders A,,A,, +++ +) An—rtey Of which à, is the maximum. In (1), 0,=0, 
and a, is determined i terms of the given aiden and the earlier index numbers 
by the formula 0 =C,- — 4r. In S,_,4,4, an additional spread is required 
to determine a,,,. This. can always be taken equal to A, in such a way that 
O,+4,= 0, and for sections of greater dimension further spreads of order A, can 
be used. By repeated application of (4) we can write the equations defining 
the index numbers beyond a,_, as follows, the o’s referring of course to the 
n—r-+k given orders: 

0= On—r-+h [Ah 
0 = Za On—rtk E [2 A, + Ay], 
0 = Honra m DPA + 2M + Antal 


Ce essosesossersoceouesoortr osese eoua o 


0 = Aio,_,44—- [Ay +a tat Gat ne R 


ae im Ait j~ EOLO 
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Multiplying these equations in order, beginning with the last, by the terras. in the 
development of (1—A,)/ and using the formula 


Oe) OC7 oC. 5. _ 
fk OLES 
we get A,,,;—0, if 7>0. Hence the index numbers, beginning with a,, are 
determined by the equations i 


(9) Ar =O,—rtk Agp =, j4=1,2,...., r — k. 
In the case of a regular manifold, k =0 and A, = a, = C„—, is the order d of 
the manifold. Then equations (9) read thus: l 
d=%, ai 
0=a,0,+%, 
0 =a, 6, + 4,0, + a, 


0 = 4,6, + a, Oji + Aa Oja + .... H Aji O + a. 


~ Multiplying these in order, beginning with the last, by 1, —P,, | ee RANEE, 
(—1)/P,, where the P’s are the complete ees polynomials formed from - 
the given orders, and recalling that : 


- (10) 0) — P, 0,1 + Py 0-1 Pas + - a sie = 0, 
we- find that a, =(—1)id P,. a | 
(11) The index numbers a,,...., a, of ‘the complete manifold M, in Ky 


of excess k are determined in terms of the given orders and the earlier index 
numbers by the equations (9) ; those of a regular manifold are a,=(—1)'dP,, 
j==0,...., r, where d is the product, P; the complete symmetric polynomial 
of order j, formed from the orders of the n—r spreads in S, which cut out M,; 
those of an ordinary manifold M,— în D, of order d are a; = (—1)! ait, 
j =0, »n—l. ` l 

In partioalag, if M, is a linear manifold 5 in S,, it is regular, being cut out 
by n—r ordinary linear spreads, and P, reduces to the number of terms in the 
complete symmetric polynomial of sider jm n—r variables, which is known 


to be (S F whence - 
(12) The index numbers of an S,m S, are 


a= (aye), O J50. 
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5. If M, in S, has index numbers a, then x, in an S, containing S, 
has index numbers a’, where 

(13) Gy =O, — Gy, + aje — ag +-... +(—1)% a. 
This is true of aj, the order of M,; let us assume it for aj,....,a;_, and 
prove it for al. If in S, œ, is determined from O0,=o,—A,, in S,4, a, is 
determined by an additional linear spread, the 8, itself, O, being the same as 
before. Hence O,=1-¢,— 4., where in A} o,=06,+06,_,. Thus 

a, ZA a (0, +0,—1) +a; (Grait iag] Fee +a;_1(0,+1) +a, 
or . 

A, = 096, + (+01) 0,3+ (aj+-42)0,2+- -eo + (aatar) at (art a). 
Assuming (13) up to j =r, this determines a., which is of the same form since 
a, +a, ,—=a,. By repeated use of (13) we find that 

(14) If the index numbers of M, in S, are ag... ., ap, the index numbers 
of the same M, in Sapp are 


pti) | (p+2 yi P+I—-1 
ap =a (f)at Jaja”; Jajat. e. +(—1i(? f Jas 
i j=0,1, gr. 
This, nae to an S, in S,, yields through (12) the relation 


E E CECH) + 
HOEY) = (ob tet), 


6. Let M.(a) in S, be cut by the spread F of order q in M,_,(a'). Then 
Go= Qa; let us assume 
a= qa, — to ’ 


(16) G,=Ga,—Qa,+ Gay ? 


y= 0,_»— Pa, +H Para. -+ (—1)772q""* ag; and prove that 
Lo; .=qa,_,—@a,_.+ qa, »—.--- + (—1)"""¢’a. 

Let spreads of orders 4,, ....,4,—, on M, meet outside M, in a curve C whose 
order (from a linear section) is O,_,=9,.,—A4A,_,, the o’s being formed from 
Aqy-++++y;Ay,—1- These »—1 spreads together with F make up n spreads on M,_, 
which meet again in O/_, points outside M,_,, the points where F meets C. 
Hence Ol, = 10,1 = 0, — 4 —ı; Aj_, being formed from the a’’s and o’’s 
which in turn are formed from 2,,....,%,-1,q. Hence A,_,=qA,_, and aj 
is determined by 
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as (0, + Op) + ai (0,1 +H 10,2) +--+ ar (0, +9) + ari 
` =q(a,o,+....+4,_,); 
or i 
a9 0, + (ai + Gao) O, F ore (a F qar) =q (a0, + E ESA): 
Assuming (16) true throughout, this equation is satisfied since then a; + qaj;_, 
=qa,,j=0,1,....,7r—1. Hence 

(17) If M,(a) in S, is cut by a spread of order q in an M,_,,:the index 
_ numbers a' of M,_, in S, are given by (16) in terms of q and the a’s. 

For g=1 we have again the formula (13). If M, is a regular manifold, 
so also is M,_,, and (16) merely expresses that P} = q*’+q*"'P,+....+P,, 
where P; is formed from 2.,,....,A,—;, g and P, from àj, ...., A,—, only. 

7. The theorem (17) can be generalized as follows: 

(18) If MM,(a) and M,(8) in S, meet in an M,.,_,(y), then Ye SoBe 


- Let us prove this provisionally for the case where one of the manifolds, 
say M,(8), is regular, being determined by n—s spreads of orders p, q,. 
Then M,,,-, is the meet of M,(a) and these spreads in order, and the index 
numbers of the successive sections according to (17) are 


Pa; PIX, . eeey 
Pa, — Po, pqa, — rqa (p +d) æ, TE 
Pa — pa + pa, Paa — palp +a) a tpai HPHP) am, oo 


Substituting the index numbers of M,(8) as given by (11), we have the desired 

formula. A.more general statement is: 
(19) If in S, b spreads M,,(a™); M,,(4), ...., M,,(a™) meet in an 

Msn -no-n With index numbers 8, then 6, =EaP oP ....a®, where i +i, + 


. +h =k. 
In (17), (18), (19) we have generalizations cf (11) relating to regular 
manifolds. If in (19) the dimensions r,,...., 7, are all equal to n—1, M (8) 


is a regular M,_,. 

8. , Given M,(a) in S,; let a' be the index numbers of M, doubled, i. e. [M,]?. 
A section of M, by an S,_, is a, points, which are doubled if M, is doubled, and 
account for 2”~"a, intersections, whence aj=2"-"a,. Let us assume that 
ap = 2°-*t*g, for k=0,1,....,*—1 and prove that a, = 2"a,. Let M, be 


determined to within certain outside points by/,,....)f,, of orders A,, ... o) Aps 
and also by g,, ..--,9,, of orders w,,...-,4,. Then [M,]* is determined by - 
fit Gis +++ ey fa Gn to Within O; outside points, or 


= 1 (Aitu) — w o, (à+ Ki) — 0; O,-1 (+u) Tee — a; (efn (àite) —0;. 
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The points 0! arise from any k spreads | f and »—k complementary spreads g, 
whence 


0, = E [Ay Ag ee Ap Uppa os by pT hy py 1 Oi — Al, 
where = refers to the 2" choices of 2,,..--; An, Hr+is +++; Un. Collecting 
the terms in 0}, we find that f 


0, = 1 (A; 4 pa) — 2" a0, (yF pu) — H a, 0, (a H bt) — 
— 21a, 0 (A; + u) — 2" a 
‘Substituting this value in a, and using the assumed values of Carats aos N 
we find a, = 2"a,, whence 
(20) If the index numbers of M, in S, are a, n index numbers of [M,]? 
are Gp eg j =0,1,...., r. i 
- Using an sacitionsl set of spreads h,,....,h, on M, of orders vi, ...., Vas 
and a similar argument, we find the index ners of [M,]%, ete. The result 
is as follows: 
(21) The index numbers of an I-fold M, in S, in terms of those of the 
simple M, are aj = tia. 
9. Let M,(a) in S, be contained siraply on spreads of orders 4,,...., An. 
We ask for the number O, of points outside of M, common to n spreads f,,....,° 
fa of orders l,,....,1,, which contain M, k,,...., k, times respectively. Con- 
sider the n degenerate spreads, l , 
uP uP... uP POO 8 UP oY PEN, 


where u{” is a spread of order 4, containing M, simply, and P% -+A is a 
spread of order l; —k; à; in general position with regard to M,. These degen- 
erate spreads satisfy the conditions of the problem, and from them O, can be 
calculated. We find that - 


R n—i ` n—2 f 
0, =T (li — ki?) + 2 TT (l; hay) len Aq HÈ (li hy) Aai An ni ey 
1 1 1 
-+ “wwe + > i (l; —k,A,) (Anas Ate s... An — a0) Kya krpo eee kn 
r—1 i 
+S TT (l; — hs) (Ar Arpi -ooo Ay Og 0, 1m) hh... Kn 
1° a 
` 7-2 
HEN (1, —h,A,) (0,14, + + e An yg —&, Oy —O_) b,_ hk... ke, 
1 
Hee (AL Ag aan Ay — ao 0, —H, 0,1... —O,) bh... keno 
To divide this by 4,-k,-....-+k, amounts to replacing J, by 7 and dropping 


the other k’s. Then O, takes the form O,, which is obtained from n spreads 
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v®. E 2), v® being of order 4,, 4. e., the number O, obtained from n spreads 


of orders i containing M, simply. Hence - l l 

(22) The number of pointe not on M, (a) in 8, and common to spreads 
EEE f, of orders l, . .. ., ln, which contain M, k,,...., k, times respectively, 
is gwen by the formula l 


O, = [¢, — 000, Oy F,_ 1 Oy 2 — bos Sy] By hewn: Ts 
where the o’s refer to ea ere t . 
1 
If the k’s are all equal, this furnishes the same resili as (21). 
10. In S,, let M; and M; be two non-incident manifolds with index numbers 
.a' and a” respectively, where s<r and r-+s<mn. Let the index numbers of 
the two manifolds considered asa whole be a From their sections we see that 


a, = a; for j=0,1,....,r—s—1. In determining a,_,, we find that O,_, 
is O,_, diminished by. a0, the order of M/, whence a,- =ar, tag. Let us 
assume, i then, that a; =a; + ajg) for j=0, 1,....,7—1, and prove that the for- 


mula holds when j =r also. If to within carte outside points M. is determined 
by spreads f,,.:..,f, of orders 4,,....,4,, and MY by spreads g,,...., 9; 
of orders ti, .--+) Un, then M}:M; is determined by spreads f,-9,,...-, fn’ Gn 
of orders A, +4,,-..-,4,+4, to within O, outside points. These points arise 
from the intersection of the meet of f,,...., fẹ (residual to M, if kS>n—r) 

.and the meet of 9,11, .---, 9, (residual to MY if x—kSn—s). The orders 
of these residual intersections are determined by a proper section, and we find 
that 


P , 1 , 
0, = 5 fA Aa t... Ar — ho Op (n=) — 0; Oy 1 — (n—7) ee EE — Akar} 
n iu n 
7 | retro vee e Hy — Qo OG, 4p Hy Osice T + +e - ia, at, 


the & referring to all possible complementary choices of n 4’s and ws, and the 
o’s in a brace referring to the quantities appearing in the first product of the 
brace. From this value of O, we can find a,. If we suppose that a, = a. ae Qs» 
we have only to verify that O, above and i 


O = 0, (Ag+ ty) — a40, (gt fy) — o o $ hg Capa (u F ua) 

— (as + a0) Oy (Ag+ p) — © + e (Org F A) Oy (Ay H e) — (0 + as) 
are the same. In the first value the terms free of a’ and a” are o, (d; + 4), 
as also in the second. There are no terms in the first expression céntaining 
both an a’ and an a” , Since r+s<n. In each expression an a’ or a” is multi- 
plied by all possible. terms’of a definite simultaneous degree in 4 and u, whence 
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their coefficients must be the same. This identifies the two expressions, and 
the assumed formula for a, is generally true. 

(23) If two non-incident spreads Mi and M? in S,(s<r,r+s <n) have 
index numbers a’ and a” respectively, the two together constitute a manifold 
which has the index numbers a, = a; + €: e-a, 7=90,1,...., 7 

The generalization of (23) to the case of any number of manifolds, no two 
of which have common points, is obvious. The argument used does not apply 
(nor is the result true) in the case where M; and M? have common points, say 
a common M;’, unless M; be doubled, This is due to the nature of the spreads 
used above to determine O,. 

11. Given acurve M, (a) inS,, n—1 spreads of orders 2.,,...., A, on it meet 
in a residual curve M, (8) which cuts M, (a) in M,($) points. From a section 
a +8,=6,—,. A further spread of order / on M,(a) cuts M,(8) in B,1— 9, 
points outside M, (a). This number is given by O, =16,_,—a,(o,+1)—a,. 
Equating the two numbers, we find from the coefticients of Z. that a, + bo =c, 
and 3,=a,0.+a,. The two curves are mutually related, since they constitute 
a regular curve, whence also 3,= 8, c, + 8. The index numbers of the two. 
according to (11) are o,_, and —o,o,_, or 4+, and — (a,+-@,)¢,=a,+8,—2S. 
That these are the index numbers of any two curves M, (a) and M,(@8) with $, 
common points can be proved directly. Let n—1 spreads on the two meet again 
in M,(y)}, which cuts M,(a) in y, points and M,(8) in č, points. If the index 
numbers of the pair M,(a), M,(@) are a, + Bos a, + 81+ Zag, and similarly for 
the other pairs, then we have from the above, regarding each curve in turn as 
residual, the following relations: 


(9 + Bo) o, + a, + 8, + Zag = Mm + Go = Yo01 F Yis 
(Bo + Yo) +B, + 91 + Bey = Cy +3) = a6, +04, 
(Yo + ao) 0, + Yı + a, + Lay = J + % = Boo, + By. 
From the first and the sum of the last two we find that £as = —2%. Hence 
(24) If n—i spreads of orders A,,....,4, on M,{a) in S, meet in a 
edan M (8) which has M,(S) points in common with M, (a), then the index 
numbers B,, B,, 3, are determined from the equations 
ao + By = Cn %O, += = Fo, + B,. 
The index ii of an M,(a) i M, (8) with common M,(S) are a, + 8,,. 
tı +8 — 
a2 a curve M,(a) in S, of order v, genus ~, and rank y (class of the 
` projection) with d apparent double points, let the cones on M,(a) with vertices 
at P, and P, such that P,P, is skew to M,(a} meet in a residual curve M,(8) 
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of order 1?—yv which meets M, (a) in 3, points. These 3, points arise (a) from 
the points where a double generator on P, or P, meets M, (a), i. e., 4d points, 
and (b) from the y points on M,(a) of contact o? planes on P,P,. Thus 
dy =4d+y, where y = 2 (v—1 +7) and d = 4 (v — 1) (x —2)—n. But 
dy = %0, +a =v (2v) +a, whence a, = — 2v —2 (v—1 +x). If also 
M,(a) has 6 actual double points, M, (8) has the same double points, each of 
which counts for two points in 3,, whence 3, = 4(d+6) +y—26, and 
a, = —2v—2(v—1+2+5). Hence 

(25) The index numbers of a curve in 8, of order v, genus x, and rank Y, 
with ò actual double points, are 


Oy =%, a= —2Qv—2(v—14+a43) =—2v—y— 2d; 
i. e., they are the same as those of v lines with v — 1 +- n -+ ò intersections. 

Using these index numbers and (22), we find that 

(26). Three surfaces of orders n, n, ng which contain k, ka, his times 
respectively a space curve of order v and rank y, with ò actual double points, 
meet again in 

N, Ng Ng — V (1, ke, keg + tty kg ky + ng ke, ko) + hy ko ka (2v + y +28) 
points.” 

The index numbers of a curve with a higher singularity do not depend on 
the order of the singularity alone. For example, if the tangents at a triple 
point lie in a plane, the curve behaves at that point like three lines in a plane 
with three intersections, otherwise like two lines meeting a third with two 


> intersections. 


(27) The index numbers in S, ef a curve of order v and genus x, with 
` ò actual double points, are v, —v(n—1) —2(v—1+2+4+9). 

This is certainly true according to (24), if the curve in S,, as in 9}, can 
be replaced by v lines with (» — 1 + x + ô) intersections. It merely raquires 
that the second index number shall increase by v, if the curve is projected into 
the space of next lower dimension. This requirement is satisfied on projection 
from 8, to S,, since the index numbers in S, are », —» [see (11)]. It is 
satisfied also on projection from an S,,, to an S,,,_,, when the curve itself 
lies in an S, [see (13)]. We shall assume provisionally that the requirement 
is satisfied for intermediate projections. 

12. It is clear that the formula (7) for the order of a restricted system 
will in most applications be a rather complicated expression. In order to 











; * Cf. Pascal-Schepp, Repertorium, Vol. II (1902), p. 212. 
23 
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simplify it, cartain numerical relations among the binomial coefficients are 
given here. Most and possibly all of these are known; but for lack of definite 
references proofs of the more complicated relations are indicated. 


EG 
e OCDE EOY 
woe a * * 
e CE O+GD +B) + CT) 
n CICO OGD COD 
RIE): 


This is proved by repeated use of 4° [see (15)]. 


© CEN OO OGE) a G a+ 


c a 
A (c) ‘a: 
This i is prove by repeated use of 3°. 


eC as Glee) 


This follows immediately from 3°. 


= B=CNCEH-OGN)+ NG). 


b—1 
| OCHS), 
This is proved by using 7° repeatedly. 


n OOO QC ae 
£9) GO =G) 
The factor G) can be removed from each term by using 2°. 
0 OEI-OCHY+ OCH). 


ee AEE if b <a. 
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Reduce the upper numbers in Ce); Ce: scat Be means of 6° and 
apply OF L003 et == 1. 


me (CEG Ji ma (P(E 
sD NE 
(AJC E oye 
(RYE omen. HOCH 
(POHO 
EEEE e (HT ee 


In the first expression raise the upper number of the first factor of each 
term by c—b+1, according to 8°. Each term of the result can then be modified 


by 2°. Collecting the coefficients of Guay Gear Seo 


and using the expansion of (s—#)’, the second expression is obtained. If in 
this a+c be reduced by a or more, according to 5°, and the coefficients of 


G) Goa) Ges , +++. be collected, the third expression is obtained. 


13. If point conics in a plane be mapped on the points of an S,, the œ 
repeated lines of the plane are mapped on the points of the Veronese surface, 
Fi. The point conics apolar to a given line conic are mapped on an S, in S,, 
those apolar. to two given line conics on an S,in S;. The latter system con- 
tains the squares of the common lines of the two line conics, whence a, of F} 
is 4. A section of F; by an S, is a quartie curve necessarily rational, since it 
lies in S, or since it is the map of the lines of a line conic. Using (27) for 
v=n=4, t=$=0, we find that 2, =— 18. The point conics which, in line 
form, are apolar to a given point conic map on a quadric which contains Fi. 
Since there is only one proper conic apolar to five given point conics, five such 
quadrics on F; meet in one outside point, whence to determine a, we have the 


equation 1 = 2 — a G 22 — a G) 2—a, or q = 51. 


2 


(28) The index numbers of the Veronese surface F; in S, are 4, —18, 51. 
If (ax)? = (a'w)*=.... be a variable point conic, and (ba)? = (b's)? = 
. be a fixed point conic, then in the discriminant equation of the pencil, 


180. >- O COBLE: Restricted Systems of Equations. 


(aa’ a")? +34 (aa b)? +322 (abb) + 23 (bb b”) =0,7 
(aa' a")? =0 is a cubic spread in S; containing Fi doubly, (aa’b)?=0 is a 
quadric spread containing F; simply, (abb’)?=0 is an S,, while (bb’b”)? 
is a constant. Hence the discriminant of this cukic equation—the tact-invariant 
of the two conics—is in S, a sextic spread containing F; doubly. According 
to (20) the index numbers of F} doubled, are 2°-4, —2'-18, 25-51, and five 
such sextic spreads will meet outside F} in . 
p= 65 — (9) 628-4 $ (7) 6-24-18 — 28-5 = 25-102 = 3264 

points, whence we have the well-known theorem: * 

(29) There are 3264 proper conics which touch five given proper conics. 

14. Let us ask how many proper conics touch a general rational plane 
quintic five times. Conics cut the quintic in sets of ten points determined by 
binary ten-ics apolar to five binary ten-ics. We want, then, the number of 
squared quintics apolar to the five ten-ics exclusive of the œ? quinties deter- 
mined by line sections whose squares obviously satisfy the apolarity conditions. 
Map binary quintics upon the points of an S,, and the line sections will map 
on points of an S. The apolarity condition of the squared quintic and one of 
the five ten-ics represents in S, a quadric whica, contains the S,. The index 
numbers of the S, in S, are 1, —3, 6, whence five quadrics on S, meet outside 


of S, in 0,=28—(9) 2-1 + (7)2:3-6 = 16 points, or 


(30) There are 16 proper conics which touch a general rational plane 
quintic curve jive times.t 

15. A plane curve of order r, f", is determined by 47(7+ 83) constants. 
If it degenerates into an f* and an f*~*, s <r, the two contain only à+ w con- 
stants, where 4=4$s(s+8) and y=4(r—s)(r—s +38), whence to degenerate 
thus is s(r—s) conditions. Given then a linear system of «°C fs, how 
many members of the system degenerate into an f* and an f*~*. The system 
is apolar to A+ u linearly independent curves of class r; i. e., the coefficients of 
its members satisfy A+ 4 apolarity conditions. Map the curves ff upon the 
points of an S,, the curves f’~* upon the points of an S, which lies skew to S, 
in an §8,,,4:. Then a product f*-f"~* can be mapped by any point of the line 
joining the maps of f* and of f*~*. Taking a section by an Sapa, such a line 
or such a prcduct is represented by a point. Conversely, a point in Shpa 








* Pascal-Schepp, Repertorium, Vol. IT (1902), p. 433. 
+ Cf. F. Morley, “The Contact Conics of the Plane Quintie Curve,” Johns Hopkins University 
Circular (1912), Nc. 2. ` 
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represents such a product unless it lies in the section S,_, or the section S,_,, 
in which case f*~* or f* respectively vanishes Ten The apolarity rela- 
tions furnish A+ quadries in S,,, on 8,_, and 8,_ The index numbers of 


Sn, in Sy, are 1, —(*t*), EEN, S E e SYOTA I\. those of 


Sarni -45, wa ...., (—1)"- 5 eas IY: Sin the’ Sica 


and S,_; have no common points, ‘according to (23) their index numbers are 
additive and the 7+ u quadrics meet outside of $,_, and S,_, in 


o=are_| OTH 1 -G9 2. Cc + (282 cade wa 
-+ (—1) GDL Gen) 


[CH Qu-1 An -2, TH+ E(D” Qu-8, — 


Apply 11° to the brackets and they become respectively 


[Geta +--+ E Joma [AH + Eta) +. sean) 
The sum of the two is (+1 *— (ATA), whence O = Cae), 


(831) In a linear system of œ°"®79 plane curves of order r there are 
; C ) which break up into a curve of order s and a curve of order r—s, 


=4s(s +3), w=43(r—s)(r—s+3). 

The same result is obtained at once by the methods of Schubert, if the 
A+ curves of class r be taken as r-fold points. 

16. Given a rational curve of order v in S,, how many S,_,’8 meet it 
a times in u coincident points, A(u—1)=%&? The S,_,’s determine on S, 
k+1 linearly independent binary forms f” which are apolar to v—k forms 9”. 
We want the number of forms in the system f” of the type [g*]*-A’~*-. 
The forms gò map on an S, the forms h’~*—* on an S,_,_, skew to S, inan | 
8,241. Taking a section by an S,,,, gò and h’~*~* are represented by 
points outside the exceptional sections S,_, and J,_,_,-,. Then the »—k 
apolarity conditions give rise in S,_, to v—k spreads of order u—1 which 
contain S,_,_,—1 u times and &,_, once. In S,_, the index numbers of Sy 


are Š T ae Me Saran Ce a Carr N: 
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those of the u-fold S,_,_,_1 are 
A+1 A+2 ose Me T y—k—1 
Api A42 A438 of \e—k—-A-1 k 
eo, we ( 1 i u ( 9 J ianea (=L) u sare: 


Since the two manifolds have no point in common, we have 


= (ety GTD @ + — (329) tpt) 
ree ("9") (u+1)° Gar 5] 
nee i) a aan 
ee a 2) (pij wer y+. 


__y\ye- ka 0. pk y—k—1 
aN Ca 0 > EPO cane l 
Applying 11° to these brackets, they become respectively 


[oats C ea a] 
[ rH) + Gas)et oe H Ca pe oH, 


Hence the sum of the two is (w+1)?-* —w Ce) and O = uò Ca): 


and 


(82). The number of S,,_,’s which meet a rational curve of order v in 8, 
à times in u coincident points, where A(u—1) =k, is w ey ‘ 


The formula furnishes for a rational curve in S, the number of flexes and 
‘double tangents, for a rational curve in S, the number of hyperosculating and 
triple tangent planes, for a rational curve in S, the number of hyperosculating, 
doubly oseulating, and quadruply tangent S,’s, ete. 

The examples given above are drawn from a rather restricted field, since 
we have thus far developed explicitly the index numbers of regular manifolds 


only, or of combinations of them which have no common points. The extension 
of (32) to the case where the points of a section come together in any pre- 


scribed fashion can not yet be derived,” since, if more than two.sets appear, 
the corresponding linear spreads have common points. 


$2. Relative Index Numbers. 


17. Given in S, a manifold M,(a) and a manifold M,_, ih upon it, 
O<ker, then r spreads f,,...., f, of orders A,,...., à, will meet M, (a) in 
‘general in ao points. But if the spreads f, all ailan M,—, (y), we define 








*I am indebted to Professor Morley for the formula which applies to this general case. 
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the relative index number, (ay),-,, of M —ų (y) as to M, (a) in terms of the 
orders 3; and the earlier relative index numbers [which are similarly defined 
for successive sections of M, (a) and M,_,(y)] by the equation 


(83) Orr =00,— (4) 0,- — (AY) 1 Fn — (OY) 2 Ona + (OY) 
where O,_, is the number of points of M,(a) outside of M,_,(yv) cut out by 
the spreads f;, and the o’s refer to the orders à. In particular, (ay), is the 
‘order y, of M,_,(y). We shall now prove that 
(34) The relatwe index numbers of M,_,(y) as to M,(a) are independent | 
of the spreads used to define them, and also of the dimension in which the base 
spread M,(a) lies. The order of 4 LELATIVE RESTRICTED SYSTEM OF EQUATIONS 18 given 
by (33) in terms of the orders of the equations and the relative index numbers. 
For if a, increase to A,-+1 by using the spread f,- L, where L is a general 


&,—1, then, from a section by L, O,_; is increased by 
Orr- = 2o01 — (@Y) 9p — — (ay) 0, r- — eee — (€Y )r—e—1 
where the o’’s refer to 4,,....,%,- But this is precisely the increase on the 


right of (83) due to the change in 4,; ù. e.. (ay),—; is unaltered and is inde- 
pendent of the orders. The same is true of the earlier index numbers. Again, 
i? M,(a) is supposed to lie in an S,_, containing S,, then, in S,,,, spreads of 
tue same orders 4 determine the same ameter O,_, of points of M,(a} outside 
of M,- (y). 5 

Evidently the index numbers a of M,(a) in S,, as defined in $1, are 
merely the relative index numbers of M,(a) as te S. We might define the 
absolute index numbers of M, to be the relative index numbers of M, as to the 
Inear space of lowest dimension in which M, lies, a linear space S, being 
supposed to lie in an S,,,. Thus the absolute index numbers of an S, are 

Tol, ecg C5) oss; k=0, f. 

18. The theorems of §1.can be generalized to a to relative index 
rumbers. The extension of (11) is: 

(35) If M,—,(y) is the regular meet cf M, (a) with spreads of orders 
ls ---., lp, the relative index numbers of M,_,(y) as to M, (a) are 


(ay); = (— 1)’ ao Ty T}, Pe Oe a sway r— k, : 
where v and T are the symmetric and complete symmetric polynomials in 


ar 2 


For further spreads of orders 4,, ...., 4,_, on M,_, (y), the numbers 
O,,..-.,O,_, are all zero. First (@Y)9=% = t Tp; also O,=0 =a, Th M 
— (ay)o (T, +2) — (ay)ı, whence (ay), = —a,%T,. Assume (ay); = 


i—1)’a,%, T, for j = 0, 1, ...., r—k—1, and let the o’s refer to l,, ...., lp. 
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Then 
O,_,=0 =a) T, 0, oS lay) le et Oret + +e. FOr oT] 
— (ey), [Orr + Orge e+. e F Oop 1%] — 
— (ay), ilo tTn) — ays. z 
This equation determines (4Y) 2 It is satisfied when also (a A= 
(—1)*-*¢,7,_,3; for then we find that 
0 =a,%, [o,_,(1— 1) + Og i(— T, +T ea son HaT, —T,) +.. 
RES Tre E Tre E — T, r- Ta H. 1. se (Ly ere. T, )), 
which according to (10) is true. 
The following theorem is the analogue of (17) E is similarly proved: 
(86) If (ay); are the relative index numbers of M,_,(y) as to M,(a), - 
the relative index numbers (ay)j, of M._,_,, the complete meet of M,_.(y) l 
-and a spread of order q, as to M, (u), are 
(ay); =4 (ay); — Play); + Elay). -o HIL lay) o. 
; j=0,1,....,r—k—1. 
‘Let us state without proof that ` . l 
(37) The theorems (18), (19), (20), (21), (22), (23), when generalized 
as above, remain true for the relative index numbers of spreads on an M,. 
19.. The following three theorems are of different type from the foregoing: 
(38) The relative index. numbers of M,_,(y) as to the regular meet M,(a) 
of n—r spreads of orders A,,...., A,-, n Sas in terms of A and the index 
numbers y of M,_.(y) in Sn, are 
(ay); =y; + Yi + Yj + ooe Yo; J=0,1, r—k,. 
where ‘the o’s refer to the Ws. 
Let M,_,(y) and its sections be on as many spreads of orders /,,1,,...., 
in addition to those of crder à, as are necessary to determine them, and let 
the v’s refer to symmetric combinations of the Fs. First (ay), = 9%; then 


0, Sipai =o (01 +7) Y1 = Car Tr41— (AY toti — (a), Whence (ay), = ; a 


¥,+%y9,. Assuming the theorem true for j = 0, 1, ...., r — k — 1, we have 
O,—z = Ons T, Ta: Yo (0,4 + 0,4 —1 Ty T e y + Tp) í 


l — Yi (Orr F Orr Ti H- H doi) Tuae Yr 
= Opr Tr — Ya Fae (Ya H O1 Yo) Tra e 
Tai A a Vr—k—-1 oO; F seee > Yo Opp) 


é = Oar Tr (ay)o Tr—k (ay): Tepe (ay) r 
Hence (a Vice os Yr—k + Yr—z—1 0; +F aca F Ork: l 
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`The generalization of this to the case where the y’s are relative index 
numbers is: 

(39) If (ay), are the relative index numbers of M,_,(y) as to M,(a), 
the relative index numbers (a;y); of M,_,(y) as to M, (t< k), the regular 


_meet of M, (a) and i spreads of orders 24, ...+5 dis all on M,_,(y), are 
(a;¥); — (ay); + (ay) ;-1% + (097) j0 + ee a oe (ay) 51%, =O] vay fH, 
where the o’s refer to ”a,,....,a;. 


The following theorem generalizes the notion of a linear section: 

(40) If (ay), are the relative index numbers of M,_,(y) as to M,(a), 
and if M,(a) and M,_,(y) be cut by a spread of order q in M,_, and M,_,_, 
respectively, then the relative index numbers of M,_,_, as to M,_, are 

(ay); =aQ(ay),, 7=0,1,....,7—-h—-1. 

This is proved by finding from (36) the relative index numbers of M,_,_, 
as to M,‘a) and then using (39) to get the required relative index nurabers. 

The theorem (14) of $1 can be generalized as follows: 

(41) Given an M,(a) which contains on M,—; (B) which contains an 
M,_4(y), k >j; then i 


Belay): = (a8) (By): + (48), (Br) t- -- -+ (0B): (8y)o +=0,1,....,7r—k, 
provided either M,—;(8) is a regular meet of M,(a), or M,_,(y) is a regular 
meet of M,_;(@). l 
-. For in the first case we can solve the formule given in (39) for {ay}, in 
terms of (a;y), = (y), and substitute the known relative index numbers 
(a 8),. In the second case (36) can be repeatedly applied, and the known 
relative index numbers (@y), can be substituted. 
That the provisos in (41) are essential is shown by the following example: 


On M,(a) =S; let us define the M,_;=M,(@) by the matrix 123 = F ai =0, 
12273 


waere the variables represent general linear forms in S;. On M,_;(@) let us 
define M,_,(y) = M, (y) by s, =y, =23 =0. Neither M, (8) nor M, (y) is 
regular in the sense of (41), and the formulæ of (41) do not hold. In fact the 
index numbers (aĝ), are the index numbers 8, in S;. For ĝ, we have in S, 
two conics, 12 =0, 13 =0, on the outside point s, =y, =0, whence 8 =3. InS,, 
S, and S,, M,(8) is a complete spread determined by quadrics, whence 8, = —10, 
b: = 24, B= —-48. Evidently y,=2. In S,, t, =y, =0 are two S,’s on M,(y) 
which meet M, (8) only where 28 = 0, i. e., in no points outside M, (y), whence 
0=3-1-1—(1+1)2—(6y),, or (By), =—1. In S, M,(y) isa conic, so that 
24 
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its index numbers are (ay),—2, (ay),=—8. Thus we have y,=(ay),=2, 
(ay); =— 8, B = (aß) =3, (48), = —10, (By), =—1. The equation 
Bo (ay)o = (48), (By), of course is true, but 6, (ay), = (a8), (By), + 
(a8), (Gy), is not true. 

On the other hand, theorem (18), which has thus far been proved only for 
the case where at least one manifold is regular, holds in the following example, 





where neither is regular. In 9, let M,(a) be defined by 123 == 7 i J 
172 93 
and M,(8) by 123’ = re Te = 0, the variables representing S,’s in general 








position. They meet in a curve M,(y) whose index numbers, according to (18), 
are Yo = a, 8, = 9 and y, =a, 8, + a, a = — 60. To verify this, note that the 
two quadrics 12 =0 and 13 =0 meet in M,(a) and the S,, 2, =y, = 0; also 
that 12’=0 and 13’=0 meet in M,(@) and the S,, 2,=t,=0. The four 
quadrics meet in a composite curve whose index numbers are 16, —16- 8, 
This composite curve has the four parts: 

(a) 123 =0, 123’=0, with index numbers y,=9, y,; 

(b) 123 =0, 2,=%,—0, with index numbers 3, —16; 

(e) #,=y,—0, 123’=0, with index numbers 3, —16; 

(da) x =y =0, 2, =t,=0, with index numbers 1, —4. 
But the pairs (a), (b) and (a), (c) each have six common points; the pairs 
(b), (d) and (c), (d) each have two common points; while the pairs (a), (d) 
and (b), (e) have no common points. Hence the index numbers of the four, 
according to (24), are 16, (y, — 16 — 16 —4—2-16). Comparing these with 
16, —16-8, we find that y, = — 60, which verifies the theorem. 

These examples emphasize the fact that considerable caution must be used 

in accepting as general theorems which have been proved only for the cases 
where some or all of the manifolds concerned are regular. 
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The Canonical Types of Nets of Modular Conics. 


By Assert Harris WInson. 


INTRODUCTION. 


1. In this paper is.treated the following problem. Given three ternary 
quadratic forms, 


O= atit ht ti tbt hht fitte,  (i=1, 2,3), (1) 
belonging to the GF'(p") ; it is proposed to reduce the net of forms . 
R=20,+yC,+2C, (2) 


(x, y, z likewise in the GF'(p") ), to canonical types by means of linear transfor- 
mations operated simultaneously on the ¢;, on the one hand, and on the g, y, z, 
on the other. The ?, will be referred to as the variables, and the a, y, z as the 
parameters; and a transformation of these latter (which replaces any C by a 
linear combination of the C;), as a parameter change. By canonical types is 
to be understood what is usually implied by that term in algebra; namely, types 
equivalent in the aggregate, under the transformations mentioned, to the nets 
(2), and which contain the minimum number of arbitrary constants, such con- 
stants as do appear being invariants of the net. 

The analogous problem for the ordinary EE field has been 
completely solved by Jordan.* In-this field the vanishing points of the C; are 
curves of the second order, and the discriminant of the net is a cubic curve, the 
locus of the points (a, y, z) for which the quadratic R(t,, ¢,, t,)=0 is degen- 
erate. The treatment is based upon the invariant theory and the geometric 
properties of the cubic, and the canonical forms are derived in an elegant man- 
ner. They are sixteen in number, classified by the mutual relations of the three 
curves C,=0 and the form of the discriminant. _ 

In the finite field the analogy of geometry may still be useful. The van- 
ishing points of the quadratics are conics in the Veblen-Bussey finite geometry,t 





* C. Jordan, “ Réduction d’un réseau de formes quadratiques ou bilineares,” Journal de Mathéma- 
tiques (1906), 7. 

f Veblen-Bussey, “ Finite Projective Geometries,” Transactions of the American Mathematical 
Society, Vol, VII; 1906. 
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and those of the discriminant of the net a cubic curve. Unquestionably the 
most advantageous method of attacking the problem would be the usual one of 
a classification based upon the discriminant; but the theory of the cubic curve - 
and its invariants in finite geometry is at present in so undeveloped a state 
that little progress could be made with it. Under the circumstances it has 
seemed best to make use of the following purely algebraical method, though 
aid is at times derived from geometrical intuition, and frequently geometrical 
nomenclature is employed. 

2. Analysis of the Problem. The net (2),R=aC,+yC,+eC,, regarded as ` 
a quadratic in t, tz, tg, R=@ tit 2a ob ty Qata t+ 2A,gb bg + 2Apgtot, t ats, has for 
its discriminant 

Ay, Ay aig 
D=| an aa Oyl, 
! Az, Qaz Ogg ; 
a ternary cubic form in v, y and z. The discussion of the net may be sepa- 
rated into parts according to the rank of the determinant D. 

In the first place, the case of the identical vanishing of D (for all values 
of x, y and 2) may be excluded, as this would mean that the ternary quadratic 
R(t, t,, t) was reducible to a binary form. Also the case where the quad- 
raties C, are not linearly indepandent may be set aside, for then the net degen- 
erates into a family of two forms, or into a single form. The determinant 
may then be of rank 1, 2 or 3, meaning by this of minimum rank 1, 2 or 3 for 
any values of v, y, z notall zero; and it is on this basis of division that the 
problem is discussed in what follows. 

D is of rank 1. Values of a, y, z exist (always excluding v=y=z=0) for 
which the first minors of D vanish simultaneously. In this case the net con- 
tains a unary form; and conversely, values of v, y, which make R a unary 
form will cause all the first minors to vanish. 

D is of rank 2. Values of v, y, 2 exist which will make D vanish, but no 
values exist which will cause all the first minors to vanish. In this case the 
net contains a binary form, but no unary form; the converse of this statement 
is likewise true. i 

D is of rank 3. No values of æ, y, zg exist for which D vanishes. The net 
in this case contains neither a binary nor a unary form. The existence of this 
net is in itself remarkable and occurs only when the coefficients of R are sub- 
jected to narrow conditions.” ; 





* The discriminant cubic is the locus of the points (a, y, z) for which the corresponding conic degen- 
erates into two lines or into a double line.. The above classification of the discriminant is then a classifi- 
cation of the nets into those which contain (i), degenerate conies which are double lines; (ii), degenerate- 
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Part I. Tse DISCRIMINANT or THE Net is or Rank 1. 


` 83. Separation of the Cases. There is by hypothesis a unary form in the 
` net, and we may. set C =t}. Then by a parameter change, subtracting C, from 
C, and C,, 


C= att btt tett dtt tett, C= atit btta Hetit d hti tett." 


One of the following three cases must exist: 

(a) No one of the terms #3, t,t,, t4 appears either in C, or C,. 

(b) One or more of the terms t, ¢,t,, t2 appears in one form of the net, 
but not in the others. 

(c) The terms #3, tt, tg appear in both forms, C, and C,, in such a way 
that this case is not reducible to (b). l 

4. In the first of the hypotheses, (a), writing the forms C,, C,,C;, in 
order, to indicate the net, we have ti, at,t,+bt,t,, a’t,t,+b’t,t,, which is 
obviously readily reduced in all cases to 


LE- 28 - Sti he; (4) 
5. In the second of the hypotheses, (b), of § 3, the net is 
ti, att,+bi,t,, f+d'tt,+e'tt,, (5) 


where f represents the binary quadratic a’'t}+b’'t,t,+c't3. f may be trans- 
formed, without affecting the forms of C, or C,, into one of the following: 
ti, 22, t+ ti, or tit vti, where v represents a particular not-square.{ The last 
two forms are usually treated together and written t+ mt2?, where m=1 or v. 





conics-not double lines; and (iii), no degenerate conics. Imaginary points are not considered in this paper. 
p+ ))n—] 
in a linear space, Sx. The linear system of conics are in one-to-one correspondence with the points of an 
S,. The number of nets of conics is the number of planes (878s) in Ss. A plane is determined by a 
P; (Ps—Po) (Ps—P;) 
1:2:3 


The number of nets of conics can be gotten as follows: Let P= be the number of points 


proper triangle. Such a triangle can be chosen in ways in Ss; the first point in P, ways, 


tae secon point (any point except the first) in P,—P, ways, and the third point (any point except 
taose on the join of the first two) in P,—P, ways. But the same plane is determined by any triangle in it. 
Pz (Px—Po) (P2—Pi) Ps(Ps—Po) (PeP) 

1+2:3 P: (Pa— Po) (PoP) 





In a plane there are preper triangles. Hence there are planes in S, 


or nets of conics in S,. 

*In the processes of reduction the letters representing the coefficients are usually repeated, even 
though they are in the course of the transformation replaced by combinations of the coefficients; for only 
the types are sought. Only when special values (such as 0) may arise, which affect the validity of the 
rasults, is it necessary to attend to the actual values of the coefficients. 

t With these same numerals the nets are listed in a final summary. 

t Dickson, “ Linear Groups,” §§ 168, 169. The process of transformation of at,?-+bt,t,-+et,? by which 
the term ft, is eliminated [i. ¢., by tet, —bt; / (2a), t,=t,', t==t,’] we may call, for brevity, completing 
the square on the terms at,?+-bt,. 
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Let f=#3 in (5). Completing the square in C, and making an easy param- 
eter change, we have t$, at,t,+bt,t,, (j+0’'t,t,. If here b’=0, there results by 
ts=at,+bi, (as bÆ0) the single net 


IV. #8, R, 2h. (6) 
If b’+:0 and b=0, by t,=b'th, t,=b't!, 
Tl. B, 2th, 224+28%. (7) 


Tf b' £0 and b £0, we have, on multiplying the variables ¢, and t, by b’, t, at,t, 
+t, t+ tt; and by the transformation h=ti, t=t, + ati/2, t,==tj3—aty— 
a?t;/2, followed by parameter changes, this net becomes #2, t3, 2¢,t,, which is IV. 

Let f=t,t, in (5). If b=0, the second form C, becomes tt; if bÆ0, then, 
by the transformation t,t), t,==t3, bt,=t,—alt;, Ca becomes t,t,. In any case 
t,t, may be canceled from C,, and we have tî, tits, tata + Ctt. If e’=0, directly, 
or, if e 0, by t,=t,+¢'t,, this becomes 


V. #3, 2t, ht. (8) 


Let f=t}+ mt? in (5). Completing the square on t+ ett, and mti+d’t,ts 
in C}, and making parameter changes, there results t{, at,t,+-bt,t,, t+ mti. 
We may here assume that a0; for if a=0, then by interchanging t, and t, the 
term #,t, is restored in C,. Set, then,c=1. By the transformation t,=¢;, 
t ,=to— bts, t,=t3-+bt,/m, provided the determinant 1+ b?/m does not vanish, 
the net becomes 

VIL t, «Otte, +m. (9) 


If, on the other hand, the determinant 1+b?/m of the transformation just used 
does vanish, multiply t by —b: t$, tta + mb t, ta— mti, which by t= (tat t) / 2 
t= (t,—ts) /2m becomes t$, 2t,t,, 2f,t,, a net already enumerated as V. 

6. In the third of the hypotheses, (c), of § 3, the net is written 


ti, atat btt Hotit ditet etts, Itat Vtt Hotit ditte tts. 


Obviously one square term must be present in C, or C,, and this may, without 
essential restriction, be taken to be tin C,. If the square be completed on the 
terms -ati + bit, of C,, and t} be canceled from C,, there results 


E, ttctitdtttett,, btt titititi tett. (10) 
If b'=0, (10) becomes 


#2, t4dtt,tett,, t+d'ttpte'tt, (11) 
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(as 4% must be present in C, by hypothesis). If b'#0 in (10), then, by 
b’t,+-c't,=t, afterwards canceling the resulting t,t, from C,, the net is 
B, Vict itett,, th+dittets,. (12) 
If c=0 in (12), by =t, t =t, —dt;/2, tg=t;—d'ti, the net reduces 
readily to i ' ` 
E, itetit, tat ett. : (13) 
If in (13) e=0, 
2, 2, bhhteth. (14) 
If in (18) e¥Æ0=2 (say), - 
E, PROS tee ke: (15) 
If in (14) e’=0, the net is tt, ti, tata, which is seen to be equivalent to IV by 
interchanging t, and ¢,. If in (14) e’¢0=—1 (say), there results 
| VI. th, #8, 2 tty +e yh). (16) 
The net (15) for e’—f0=1 (say) is equivalent to the same net for e’=0, i. e., 
ti, tat Qhyty, 2 (tata ttita) to t'i, t+ Qtity, 2tat3, by the transformation t =—94;, 
t,=3 (titt), t,=2t,+t,—1t;, with non-vanishing determinant, 
IX. t, 2ta, #+2t,2,. (17) 


In this reduction it is assumed that p#3. 

If in (12) c= a square (not 0), then, on multiplying t, by the square root 
of c, the form C, becomes 13+ #3+dt,t,+et,t,. By Cy=C,+2C,, followed by 
t, = t+ t3, tz=t,—t3, and a parameter change, the net (11) is again obtained. 

If finally, in (12), ¢ is a not-square, set it equal to a particular not-square 
v; there remain for further reduction the nets (11) and 


2, B+vtf+di,t,tett,, tai tliti tett. (18) 
In (11) complete the square on ¢{+-dt,t, in C, and on t3-+-e’t,t, in C}, and get 
#, ttet, t+d’t,t,. i (19) 
If in (19) e=d'=0, we have | 
III. ti, ti, ta (20) 
Tf in (19) e=0, d' 0, or e £0, d'=0, by obvious changes we have 
E, t, +24. (21) 


Tf in (19) e¥0, d £0, multiply t, by 2/e and get 
i, Bth, tt3phtas i (22) 
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where p is a parameter, arbitrary, except not 0. 


In (18) the squares may be completed to eliminate the terms t,t, and t,t, 
in C,, giving 


B, tei?) ted td, ei dy: (23) 
If in (23) d’=e’=0, there results 
l l VIII. Ty tats, tatotz. - (24) 
If in (23) d’=20, e’ 0, or d’' 0, e’=0, 
X. th, Q(tyte— tt), Htet. (25) 
If in (23) d’=£0, e’=£0, then, multiplying t, by @’ and t, by e’, we have finally 
| XL 8, W(tyty btety t+ tet), t+ at?, (26) 


where a is an arbitrary parameter not equal to zero. 

7. Two of the nets just obtained and not listed by the Roman numerals, 
namely, (21) and (22), may now be included under the net XI (26). 

In the first place, for a=1 in (26°, by C;,=C,+C,+C,, the net may be 
„written t, (tittat t)? +73; and this, by h=, t=— tit tits, t=t3, 
reduces to t3, t3, ¢?-+¢3+2¢3—2t,t,-+2t,t,—2t,t,. Cancel t{, t3, and eliminate 
t,t, and t,t; by completing the square, and there results ¢{, t3, t3-+2t,t,, which 
is (21). 

Again, the net (22) may be included under XI (26) for a = a square = 
1+k 


k, #1. In fact, if h is chosen so that hi =p ——~ = 


(which for every p is possible 


unless p"=3), the substitution 


viele 


oat, gant thy LE Ltky | 14k, 


“Ohk 2k A 


will transform tł, 2(¢,t.+¢,t,+t,¢,), and ¢{+4°# into members of the net 
otit y (ti + 2t,t,) +-2(t3+2pt,t,). l 

8. Independence of the Nets. It rəmains to determine whether the nets 
just found are independent of each other; that is, incapable of being trans- 
formed, one into the other, by linear transformations of the variables or the 
parameters. Many of the questions of equivalence are answered by an exam- 
ination of the invariants of the nets, The rank of the determinant shows the 
independence, as classes, of the three classes of nets which are separately 
examined in this paper;-no net which contains a unary form can be equivalent 
to a net which contains no unary form. The numerical invariants, the number 


ts, h=ti— tat Soa 
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o? the unary forms and the number of the binary forms, will in many cases serve 
to distinguish the nets. Further, the form of the discriminant D (x, y, 2), which 
ie multiplied in the transformation on the t, by the square of the determinant 
of transformation, will aid in answering the question. 

9. As an illustration of the method of reckoning these invariants, con- 
sider the case of the net XI, xt{+2y(t,t,+t,t,+t.t,) +2(tj+at3). 


T Y Y 
D=jy z2 y|=2y%— (a+ 1)yzr—sy +H ase. 
y Y xg 


For D=0, (Y—az)s=2y— (a—1)y’z. In the case a=1, the discriminant is 
factorable, and this case shculd be treated separately; however, here, by § 7, 
the net is equivalent to the simpler one t}, t3, t3+2t,t,, of which it is readily 
determined that the number of binary forms, B,=2i p”—1)?, and the number of 
unary forms, U,=2(p"—1). Excluding the case a=1, distinguish further the 
cases @ = a square = k? (not 0), anda = a not-square. 

a=k?, If y=z2=0, the determinant vanishes for v arbitrary, only not 0; 
i. e. for p"—1 values. If y and z are arbitrary, only not y=z=0, there are 
p*—1 sets of values; but from these must be deducted the number of sets for 
which the multiplier of œ also vanishes (except y=z=0); for ihese will not 
cause D to vanish unlessa=1. These latter sets given by y= + kz are 2(p"—1) 
in number. The total number of vanishing sets is then. p?—1-+p*—1— 
2(p"—1)=p"(p"—1). To find how many of these are unary forms, consider 
the first minors of the discriminant: xz—y’, y(x—y), y(y—z2), axre—y’, 
y(aze—y), a—y’®. Asal, these vanish together only for y=z=0; i. e., for 
. p*—1 sets of values of v, u, and z. Hence, finally, B=p"(p"—1)—(p*—1) 
= (p"—1)*, U=p"—l. 

a = anot-square. : The multiplier of a can not be made to vanish except 
for y=2=0, for which, for w arbitrary (noz 0), the discriminant vanishes. 
Further, as in the case of a=k*. The number of vanishing sets for D is then 
p+ p"—2, or B= (p*+1) (p"—1), V=p"—1. 

10. By an examination of the character of the discriminant and the nu- 
merical invariants, all questions of equivalence are answered except the follow- 
ing: IV may be equivalent to VI, and X may be equivalent to XI tog a=. 
(See pp. 208, 209 for table of nets.) 

If IV is equivalent to VI, then each of the forms #3, t3, t,t, must go into 
one of the type xti-+2y(t,t,+tt,) +2: by a transformation t,=at;, t,=bty | 
t =c tit Catat Cta, or else i =at, te=bti, t,=¢,t;+e,+6t3. By these tt 


o 
“a 
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becomes a (ct? -+ Catita + Catit) Or a(¢,t,t,-+¢.t3+¢t.t,) ; but neither of these is of 
the required type. 
11. Equivalence of the Nets X and XI fora = a noti-square v. If p= 
4k—I1, 2. e., if —1 is a not-square, set v=—1. Then the. transformation 
h=—26, t= 24+, =t t 
will take each form of X into XT; 1.-e., ti, tit + tt, and 244 into 
Xt + 2Y (titat tits + hats) + Z (t3 t3). 
If p"=4k+1 (—1 a square), the equivalence of the two nets is conditional. 
As an example of discussions of this kind, this case is treated in detail. _ 
The net #0,+yC,+2C, is equivalent to XC\+ ¥C,4+ZC; if C,, C,, and C, 
are severally capable of being transformed into forms of the type XC}+YC, 
+2ZC;. The form tj must go into the form at}, as there is but one (essential) 


unary form in each of the nets. Hence the reduction is effected, if at all, by a 
transformation of the form 


iat, t=bt tbati tbt, t=otit otit oti, (27) 


of determinant a(b,c,—b,c,). By this the three forms of XI must be trans- 
formed into forms of the type X. Substituting in the last two forms of XI, 
and equating coefficients with those of X, we have the two sets of equations: 


2 (abj-+a0,+b,)=%, bt od=X, 
2b,¢,=Z, B+vuGg=Z', 
2b,¢,=vZ, btva=vZ’, 

a(b, +c) +6,¢,+6,¢,=0, b,b,+0¢,¢,==0, 
a(b +6) +-6,¢,+6,¢,=Y, bibs + ve,c5=Y", 
b,c, + b6 =Y, b,b,+v6,¢,=Y'. 


From the second and third of each set Z may be eliminated, and from the fifth 
and sixth Y, giving, 


(A) b3¢,—v6,¢,=0, (B,) vb}—b3+v°e}—vej=0, 
(A,) a(d,+¢,) +-b,¢,+ b,¢,=0, (Ba) biba tvec =0, 
(Az) a(b; tcs) +b (c; — 63) +6 (b,—b,) =0, (Bz) b, (bi—b:) + ve (¢,—e,) =0. 


It is readily seen that none of the letters can be 0. Setting from (A,): 
b,=1b,, ve,=c,/l, (1560), there results from (B,) lb,=c,, or ib,=—e,. Sup- 
posing first lb =c, we have /b,=c,—b,=lve,; and substituting successively in 
the remaining equations, (A,), (A,), (B2), (B,), we find all the coefficients ex- 
_ .pressed in terms of a, as follows: l 
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lb,=—(1+vi)a, b,=lb,, b,(1—Pv)=2Ib,, s 
c =tb,, ve=bz, ¢,(1—Pv) =—20Pb,, (28) 
which will effect the transformation in question, provided ` 
By? + 3P?y+3lv+1=0. (29) 


As p°=4k+1, vÆ —1, 14w £0, 1—l’v £0, the last expression is, to within 
a non-vanishing factor, the discriminant of the transformation. 


Similarly, from the second hypothesis, /b,——c,, there are derived: 
21b,= (1—vl) a, b, =1b,, (1—Pv) b,=21b,, m 
c4= —Ib,, vo=—b,  (1—Pv)¢,=2%%b,, oe) 
provided 
8 3]4 4+-3lu—1—0. (81) 


If either of the equations (29), (31) is reducible, the other is also. Now the 
conditions for the irreducibility of equations in Galois fields has been fully 
discussed by Professor Dickson,* and, in particular, the following result ob- 
tained: The necessary and sufficient conditions that the cubic z*°-+bx%+c=0 be 
irreducible, are 


(1)  —4b—27¢ = a square #0, say 81m?, (32) 

(2) : (—c-+-mV—S) = a not-cube for field [GF (p"), V—3]. (33) 
Multiply the roots of (29) by v and write 1—1 for i, and it takes the following 
form: 43(v—1)l—2(v—1)=0. The conditions for irreducibility are now 

(1) —108 (v—1}2—108 (v—1)*=&1m?, | 

(2) 5 [20@—1) +-mV—3]= a not-cube in [GF (p"), V—3]. | pa 
The first condition requires that 3 be a not-square (as p"=4k+1}; hence 
p°=12k+5. Take v=—3, then m=8, and the second condition requires that 


4(—1+V—3), or equally, thats (—1+V—8}, shall be a not-cube. This latter 


number is o, a-cube root of 1. If now «=°, then a'=7°=1, where $1, 
r in GF (p™). Hence 9 is a factor of p”—1; but as pp—1=1 (mod. è), it fol- 
lows that p"+1==0 (mod. 9). From p?=12%-+5 follows then k=1 (mod. 3). 





* Bulletin of the American Mathematical Society, October, 1906. 
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_ Hence the equation u+ 3v +8lv+1=0 is reducible, and the net X equiva- 
lent to XI, except for p*=364+17; and it results from ecuations (A,), . 
(B,) that in this latter case the nets are not equivalent. 


..3 


Part II. Tue DISCRIMINANT or THE Net is oF Rank 2. 
12. Separation of the Cases. There is by hypothesis a binary form in the 
net, but no unary form; hence we may set l 


C,=—ti+mt?, (m=1 or v, a particular not-square), 
C,=at}+ btt, + ct,t,+dt,t,— ets, (35) 
CHA BLD th tett +d tai tet, 


canceling t3 from C, and C}. Under any circumstances we may take e=0. 
Tf also e’=0, cancel t,t, from C, and write the net: 


tmi, at?-+btytp-tott,, a'2+'tyt,+C'tty t+ d'tt. (36) 


If e’=£0 in (35) the square may be completed to eliminate from C, the terms 
‘tt, and tt, and the net be written: i . 


H+mii, at+btttetttdtyt,, CHV +H. (37) 


13. In the net (36) distinguish the cases c=0, c0. If c=0, then b Æ0; 
otherwise a unary is present. Setting b=1, and canceling t,t, from Cz: ` 


itm, ati tit, a't? et tat d tata. (38) 
Tf c’0, then, by #j—at,+bt,+ct,, and canceling t,t, from Cj: 
Bpm. tt, CEt td tf. (89) 
The net (38), by t¿=at;+t, and parameter change, becomes l 
pmi, th, a'titeltjty+d'tyt,. (40) 


Since c’ and d’ are not both 0 in (40), say c’ #0 =1, set t;=a't,+1,, and the net 
becomes ¢?-+ mid, titz, hita +d tt; or, if d £0, titfi, tits, ttet tts, on multi- 
plying t, by d’. Write f=r? or f=r% according as f is a square or a not- 
r 
f 

XIL Hituts, 2tt,, zt. _ .  {41) 
The transformation is inadmissible if f=1; but in this case, by adding 2C, to C,, 
a unary results. If d’=0 in (40), net XII is reached directly. 0 2 


In the net (39) d’=0 readily reduces to (41); set d’=1. For a’=b'=0 
there results 


square; the net is brought, by the substitution t =tir+ tz, te= — zti — tg, t,=13, 


into the form 


XII. = #2-+-mt2, 2t,t,, tat. (42) 
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If b'Æ0, multiplying t by b’: 

“XIV. Bym, 2At, GH+2tt,+2t,¢,, (B arbitrary). (43) 
If «0, b’=0, the net is ii— mti, ttz, ati+t,t,. By C,—aC,=C;, followed by 
tz=—amty: Bmt, tt, t.(4+4). By Ratti: B+ mil, titat tit tt. 
Interchanging ¢, and ¢, and multiplying C,, there results: t{+-m#§, tity, titat totz, 
which is XIV for B=0. 

‘14. If in net (37) c=d=C, then b=£0, and saline t;=at,+bt,, we have, 
on canceling tt, from the resulting C, and C,, Eft, t it, @ a’t?-+t2. As above, 
f may be reduced to v, and multiplying t; by Va’ if a’ is a square, and by bif 
a’ =vb?, the net becomes l l 

XV.  B4ot, hh, etm. (44) 


If c and d are not both 0 in the net (37), we may take cO and set c=1. 
Then, by the transformatior 


+ : ah d , å 5 
ty Hdi, ame Tte tg=t,, (45) 
2 
if the determinant +10, the net takes the form 


fmt}, ati+bhi tits. aD t+. 
By t,=at,+t,, followed by a parameter- change, we have 
l itmi, Uttetht, Ev tt. © (46) 


To reduce this, certain values. of the coefficients must i excepted. . For 
b=b’=0, the net is easily seen to reduce to XV. For b=0, b'Æ0, we may 
write t;=b"ts, where b’=m'b"’, (m’=1 or v), and we obtain 


Bim, tty, a +2m'tt tt; 
and finally, setting m’t,—t;, the net becomes 
XVL AH, tt, 782+ 288,408, | (47) 
l a= 1, v, v, or v; y renner): 
In (46), for b0 set t,=bt; and cancel ht from Ce tml, | i,t, ens 
a’'t?+U’tt,+t2. In this complete the square to eliminate t,t, from C,, and 
obtain 
XVIL  ef-+omtz, 6¢34+2t,2,12¢,t,, etf+t3, (48) 
an (ô, £ arbitrary, except e0). - 
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15. There remains to be considered, from the net (37), the case where 
the determinant of the transformation (46), Ë Ji vanishes. For this case 


ge. (titta), t =z L i—i), and easy parameter changes, give t,t,, at? bt? 


+t,t,, a'ti+b’ 448; ; and this, by t3=at,+t,, becomes 
tit, bé2+t,t,, a't?+b't2+22. (49) 

If in (49) bÆ0, we obtain, on multiplying t, and t, by suitably chosen 

constants, 
ite, ttit at?+202+22,  (A=0, 1, or v). 
If 2=0, permute t, and é,, and multiply these letters to reduce the net to 
tmi, hi, BHMhh, 

which is XVI for y=0. If AÆ0, by Cs=C,—AC,, and then completing the 
square on ¢3—At,f, in Cy, we have ¢2?+-at?, titz, Att tt,+é 3. Permute here 
t, and t,, multiply these letters by suitably chosen constants, and get 


titmts, tty, pët 2m tt tti, 
which is XVI 
If in (4 9) b=0, by obvious changes the net becomes 


tta, tytg, AHNT, (à, =D, 1, or v). (50) 
A=’ =0 is excluded; otherwise C, is a unary form. à=0 gives XIII. x =0 
gives XIIL. A= =1 or v, gives, by C3=20, +C, t,t,, titg, (titt) + mti; this, 
by ta=t +t, permuting t, and ¢, in the result, and eliminating tat, becomes 
ttm, ttetit mt?+t2, 
which is included in XVII. aA=1,a’=v is equivalent to #2-+t2-+0t2, tits, tyty- 
By Ci1=20, +01, t:=t,+#,, and an interchange of t, and ż in the result: 
tit ota, tita, t3ttets, 
which is XVI for y=0. A=v, X =1, gives l 
vtittatt3, tt, tts; 
this net is equivalent to XVII for 6=0, e=m=1 by the transformation 
t=bgti—beti, ta=ti tbati tbati, t= ti—b,ti—b,tt, 
where v(03+63) =1, applied to XVII. 
16. Independence of the Nets of Part II. To use the discriminant to its 
full value in separating the nets, we examine for what cases the discriminants 
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of XIV, XVI, and XVII are factorable. To illustrate the method, the details 
are given for the case of XIV. 
E D=2y2+ may—e(v—Bz). Set y=ræ+sz in this and simplify. D be- 
comes 
mrss + mrsa + (2r—1 +m?) ve? + (2s—8) 2. 


In order that this vanish identically, r=0, s = ~ 8 = 26s then m=1, s= +1, 


B= =2; and for this value cf 8, y +z is a factor of D= (y +2) (22 -+y F 22). 
There is evidently no factor free of y. 

Examining similarly the discriminant of XVI, we find that it is never 
factorable. , 

The discriminant of XVII, D=ma’z—may’+ mexe?+ mbaye—y’z, is found 


by the above method to have a factor in case =0, e= = ; in fact, for these values 


D=(xe—y’) (ma+z). The number of binary forms in this case is 2p"(p*—1) 
or 2(p"+1) (p"—1), according as —m is a square or a not-square, This num- 
ber is the same as that for XV, but the twe nets may be shown to be distinct 
by the method of § 11. 

The number of binary forms is calculated asin § 9. For nets XVI and 
XVII this number appears to be so difficult to calculate, that it seems best to 
take up the question of their independence from ancther-point of view. There 
are, of course, no unary forins in these nets. 

It is seen at once that XII, XIII, XIV, and XV are independent of each 
other even for the factorable case of the discriminant of XIV. Moreover, XII, 
XII, and XIV are independent of XVI and XVII. This leaves for examina- 
tion the relations between tke nets XIV, XVI, and XVII. 

17. Relations between XIV and XVI. To examine this we proceed to 
attempt the transformaticn of the discriminant of one into that of the other 
multiplied by a square. Tc this end a device is used which depends on the 
following lemma: * 

Lemma. If a ternary cubic form f(x, y, 2) becomes F(X, Y, Z) under the 
linear transformation 


e=AX+BY+C0Z, y=A,X+BY4+C,Z, 2e=A,X+B,Y+C,Z, (51) 
and u denotes f(A, A,, A,), then 


10°F ow du Ou 
Dae "dat Yad, IA, (32) 








* This Lemma and its application are due to Professor Dickson. 
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Proof: If we set 


pau 
oA 


Ou Ou ou Ou Ou 


+B: oat a =t Cag Taag 


7 Up=B 
we have 
F=uX' HUX Y HUX Z+.. 
12F l ə 
5 ayes “SUX + ln + eZ = (AX+BY+CZ) sI 


Ou 5 Ou 
+(A,X+BY+C,2) oe + AEB OD A, 


since by. Huler’s theorem of homogeneous functions 


Ou Ou du 
ga + S + Aaa - 


Replace, in the discriminant of XVI, y by 20/4: it then. becomes 


Sux Ax Q. E. D. 


f=—2+ aret AAY, (A#0). | (53) 
Suppose that under the transformation (51) f becomes l 
F=} (2Y Z}+mXF?—XZ?—6Z), (54) 
which differs from the discriminant of XIV only by a square factor. Since F 
is linear in X, (52) must vanish, so that 2- = A= = aa, =0; we have then 
204}+2144,—AA{=0, AA, =0, —343}—40A43+24?=0. Let the modulus ` 


p” exceed 3. In view of the determinant of (51), A, 4,, and A, can not all be 0; 
hence, taking A; =0; 4, £0, A=—oA~!A,, whence A=—o’, A, =0, A =07 14, £0. 
In view of the last relation, z,=z—ow is free of X. Hence we set 





=b, Y=Yr, =R HOL. (55) 
Then f=—$—on etony, and 
=AX+BY+CZ, y=bY¥+cZ, 2,=7¥4+sZ. (56) 
Of _ of Om, o Pe wok eF 2 2. 72 ; a hi 
Now 33 Ox on OX =A (P Oi) ay =d?(mY*—Z*). Since these binary 


forms must be agutvelont the ratio of their discriminants must be a square. 
Thus o/m must be a square; but as in XIV m may be multiplied by any square, 
we may set m=o. By the theory of binary forms the only transformations 
replacing od (cyi—z}) by d?(c¥*—2Z’) are 
y=b¥+cZ, 2,=+0cY+bZ, (57) 
where oA (b?—ac*) =@. 
Set in (56) r=+0c, s= =b, ad noting the relation (57), transform f 
and equate to F. On reducing the conditions we find that the transformation 
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will replace f by F if, and only if, 
@B= +A, PC=+3Aobe, L8= +b 30b, C= = 500(3b?-+00"). (58) 


Tte simplest values of b and c which make the final expression a square, are 
b=0, c=—2, with the upper signs holding. For this choice (57) and (58) 
give @=40", A=—1, B=2, C=0, B=0. . Hence by (55) and (56) 

e=—X4+2¥, y=—2Z, e=—oX. (59) 
Now the net XIV, with m=o, B=0, is X (#]—o#2)+2Y1,t,+2Z (titat tt), while 
the net XVI, with A=—o? and y replaced by 2¢/A (as above), is 

a (t'{—o"t’) + 2ytit,+e(—207- t+ 2th +4). 

If these are equivalent under the correspondence (59), the coefficients of X, 
2Y, and 2Z must be equivalent: 

—ott= tot th+o%2—ot?, ttt — ot, ttti —2tit;. 
Hence, apart from constant factors, t,=t;—ot;, ,=—t3,t,=t;+0ot,. Thus a 
net of XVI is equivalent to some net of XIV i?, and only if, Ay? =—4 in XVI, 

18. Relation between XIV and XVII. By examining these nets in exactly 

the same way as XIV and XVI were examined in § 17, we arrive at the result: 
A net of XVII is equivalent to some net of XIV if, and only if, in XVII 
 m=—], and e+ (6+2)?=0.* : 
l 19. Relation between XVI and XVII. The invariants, S and T, of a 
cubice form furnish the absolute invariant, 6°/71?. For brevity write o=Ay’ in 
XVI and Q=ðs—4ð—4e in XVII. The value of this invariant for the two 
discriminants is as follows: 


Dyn: SE (8 +c) 
ANIS 72 16(9+20)?? 
g? 2 3 
D xvn: = (Q en 


T? 64Q?(@?—720e)? 
(first multiplying t, and ł in XVII by ô). A necessary condition for the 
‘equivalence of the nets is the equivalence of these two invariants. If we put 
a=0 +4, b=Q?—645e, c=—16ôs, and then a’=b/c, this condition becomes 
(a'—1)° = (a—1)° 
(a’—4) (a 1/8) ~ (a—4) (a +18)’ 


* The cases of equivalence between the nets XIV, XVI, and XVII just found receive a new interpre- 
tation when the discriminants of the nats are regarded as cubic curves in finite geometry. The discrimi- 
nant of XIV put equal to 0 is a cubic with a double point; that of XVI has a double point if Xy -+ 4==0, 
ani that of XVII if m=— l1, 4e+ (ô+ 2)°=0. The conditions derived by use of the lemma, namely, 

Ou __ Ou Ou __ 
ðA Əd, 04, 
are obviously equivalent to the conditiens for a double point of the cudic. 


26 








2, 


202 Wusox: The Canonical Types of Nets of Modular. Comics. 


where a=0, a’=0 are, respectively, the conditions for a double point of the 
cubic curves Dyy;=0, Dyyy=0. 

If we attack the problem of direct transformation of flies net XVI into 
XVII, it is possible to express the conditions to which the parameters are sub- 
jected for equivalence, but these conditions are in an exceedingly long and 
awkward form. 


Parr III. Tue DISCRIMINANT or tHe NeT is or Rank 3. 


20. That nets exist which contain neither a unary nor a binary form may 
be proved_from the results of a paper by Professor Dickson.* Setting out 
from the theorem that any field which contains an irreducible cubic f(r) =0 has 
for the norm of the function v+ryt?ez a ternary cubic form which vanishes 
in the field only for z=y=z=0, the conditions are determined that the general 
cubic shall have this property. We shall apply these concitions as they are 
derived from a simplified form of the cubic, when, namely, by an obvious trans- 
formation, the terms in wy, wz, and vyz have been made to disappear. Then, 
for the cubic 

aed’ ryp enet gy +h’ yet kytt, (60) 
the necessary and sufficient conditions that this vanish wm the field only for 
yv=y=2=0 are: 

(A) a’@+d’q+g'=0 shall be reducible in the GF (p"), 

(B) a'd’h’ $0, 

(C) dk’ +3e’g'=0, (61) 
(D) e'h’+3d'l’=0, 

(E) 4de'+3a’h?—9a’'g’k’=0. 

21. Reduction of the Net. The family of two ternary quadratics which con- 
tains no binary form may be readily redtced to C =ti— tata, C,=2t,t,+13+ ati, 
where a has a fixed value not 0. Adjoin now a third form which by hypothesis 
can not be reduced to a binary form; by parameter change it may. be written 
C,= 2bt,t,4 ct? + t+ dti, the D TE of t4 being put equal to 1, since it can not | 
vanish, as C, is not a binary. 

22. The discriminant of the net 
! G(ti— tots) Hy (2tt, Htt ati) +2(2bt,t,+ ct + t+ dts) (62), 
is > 
et+ce y be 
D=| y yte —@ |=a'+cx*2e—axy’—daue’— (a+d—2b) sye+ay® 

be —z ay+dez + (d—ac) y’e— (ac+cd—b?) ye*+ (b?—cd) 2. (63) 
In order to apply the conditions (61) cited above on this cubic, it must be so 








*« Triple Algebras and Cubic Forms,” Bulletin of the American Mathematical Society, January, 1908. 
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transformed that the terms in az and syz skall disappear without introducing 
the term æy. Write in D s=g'—cez'/3, y=y', e=2’, and the term ag will dis- 
appear. The terms in a’y? and 2’y'z’ will bacome —aa’y”— (a+d—2b)a'y'2’ ; 
then by 2’ =2", y' =y" —(a+d—2b) 2” /2a, 2’ =z", the term in a’y’e’ will disap- 
pear. The result of the two transformations is the cubic (60), where now 


a=k ] 
d =—a, J 
e' = (3a?—12ab—4ac?—6ad + 12b’—12bd+ 34?) /12a, 

g =a, 


h = (—9a—4ac+18b—3d) /6, 

hi’ = (3a? —12ab +4ab?—8abc+2ad -12b2—4bd—d?) /4a, 

V = (—27a+36a'e+ 162a°b + 108a7b? + 1607 
+72@°bc—27a2d—7 2a°cd—324ab?+ 216ab°§—288ab?o 
+72abca+ 108abd—108ab7d+-36acd?+27ad* 
+216b'—108b'd—54bd? + 27d?) /216a?. 

For these values of a’,...., V, tae conditions (61) become 

(A) g@—aq+a=0 shall be irreducible, 

(B) a(9a+4ac—18b +34) #0, 

(C) ab’—2abe+ac?+2ad+ 2bd—d’=0, 

(D) 4a’8e+9a?b?+ 2@bc—3a°?—8a?ced—6a"d ‘ + (65) 
+18ab*§—20ab?c—9ab’d + Gabe?+ 2abed . 
+6abd—ac’d+4acd*?+3ad?+12b’d—12ba?+3a=0, 

(E) a®’—4a?b+ 6a’c—2a°8d—b5ab? + 6abc—4abd+2acd+ad?+3e@—0. 

23. Reduction of the Conditions (65). With regard to condition (A), it 
is easily seen that an irreducible cubic exists for every field. In fact, when 
qs—aq+a=0 is reducible, then a (4-0) may be expressed as g°/(q—1), and 
conversely. But there can not be more than p”—2 such values (since a£0,1); 
that is, there is at least one value of a which will make the equation irreducible. 
(See § 25.) 

The key to the simplification of the conditions (65) (CY, (D), and (E) 
lies in (C), which may be written: 

a(b—c)?=d(d—2a—2b). ` (66) 
Suppose, first, d=0. Then from (C), since a £0, b=c, while (D) and (E) alike 
reduce to (a+b)?=0. That is 
b=c=—a, (67) 
while (B) becomes 4a—27 #0. Here, then, in the case d=0, there i is a single 
net whose fundamental forms are 


(64) 
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f—2t,t,, 2t tiita, —2at,t,—at?+é, (68) 
where a is so chosen that a £0, 4a—27 £0, and qg’—aq+a=0 is irreducible. 
Suppose, next, that d0 in (66). From (66) we may set b—c=df, 
whence 


(69) 


2b=d—adf?—2a, 
2c =d—adf?—2df—2a. 


For these values of b and c, (D) and (E) become, respectively, 
a’f#+ 12a + 2a7f?—20af+a+12=0, 
(2a? —640°f°—20a?/?-+112af —a—64) d—a?(a*f>—af+1) =0 } (70) 
or, putting 
af=z, (71) 
equations (70) take the form 
z +128- 2ae?—20c2¢+a?+12a—0, 
[ (2a—64) e —20az2 +- 112ae—ia’— 64a] d—a?* (e2—az+ a) a (72) 
24. Discussion of the Quartic (72). The quartic, 
et 412284 2ae2—20ae-+a?+12a—0 
has one, and but one, root in the field. In the paper to which reference has been 
made in $11, the conditions for irreducibility of the cubic and quartic are 
explicitly set forth; in particular, it is there proved that a quartic has one, 
and but one, root in the field if the resolvent cubic is irreducible. Now the 
. resolvent cubic of the quartic in question is 
y—2ay?+ (—4a®—288a) y+ 8a—448a?— (12)8a=0. 
In order to apply the conditions for the irreducibility of the cubic, the term in 
y? is first eliminated. Set y=2a, and divide by & to simplify: 
w—aa’*+ (— a@—72a)4+e—56e—216a=—0, 
In this set a=X+a/3: 


X?— (72a+4a?/3) X+16a'/27 —80a®—216a=0. - (73) 
The discriminant of this cubic is 
a’48 (64a°§—9? - 16a°—6 + 27 - 54a— (27)*=4%a? (4a—27)*, (74) 


Now the cubic 23—az-+a=0 is known to be irreducible, and the two conditions 
for this (see § 11, end) are 
4a—27 = a square =8le? (say), 
1 — i P —,; (75) 
5 (—a+aeVv—3) = a not-cube in [G&F (p°), V—3]. 


Applying the conditions of irreducibility to (73): 


Wison: The- Canonical T'ypes of Mets cf Modular Conics. 205 


_ 4a? (4a—27)'= a square =81(8- 81- ae*)?, 
; (—b+8-81- ae?» V—3) =a not-cube in [GF(p"), v=31,| (rS) 
where b —16a8/27—80a?—216a. Using the second of (75), the second of (76) 
is equivalent to the statement 


(—b+8 : 81- ae - V—3)/(—a-+ae- V—3) = a cube in [GF (p°), V—3]. 
Multiplying numerator and denominator by —a—aeV—3 and reducing, this 
fraction becomes 36a—36 - 27 + V—3 - e(4a—28 - 27) ; but this is equal to 

9 + 81e— (27)24+ V—3 - e[81e— (27)2] =3°(—1—eV—3/3)}. 
It is thus seen that the cubic resolvent is irreducible, and hence the quartic 
(72) has one, and but one, root in the field. 


25. Determination of the Coefficients from the Remaining Conditions. 
Set the single root of the quartic (72) in the cubic (72), and the value of d is 
uniquely determined, provided the coefficient of d in that equation does not 
vanish. By hypothesis the term free of d, (e8—az+a)a’, is different from 0. 
Having determined d, (71) and (69) give f, b, and ¢ uniquely. Condition 
B), (65), becomes, as a £0, a? (27—4a) +d (7e?—4a2+ 2a’—6a) £0, so that in 
this case also, 4a—27 0. 

Denote the coefficient of d in the cubic of (72) by C, and the quartic of 
(72) by Q, and examine 

Q=2!+ 1228+ Ba2’—20a2+ a?+124=0, 
C= (2a—64) 2—20a2*+ 1l2ce—ia?®—64a=0, 
to determine whether or not they have a common root. The first step in the 
highest-common-factor process leads to the identity 
2(a—32)*Q— [(a—32) 2+ (22a—384) |C=e*T, 
where 
T = (4a+72)2—35a2+2a(a+3). . 

If Q and C have a common factor, then C and T will have this same factor, and 
conversely. We seek, then, the eliminant of C and T which will vanish for a 
common root. By Sylvester’s method of elimination this invariant has the 
following determinant form: : 


4a+72 —35a 2a(a+3) 0 0 

0 4a+72 —35a 2a(a+3) 0 

0 0 4a+72 35a 2a(a+3) 
2a—64 —20a 112a —ha’—64a 0 


0 2a—64 —20a - 112a —5a— 64a 
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From the last two columns a may be removed as a factor. It is then easy to 
see that the highest power of a that can occur is the sixth. 

To complete the proof, we shall show that except for certain low values of 
p”, a may be so chosen that the discriminant does not vanish. The choice of a 
was such as to make the cubic qg?—aq+a=0 irreducible. 

26. For how many values of a is ‘the cubic g@—aq+a=0 irreducible? 
If this equation be reducible, a=q’®/(q—1), q a mark of the GF(p") not 0 
nor 1. Let r be also one of these marks end determine for what values of q in 
terms of r, other than g=r, the following equation is satisfied: 

g/(q—1) =17/(r—1). 

Removing iie factor q—r, we have g@(r—1)+qir—r)=”, or if rÆ1, 
(Qg+r)*=r2(r+3)/(r—1). Hence, if (r+3)/(r—1) is a square, not 0, there 
are exactly three of the marks which give the same a; namely, the value of r 
making (r+3)/(r—l1) a square, and the two values of q from the quadratic just 
written. If {(r+3)/(r—1) is a not-square, each corresponding r gives a dis- 
tinct a. Finally, if (r+3)/(r—1) =0, that is r=—3, q=3/2, and there is an 
a different from all the rest; that is to say, the two marks —3, 3/2 always 
give an a, and it is different from every other a. Let now r run through the 
sequence of all the marks of the field except 0,1, 3/2, and —3. Then (r+3)/ 
(r—1) will take all these values except —3, 1, 9, and 0. If, first, —3 is a 
square, there are (p*—1)/2 not-squares among the values of (r+3)/(r—1),, 
and hence as many a’s. There are (p*—1)/2—3= (p"—7)/2 squares, and 
therefore (p*—7)/6 a’s, and in addition the a that results from the two values 
3/2, —3, of r; in all, 2(p"—1)/3 values of a which make the cubic reducible. 
If —3 is a not-square, there are (p"—3)/2 not-squares (7+3)/(r—1), and 
hence as many a’s; (p*—5)/2 squares, and hence (p*—5)/6 a’s, and the addi- 
tional a; in all, 2(p"—2)/3 values of a for which the cubic will be reducible. 

The cubic g®@—aq-++-a=0 will be irreducible for (p"=1) /3 or for (p"—2) /3-+1 
values according as —3 is a square or a rot-square in the field. This number 
will exceed 6, and hence the discriminant in § 24 be not zero if p” is greater 
than 19. 

27. It thus appears that there are eet: two nets in which no binary 
forms occur: one for d=0, 


XVIII. 21, 2h ath). —2at t, —at+ t; (77) 
and one for which d=0, 
XIX. t—26,t,, 2i ttit at, 2btty tetit t+ di, (78) 


where a is fixed, not 0 nor 27/4, @—aq+a=0 irreducible, and b, c, and d 
determined uniquely by (69), ...., (72). f 
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28. The case of p"=—3k-+1 deserves esp3cial notice on account of the 
simple form which the conditions take. In fect, for this field the family of 
two forms may be reduced to w(t?—2t,t,) + y(Sut,t,—t), u being a particular 
not-cube.* The net of three forms may readily be put in the form: 

{2—2Qtet,, Zuti tt, rtty Hst Hi +t. (79) 
The discriminant of this net is 
e+ sre — tagt (2ur—l)sye twy t w ty e— sytt (—st)e. 

The conditions that this cubic vanish only for =y=z2=0, are best expressed 
directly as obtained on page 163 of the Bulletin of the American Mathematical 
Society, January, 1908, by Professor Dickson: 

(A’) 2utr+2¢+s°=0, 

(B’) 2s+usi—4vr?s—2urs+8wP=—0, 


(C) 3s?+ 8u%st?—5Su71?t—turt+t=0, (80) 
(D’) 2ur—1 0. 
By (0’)—3(A’): 
t (8wst—5u?r?—_10ur—5) =0. (81) 


Hence, either ¢=0 or 8wst—5w?r?—10ur—5=0. If t=0, by (A’) s=0; this 
brings us to an alternative condition (page 164 of above citation), 


27 ue? = — (Qur—1)§; 
or, setting ur=w: 
8w?+ 15? + 6w—1 = (w+1)?(8w—1) =0, (82) 
whence r=—1/u or r=1/8u. Eliminating s from (B’) and (A’): 


2s—4.u79?s—Qurs+ wWl—Quvr = (1—24r) (28+ 2urs+wet?) =0. 
Therefore, 2s(1+ur)=—wt?, Squaring this and eliminating s by (A’), 
—8(1l+ur)*t=utt; and if t0, [—2(1+ur)/ut]’=u, which is impossible. 
Hence t=0, and we have the nets: 
#—2tt,, t+2utt,, t—(2/u)- tits, 
ti—2tt,, t3+2ut,t,, t+ (1/4u)- t,t, } 
In each case the condition (D’) requires that the modulus be not 3. 
29. Summary. The net R=2C,+yC,+eC, of ternary forms 
C= atit hita t bitzt 2G bile t 2f itate t ets » 
in the GF(p"), has been reduced to nineteen canonical types: namely, I, ...., 
XI, which contain a unary form; XII, ...., XVII, which contain a binary form 
but no unary; XVIII, XIX, which contain neither unary nor binary forms. All 
questions of inter-relations between these types have been considered and 


answered, except with respect to the two cases, nets XVI and XVII, and nets 
XVIII and XIX. 


(83) 








* Dickson, Quarterly Journal, §8, No. 156, 1908. The examination of the net for pn =3k -4-1 was 
also made by Professor Dickson. : : 
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TABLE 
I 2t te 2t.t, 
II Qt ste #242. ty 
III t t3 
IV t oti: 
Vv Otte Btot, 
VI te 2 (byt H bots) 
VII 2t ta t+ mt? 
VILI 2tots t+ vis 
IX Qty 2+ 2t t 
X 2 (tits t tata) touts > 
XI 2 (ttt titat tata) B+at? 
XII iot? Qt,ts 
XIII tt—mt? 
XIV t— mti Bti+2t,t,+2t,t, 
XV titvt; 2t ty tmt? 
XVI HAt 2t itz yit 2t Ht 
XVII t2+ mt? St- 2t t, 4-261, ept 
XVIII ti— 2ta Ott + t+ at? —2at,te—at?+# 


Qbt,t,-+ ctt i+ dtz 


XIX {2—2tyt 2t tp HiHat 
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OF NETS. 


2 (y—a) 
mz (x2z—y?") 
x(ve—y") 
g — ay’ 
g (vè — y) —-y’e 


2y°— (a +1) y e— ey yare 


2y? + mey’ —e (a+ Be) 


me(væ—-vsry—y) 
— + Ayee? + aeey? 
mene + 2(ma?+ moay—y?) —may* 


ee essen 


B 


p (gel) tp 1) 
p” (p"—1) 

3 (p"—1)? 
(2p"-—1) (p"—1) 
2p" (p*—1) 
(2p*—1) (p"—1) 
2p” (p"—1) 

(p° +1) (p"—1) 
p"(p"—1) 
(pik) ap 1) 

for a=1 
2(p—1)* 
for a=o?$1 
(p*=1)* 
for a=v 
(geet) pr) 
(2p"+1) (p*—1) 
for m=1 
3p" (p"—1) 
for m=v 
(p"+2) (p"—1) 
for m=1, 6?=4 
2p" (p"—1) 
for m=1, B4 
a ies 2 
for m=v 
(p”+2) (p"—1) 


2(p"+1) (p"—1) 
q 


? 
0 
0 


oo oc oco 
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Remarks. In the above table: 
m=1 or v,a particular not-square. 
A=1,-v, v7, or vè. 
a, 8, y, 6, e are arbitrary parameters, except: 
(i) a,€ are not 0; 
_ (li) net XVI is equivalent to XIV if ay?+4=—0; 
(iii) net XVII is equivalent to XIV if m=—1, 4e+ (6+2)’=0. 
a, in nets XVIII and XIX, is fixed, not 0 nor 27/4, and g?—aq+a=0 is 
irreducible. 
b, c, and d, in XTX, are determined uniquely by (69), ...., (72). 
For convenience in tabulating the number of binary forms, B, in XIII and 
XIV, we write in these nets —m for m. 


On Long Waves. 
By J. H. M. WEDDERBURN. 


The present paper deals with the theory of long waves in a canal of vari- 
able section. As itis easily shown* that any case of variable section can be 
replaced by one in which the depta alone varies, it is assumed throughout that 
the breadth is constant. sa 

The main object of the paper is to obtain special cases in which the hydro- 
dynamical equations admit of simple solution for the case of progressive waves; 
for most of the known soluble cases, apart from the case of constant depth, refer 
either to motions of an oscillatory character or to a reflected train of waves. 
It'is also shown that the problem of waves in a basin which is symmetrical 
about-a vertical axis reduces in a simple manner to the one-dimensional case. 

- The ordinary approximate dynamical equations are assumed without any 

attempt to discuss their validity, although, so far as I know, this has never been 
done in a completely satisfactory manner. From the mathematical standpoint, 
then, our problem is merely the discussion of the solution of a certain partial 
differential equation. The treatment of the initial conditions which is given 
involves the discussion of a type of expansion in series which is in itself of 
considerable interest and seems capable of further extension. 
_ 1, The Equations of Motion. Let the x-axis be taken along the canal 
and the y-axis vertically upwards, the origin being at the undisturbed level ‘of 
the liquid. As usual the displacements, parallel to the axes, of a point on the 
surface are denoted by € and n, while h=h(2) represents the depth reckoned 
positive for points below the undisturbed level of the surface. 

For long waves the dynamical equation then ist 








PE 
| OF = —g ay? (1) 
and the equation of continuity is ' 
_ O(hE) w 
"= -ae Ow’ (2) 
where 





* See for instance Lamb, “ Hydrodynamics,” 3d ed., p. 257; and Chrystal, “On the Hydrodynamical 
Theory of Seiches,” Transactions of the Roya! Society of Edinburgh, Vol. XLI, p. 614. 
7 Cf. Lamb, loc. cit., p. 240. 


27 


wo 
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If 7 is eliminated between (1) and (2), we get 


OF , @ 

ae p 
and if & is eliminated, 
> Oy a 7, an 

—=g—[(h—), 5 
OP 935 ( 7 65) 

which, if we set A={dxz/h, becomes . 

a Fn 9 On. 

Oe aa a 


which is of the same otoa as (4). 

Although equations (4) and (5) have both been frequently used, the paral- 
lelism between them seems generally to have escaped notice. It is, however, 
of importance; for if w is a solution of (4) for a certain law of depth h=y(a), 


then w,(2) i hie is, when expressed in terms of à, a solution of 
aw, 
OF. =o) ot a “ 


where (A) ee ; so that w (æ)i is a solution when the law of depth is 
h= (a). A repetition of this process evidently leads to the original solution, 
so that the relation between w and w, is a reciprocal one, They will therefore 
be called reciprocal solutions. . | l 

2. Wave Propagation in Two Dimensions. Let the z- and z-axes be taken 
on the undisturbed surface, and the y-axis vertically upwards as before. If a, 
b and c are the initial coordinates of the point a, y, 2, and £, 7, ¢ the corre- 
k sponding displacements, the Lagrangian equation of continuity, 

l O(a, y, 2)/3 la, b, c) =1, 


-G 


Since & and č are supposed T of the depth, we have, on integrating, 


=—(b+h) (E+ F)—Maté, 0+) +h(a, 0), 


becomes for long waves 





which, if a=hé, y=h{, gives to a first approximation 
=—0( SF +8 ag) ða oy (7) 


ða dc4 ða ðc’ 


To the same order of approximation the Lagrangian equations for a point 
on the surface are 
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are : g E an 











oF. $a’ "OF Ige 
or ae et 
a on - ð 
aTh Be ON (8) 
Eliminating z h means of (7), ~ 
ig ayy) | ° oh), 
T =g gh Gt tade + a =o S30 5 (9) 
or eliminating a. and v 
- Bey- = „ə re ð non 
ae =I a Ba Foe! gt) ny 


If the motion is syminetrical about the y-axis, we may set _ 
| a=R", . = =R, 


where Ri isa function of r= -VEFE alone. On making this substitution we find 


PR ‘OR 10R `1 $ 
Of T Or Eror San) ar 
- Oy a ) 
OB FOr ar rar) 
which may. also be put in the form ` 
rR _ rR . ios on ee 
“gar =a Gaya a =955 ? (am any, (12) . 


which are of the same analytical form as the equations for one-dimensional 


waves. This latter form of. the equations is derived directly if we consider _ 


the basin replaced by an indefinite number of canals*each lying between two 


vertical planes which pass through the central axis, the angle between the 


planes being infinitesimal. 

Besides the reciprocal: transformation suggested by. (6); the: equations (12) 
are susceptible of another transformation which leaves oc form unchanged. 
Let s=1/r; then. 

eR OR  10R- igh oe R 1ə3R 1 
oY 72 1B 1g? ant 5 Os FE) 





This suggests the more general homographie ermin torma non discussed in the 


next paragraph. i 
3. Generalizing the transformation indicated above by combining with it 
a change of scale and origin, let us set oe 
, _2@+0 © — 1 
T exp d’ a medan 





Bo Ae 
Le: 
age 
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then, if A=ad—be, 

















ee ð £ ç & OP 2A ð 
os = (ca+d)? On’ ð (cxd) ox? (ca+d)® ðr’ 
and therefore à 
o? a? ow’ -~ Ow’ 
aa = zp (cad) w'=26 a + (cx+d) FF 
_ 2A ðw ` 2A Ow’ 4 a Ow! 
~.(ca+d)? dv’ (ca+d)? dx’ (cat+d)? dx” 
=4 (a—ca)? 5 
TA Z agit? 
so that the equation becomes 
l w ,, Pw’ 
oF Th Oa’ ge) 
“where 
Fa 4 
(=U), (14) 


x Á 
h being expressed in terms of æ’. The transformed equation (13) being of the 
same form as the original equation, we can derive by this method the solution 
for a considerable range of forms of canal from one particular case. 

4. Certain Soluble Cases. Generalizing the solution for the case of con- 
stant depth, we shall now inquire under what conditions (4) has a solution of 
the form l 

w=f(x)F[0(x) ot], 
F being an arbitrary function, but f and 9 definite functions of their arguments. 
Substituting this value of w in (4) we get 


ghf" B+ gh (2f 0 +10) F + (9h92 —o) F" =0, (15) 
whence, if F is arbitrary, 
st UF 270’ +70” =0, ght’? —o’?=0, (15’) 
which on being integrated give l 
f=ax+b, 6=1/a(ax+b), h=o? (aw+b)*/g, (16) 


where a is supposed not zero and one unnecessary constant of integration is 
_ suppressed, 
When a=1 and b=0, the corresponding values of E and y are 


g= Lap E $ ot), 


1 1 1 (7) 
n=F(= ot )——F'(= ot). ar 
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The reciprocal solution is more interesting, as it gives a law of depth more 
nearly realized in practice. Here 
A= fde/h=gSdx/crx' = —g/3s°28, 
Y (A) =g/ a= (3407247 g), 
6(2) =1/%=— (80°A/g)?. 
Hence, with a slight change of notation, we have the solution 


E= tF (at +ot)—a F" (xt +ot), 


n=}0-1F" (aot), oP) 
when h=90?z?/g. 
The form of (18) suggests assuming a solution of the form 
w= df, ™® (0+ot). (19) 
As before, this leads to the following equations: 
o =0, 
1 +29 +f,0” =0, 
EE tla R i (20) 


Here 0 may obviously be chosen arbitrarily; but, if the series (19) is to ter- 
minate, we must have @%=o?/gh. 

We shall now investigate some interesting particular cases in which the 
series does terminate, 

The first equation of (20) gives f,=az+b. There are two cases according 
as a is or is not zero; and it is interesting to find that these two cases are 
reciprocal. 

Let us first suppose that a0. Then, by a simultaneous change of origin 
and scale, we may set fi =x. If now we assume 0=2", it is easily found that 
Lata", 

k, being calculated by means of the recursion formula 
r(ryn+1)k,=—[(2r—1)n+1]k,_,, k,=1. 
In order that f,,, may be zero, we must have 
0=2f 0 +f,0" =k,[2(sn+1)n+n(n—1) ]oetyr1, 
which is satisfied if n=-—1/(2s+1). This gives l 
c 


h= A (2s-+1)2a", . (21) 
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where m=4(s+1)/(2s+1). The following table gives the values of n and m 
for s=1, 2, ...., 5. 








J 
of 


mR ow DH o 
a e a 
H oa a o o a 


ko 
e 


| 


= 
wj 
= 
| 





If a=0, we may assume /,=1, when we readily find that /,=k,"; and the 
series terminates after s terms if n=1/(2s+1). This gives 





o? ; 4s 
= m = š 22 
h , ers) 5 ; m= TI (22) 
s m n 
0 0 1 
1 $ 3 
2 $ $ 
3 Sa } 
4 y $ 
5 # tr 








In the first case the series of values of m approach the limit 2 from above, and 
in the second case they approach the same value from below. For m=2, it is 
easily seen that the two reciprocal solutions coincide. 
By the transformations given in § 38, we can derive the solution from these 

results when l 

h= (av+b)*(cæ4-4)”/(ex+f)", — (23) 
the coefficients being arbitrary and m having the same values as above; and also, 
as a particular case, the solutions in the first case can be derived from those of 
the second case and vice versa. 


5. The Normal Form of the Differential Equation. Though by no means 
necessary, it is convenient to bring equation (4) to its normal form. 
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Let 0=fdx/Vgh, and put 
r=0+t, ` s=9—t, k(r—s) =—6" /40?; 
then 
` - 2. 
It is interesting to note that this equation is the same as that used by Riemann 
in the-theory of waves in air of jinite amplitude. 
To obtain a solution of this equation we assume 





(24) 


w= 5 m, [F® (r) +E (s)], (25) 
n=) 


where F(r) and G(s) are arbitrary functions of r and s respectively, and m is 
a function of r+s. Substituting this value of w in (24), we get 
my —2km=0, 
m, —2km,= sega Sis km,—1) 
whence, if we set m= =m,2", m satisfies the differential equation 
m” + (2e—2k) m’—kem=0, (26) 
where the independent variable is r+s and z is an arbitrary parameter. 

In discussing the initial conditions in §9 below, we shall find that it is 
convenient to replace r+s by a variable g=(r+s)/2. We therefore set* 
m(r-+s)=v(q), whereupon the differential equation becomes 

dv 


dv : 
es = 2 
JE 2exv=0, (27) 


+2(e—x) qa 


where : 3 
x(q) =2k({r+s}. 
6. A Study of v as a Function of 2. In discussing the solution of equa- 
. tion (27) we shall assume that q is a real variable lying in a finite range 
W<U<UW+Q, and that x is a real function of g alone which remains finite and 
in absolute value less than K in the range considered, while 2 is an arbitrary 
parameter which may be imaginary. Under these conditions it is always pos- 
sible to expand v as a power-series in z, and we shall now show that for certain 
determinations of the initial conditions this series represents an integral func- 
tion of z. ` 
Let v= v,2"; then | 


Uy —2xv =), Va — 240, = —2 (Vr 1 40-1) 5 _ (28) 





* When it is desired to emphasize the fact that v depends on z, it will be denoted by v (q, 2). 


218 Weppersurn: On Long Waves. 


therefore 
d 
v= Jet n= fo “da, 


ma 2e feo en dge fo Se (e y. Yda: 


By a particular choice of the constants of integration we have 
Vo = be) 0” ba Vo rake f vod TE a, 


2«dq 
, 


where ae’ and 


Ee ee 
vi=—2a S Va dg Valdate, v= foida, 


, 14 ope 
Me 20S va dq (¥,—-1/ Va) dq, Vim SqUil, 


where the constants are so chosen that v,=0, (n51), when g=q. 


Let now a denote a mean among the values of a; then 


v= —2 Mt 4 20% +0 = 24/4 (—0, hava) +e, 


and similarly for »>1, 
F a 
v= eos , 
Qa 


where of course the value of a depends on n. 


(29) 


(30) 


(80°) 


Let N, and N, be the smallest and largest values of |v], and set 
L=2N N,/Ñ, ; and let N, and M, denote the maximum values of [v,| and |», | 
respectively. It must be noted that L is independent of b, so that 2Va/a<L. 


Using this notation, we readily derive from (29) and (30) that 
M,<N,|g—a| + lal, 


N,SI(M+ jaat ED, ae, <t(at,+|aat| +!) jaa, 


i N,<0M,_,, M,SLM,—|4— 4o], 
whence 


. M, SLM, |g—g |" SEM |q—q|’, 
where i 
r— 3 lef 
M=(M,+ la| +1 ). 
Therefore 


p N, SEM jga—g|"™, 
which gives 7 
M,<1I°M |\qg—q,|"/n, 
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which in turn leads to 
_ N,S Lt |q—q|""1/ (a—1), 
MS LM |q—qo|*/n(n—1), ` 
and finally 
NV, SLM |g—4.|"~7/ (n—1) l, M,L |q—ql|/n!. 
We therefore have 
[o| <MSL*|q—q|*|2|"/n!=Mek 1-a, (31) 
Hence Me™2—% is a dominant function for v which therefore converges for all 
values of z, and consequently represents an integral function of that variable. 
The choice of initial conditions made above gives v=a, v'=b-+cez when 
q=q.- The reason for tkis choice appears when we consider the equation 
whén x is constant. The solution in this case is 
y= ekz) [Aert] Be-WFte)] , 
where for the sake of simplicity qọ=0. The simplest way in which this value 
of v can be made uniform is by putting 4=B, which leads to the same kind of 
initial conditions as the above. There are, of course, other ways in which v may 
be made uniform. 





For reasons which will appear later we make c=—a, so that, when gq=q, 
v=), v=4, 7S —aG, v=0, v1 =0=v,, (n>1), 
v'=b—az, v=a. (32) 


7. The Asymptotic Expression for v. The asymptotic expression of the 
‘solution of a differental equation, regarded as a function of a parameter, has 
been the subject of several important memoirs;* but the form in which the 
results are obtained does not appear to enable one to identify the various possible 
asymptotic forms with solutions which are defined with reference to initial con- 
ditions of the type here employed. The method used below avoids this difficulty, 
but it is not applicable to zhe mest general form of equation. . 

Let p=qz; then equation (27) becomes 





j : 
5 +2 1—— ]}_- ——— =0, (33) 


For sufficiently large values of z, v can be expanded in the form 


v(pey= 5%, > (34) 
n=0 & 
where 
: va +2%,=0, Vn +20, = 2x(0,_1+¥,-1), _ (35) 





* Of., for instance, Birkhoff, Transactions of the American Mathematical Society, Vol. 1X (1908), p. 219, 
where full references are given. 
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the dashes now indicating differentiation with regard to p. Solving these 
equations, we get 
v= —2ae—*, v=ae7? +8, 
a and 6 being arbitrary constants; and ia 
Va = Ze? Sey (U;,_1+0,1) dp, 
V= 2 fe P e?z (Un_1+U,—1) pdp. 
We shall first consider the equatior which results from putting for x the 
maximum value, K, of ,x|. The solution of this equation is 


V (p, 2)=e (2-1) @—m) [Ae@—P)VIFEVA 1 Be—(—po) VIF RTA (36) 


If A+B and (A--B)/\1+ K?/2 are uniform integral functions of 1/2, then V 
is also uniform and integral, so that we may write V=SV,/z2", and we can de- 
` termine the limits of integration so that V is derived from 


v= —2ae72@-P), Up= Ee 2@—Po) +h, 

vim CE FPP) + Qe—2P( ePx(Vo+U,) dp, V= fp Vdp, (37) 
+ an £ 

Va = 2e? 6 (Vri + Un) OP; Va = fp VnAP 


by putting K for x. 

If the constants of integration are real, then V is real when p and z are 
real; we shall assume that p,, and Pa do not increase without limit as n in- 
creases, so that we can always choose a veal value of p so large that V, and 
Vi have the same sign as V;,_,4V,_,. For instance, we can put A and B equal 
to the same real constant a, which gives 


V (a2) =24, , V'(p,, 2) =(Ž —1)2a; (38) 


while, if Py2=Do (451), Pu™=Po (n51), we get from (37) 
V (Po, 2) =4+b, 

V' (m, 2)=—2a+ 5, 
which is identical with (38) if b=a and c is chosen equal to 24K. If we 
therefore give c this value, the function V, defined by (37) when x=K, is 
identical with the function given by (86). Now 

V,=b+ae—20-P), 14 V,=b—ae-20-P») ; 
therefore, if a and b are positive and a <b, pSp, and p>p,,, (r=1, 2), for every 


n, then cV, and V,+V, are positive, and Lence V, and V, are positive for every 
value of n, except n=0, when V; is negative. 
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Returning to the general case, we shall suppose the limits of integration 
and the arbitrary constants identical with those just chosen for V. The range 
of values of p with which we are concerned is the range of gz, q being real and 
lying between fixed limits, while æ is constant but so large as to make |p| 
greater than p,, and p, for all values of n. Let p=qe=re™; then 


KA | < 9K e7* cos i eee Un—1 + Cai | dr. 
Assume now that 
[vrtn] <l,-,[Vi_i(r cos 6) +F, (r cos 6)], (n51), 


L,_, being a positive constant, (1,51), and -7 << as It follows that 


l 
|v | Sg Val cos 6), \v,| < 


PET) V,(r cos 0). 





Therefore. 





l 
ri < n—~l + 3 
[vonto] S T [Vi(r cos 9) +V,,(r cos 0)] | 
if r cos ĝ is so large as to make V/, and V, positive When n>0; we therefore 
set 1,=1,_,/ cos’, which gives. i 
b 
cos? p 





To determine /, we have 
| vot v| = |b—ae~2@—-P) | < 1, (h—ae- 2) 084) ; 
if b>a we may therefore put ,=(a+b)/(a—b), and if a=b a short calcu- 
lation shows that it is sufficient to put .=1+2|tan6|. This leads to` 
[o| <Elv,|/le["*<h2V,(r cos 0)/|z cos? 9|"<1,V (r cos 6, |e cos? 0|), (40) 
since. the series for V converges for all values of 1/z different from zero. 
Similarly, for v’ we have 
|v’| <2, cos 6 5V7 (r cos 0)/ |è cos? 6|” <l cos 0 V'(r cos 0, |z cos? 0|). 
Now, if z=pe”, 
F (r cos 0, |e cos? 6] ) =e% eo e—-Dpla— a) cos 87 A gr(a—ae) cos 9 VIF K2/p? cost 0 
+ Be~P4— 40) cos OVI 12/48 cost 6) , 
p cos? OV” (r cos 0, |e cos? 0|) = ; 
eE/e cos! O—1)(a— a0) cos] (I —o cos? 9+ Ve cost 6+ K*) Aera— 0) cos e VIF K2/p? cost 6 
+ (K—p cos? 6— Vo? cos 6+ K?) Be~- cos o VIFKE/o cost 6} , 
These are respectively asymptotic to 
Aeka- qo) / cos 8 and Ak eka- Go) / cos i 
and therefore |v| and |dv/dg |= |zdv/dp| remain finite as z approaches infinity 


in the region S defined by -3 << k . 
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When g=q,, V (r cos 0, |e cos? 0|) is asymptotic to A+B; and if, in addi- 
tion, A=B, then V’ (r cos 6, |z cos? 0]) is asymptotic to 24K/p cos? 06—24. 
From (40), Y (r cos 6, z cos? 0) is a dominant function for v(p, 2) as 
regards z, and l cos 0V” {r cos 9, z cos? 0) is a dominant function for v’ (p, 2), so 
that lav 
© {3z 
PAR cos 0| 2V (r cos 0, p cos? 0) /Apde|, 
gv 


e? 
and from these three relations we find, after a short calculation, that 2dv/dp, 
20’v/dpde and 2°0*v/dz® remain finite as p approaches infinity. 

If we now assume that d= B=a=b, we have, when p=p, or 7=q, 


<1,|0V (r cos 6, p cos? 6) /dp|, 








<1,|@V (r cos 6, p cos? 6) /dp?| ; 








sa l 
v (Pa, 2) =2a, Pe) aE, 
But dv/dp=dv/zdq, and therefore 
dv 


Tq =o (=): 


These initial conditions are of the same form as in (32), b being replaced by 
‘candaby 2a. It follows that v is an integral function of g when p is replaced 


by qz. 
Now v, regarded as a function of z, remains finite in the region S defined 


by -7 <0 < 5, and approaches a definite limit as æ approaches infinity; hence 


in the same region edv/dz and 2d?v/de? remain less than some finite quantity. 
But dy dv, dw , ey 

de T ap lapae De? 
and in this equation 2d?v/dz’, qz’0’v/dpdz and 2°0°v/dz* have been shown to be 
less than some finite quantity in the region S; hence the same is also true of 
20°v/dp’, and therefore of 0?v/dq?. Now 


2 
Si 265” +26(5? xv =i 
and we may therefore set 
ov Ov ðN., U 
55 = (Se See Z2 = ee, 


where U remains finite as z approaches infinity in S. Hence 


ef q? 


v= aelo" 4 
z 


f e7 fotta Udq. 
ao 
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In this expression we know that J is finite in © even when g=q,; hence v is 
asymptotic to 
inë J. ! 

8. On an Expansion of an Arbitrary Function in Terms of v. We shall 
now regard v (q, 2) as a function of q and z alone, choosing the arbitrary con- 
stant so that 


ae f got 


v=], Z =b—e 


when g=q, so that in S 
v(q, 2) ~ efa, 
Now it is readily shown that 
u=e 77u (9, —2) 
satisfies the same differential equation as v. Differentiating, we have 
w =e~*G~ 0) [v (g, —g) —2ev (g, —2) ], 

so that when g=q 

i u=1, w =b+2—22=b—z. 
Hence u==v, or 

v(q, —2) =e" M0 (g, 2). (41) 

The rest of this paragraph follows closely the treatment of one of Cauchy’s 
proofs of Fourier’s development, which is given in Picard’s Traité d Analyse, 
t., IL, p. 180, to which we refer the reader for some of the details of the argu- 
ment, The method depends on the integral _ 


w 


: f° FIF (re) —§ (ret) lerda, (42) 


2 
which is equal to the sum of the residues of the analytic function %(z) inside 
the circle with center at 2=0 and radius r. A special form is chosen for Ẹ (2), 
and then the limit of (42) is investigated as r approaches infinity over a 
sequence of values so chosen that no circle passes through a singularity of the 
integrand. When this limit exists, it is equal to the sum of the residues of F(z). 
Cauchy sets Sat 
(2) 7 (2, 4) 
(2) = ioe 
where 4, n and f are integral functions of 2, f alone depending on the param- 
eter q. The main difference in the investigation given below is that ẹ and x 
are also taken to depend on q; otherwise the conditions are very much the same 
as in Cauchy’s development, being varied only by the special form assumed for 4. 





* That this is algo true on the boundaries of S is shown by Birkhoff, Transactions of the American 
Mathematical Society, Vol. IX, p. 219. 
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We shall first of all put 
q 
fe, D=f E-o (u) dp, 
di 


f being a real integrable function which satisfies Dirichlet’s conditions. | 
A sufficient condition for the ees of the integral (42) is that 


pt) fore DF ( u)du— 


KETO) 
shall approach a definite limit as 2 increases, so that its real part remains 
positive and its modulus takes on the increasing sequence of values f4, fa; .. 
Departing slightly from Cauchy’s conditions, we suppose that (z)/2(z2) 
approaches a definite limit c, while e)(—z)/n(—z), (b=q—g,), tends in 
general to zero. The second part of (43) can then be written 


al 
guts YIA orazo f e~en (u)du, 
qı 





'e=u—df (u) du (43) 


* 2 (—2) 
and therefore approaches zero under the given conditions.* The first part 
approachest . 

q 
4c lim ef e~o F (2) du=-4ef (q). 


z=% CA 


Hence - 5 Ula ) ig 
55 n z 44 
A= S S edf (u) du, (44) 
where 4, is a root of nx(z), and the anai extends over all the roots. 
Similarly, if b=q,—gq and 


G2 
Fle g) = Jet T (u) dy, 
and C is put for c, the same conditions lead to 7 
An 
ofi =E LE f etudy (45) 
where of course y and x are not necessarily the same as before. 
Let us first set 
(2) SOT (q, 2) =Po (q, —2), 
a(g) =e (e*—]), 




















Then,-in S, 
= d(z) k gete Wv (q, 2) _ ef Kdq 
E um o n(e) = eam 2 (e — —1) PS 
, en) w ig PGB). 
Bm (=e) o> Bm ew (ee) 
provided 


2(9—G) +0 <a. 
*Cf. Picard, loc. cit., p. 182-183. + Cf. Picard, loc. cit., p. 183-184. 
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Hence, if 2,==-2zin/a, (n=0, +1, +2,.....), denote the roots m(z), we have 
w q 

gelat flg) == E olg, d) f Ome Cu) du (46) 
= a 


Using now the second form of f(z, q), we shall set 
Ņ (2) =e (q, 2) =z e729) y (q, —z), 


n(2) =e e) (1—e-*), 





Then 
C= ige efa" =e 
as before, and J F 
y (—2) ES e2(b4-9— a)y (q, 2) = 
im (=e) 0 ae ew (Lem) 
provided x i 
2 (4—4) +b<a. 
Hence l - 
1 œ qs 
geSamap(q) == S0(q,q) f emf (u). (47) 
—o vq a 
Adding (46) and (47), we arrive at the final form 
o a3 
eStat (q) = = È v(a, dn) f PF (u) de, (48) 
provided K ü 


Sw 2 (4—4) +9—-H <a, l 
os 2(9—G) +H—-9 <4. 

The form.of these inequalities shows that we may put q,==0 without loss 
of generality ; and having done so, we easily find that, if g is any number in the 
interval qı <4<qı, then the maximum value of q, is (2a—q,)/3, while q, <8/2. 
We may, for instance, put g,—0, which gives g,=2a/3. 

It should be noticed that if q, and q, lie between 0 and.a, then the series 
given in (48) still converges if the factor v (q, 4,) is omitted from each term, 
as is easily seen by comparing (48) with Fourier’s expansion. 

9. Initial Conditions. The only type of initial conditions which we shall 
consider is the case where the profile of the wave and the horizontal velocity 
of particles on the surface are given as functions of æ when ¢+=0. Expressed 
in terms of w, this means that dw/dx and dw/dt are given as functions of x 
when t=0. ; 


Now , é 
(Ow Ow “Ow dw w, 
ar! @s/’ Ob Or as? 





ow 
MR 
we may therefore set 
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ðw 4 ðw do(q) 
or os” dq ’ 





3 5 (r=s=q), | (49) 
w w . 
Oe aa =(q), 
- where 4 is a given function of q and ¢ is determined to an additive constant. 
When r=q=s, the form assumed for w in (25) becomes 
w= Š v,(g) [F® (q) +4 (4)] 
= Š v,(9)H® (4), (50) 
a=0 
where H (q) =F (q4) +G(q). Inserting this value of w in the first equation of 
(49), we get 
= $ (v40, )E® (0) 


or 
p= Š v (DH® (a); (51) 

and similarly, if E (g) =F’ (q)—G'(q), 
v= È v- iam (g)- Ga) = - Š »,(q)K (9). (52) 


We shall now proceed to make use of the developments of the preceding para- 
graph in showing that we can in general determine H and K to satisfy the 
initial conditions. 

Assuming that H and K are expansible in a Fourier series 


H(q)=Sa,e", K(q)= È Bem, © (58) 


and that these series can be differentiated term by term, we have, from (51), 
p= È v, (q) È aM = > oy $ v, ig) ane 
r==0 n= —0 


= È ow (9, y) M, (54) 
This expansion is of the same form as (48), where, if 
d= e7 Sack, (55) 
we have 


E 5 aU, 2 An ene, 
P= È O4Va(Gs An) (56) 


in 1 Yo "3 . 
a, = a se $, (u) du. 
Giving æ, this value in (53), the series derived for H satisfies the required con- 


ditions if these same conditions are satisfied by the Fourier series of the given 
function ĝ. 
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Similarly, for K we obtain 


ee ler l 
B= g S ew) dus (57) 
where ben fat. (58) 
From this we easily deduce 
q 
F(g)=4(H (a) + f K(u)dul, (59) 


q 
G (9) =4[H (4) — f E (u)du]. 
The form of (56) suggests another form for w which makes it unnecessary to 
introduce functions having derivatives of every order. 

Assume 

w= v,[3(r+s), A] [an 8e], (60) 
where the summation extends over any sequence of values 4, for which the 
series converges together with its first and second derivatives. It is easily 
verified that this series satisfies the differential equation for w, and the discus- 
sion of the initial conditions then proceeds as before. 

10. Some Special Methods. We lave seen in the preceding sections how 
to find a solution for any-case in the form of an infinite series, but in some 
particular cases there are more convenient methods. 

Let h=ka; the equation for y then is 

ay , Of a 

ae = 995 (“aa)» 
a particular integral of which is* 

n=AJ,(nx*) cos not, 


where n is arbitrary and o=4Vgk. This solution may be written 
„=B f Zcos (nat sin 0) cos notdé 
0 


B pt f 
a f7 [eos n(x? sin §+-ct) + cos n (x sin 6—ot) | d0. 
0 
Hence we have as a solution 
n= {LF (a! sin 0+ot) +F (æ sin 6—ot) |d6, (61) 
o 


F being any even function which can be expanded as series of cosines. 
This gives two wave systems travelling in opposite directions. Each part 
is not, however, by itself a solution. For if we put 





* Ci. Lamb, loc. cit., p. 259. 
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l n= | F (a sin 0+ot) dð, nr 
x 0 
we get 

an 
oF 


This shows, however, that if G is any odd function, 


tA OO o ay 
gks; aa )=—00 F (ot). 


n= {FG (a sin 6+ ot) —G(a? sin 6-+0t) ]d6 
0 
isa solution, and since any function can be expressed as the sum of an even 
and an odd function, we readily derive a solution in the form 
n= (FIF (% sin 0+ot) + F(—za sin 6+ot) ]d6. 
0 


In certain cases it is possible to determine F in (61) to satisfy given initial 
conditions. To show this let p= sin? 6; then, if ⁄, is the value of y for t=0, 
: = P4) 
—9 (2 4 of 
m= 2 f F (2 sin 0) a= f E dy. 


A solution of this integra] equation was obtained by Abel” in the form 





y m 
4 0 
F(p) We 


0 

when y satisfies the following very general conditions: namely, y, (i) is contin- 
uous, (ii) has a finite derivative in the region under consideration, and (iii) 
vanishes for ~=0. 

This is a solution for which dy/d¢ (and therefore also 0£/dt) is zero when 
t=0. f 

Instead of forming the reciprocal solution, we shall investigate independ- 
ently under what conditions there is a solution of the form 


: w=t fFF sin 0+0t) +F (Ẹ sin 6—ot) ]d0, 


where f and ¢ are functions of w Let 


w=f {RF (@ sin 6+ct)d6; 
0 
substituting in (4), we get 


of fFF” do=gh[f" f *Fab+ (2f'o' +16" —fo"/o) f 7E sin 646+ fo? 28" d0] 


+E Piet), 








* See, for example, Bécher, “Introduction of the Study of Integral Equations,” 1909, p. 6. 
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whence 
ia =0, 
12, P 
ary +o =o, ` (62) 
. ghe?—o?=0, 


and F” is an odd function. 
Integrating the first two equations, we have 
fean+b, =k, (a0), 
=k, (a=0). 


Taking first the case a=0, let f=1; then @=e™, the constant of integration 
being absorbed in o, and i 





2 
h= a eek, 
gi? Ş nea PR 
= S [F (e* sin 6+ot) +F ie sin 0—ct) ] d0, (63) 


n=—ke (FP (el sin 0+ot) +F" (e* sin 06—ot)] sin ¢d0. 
i f 


This solution is the reciprocal of (61) except that k must be replaced by 4k. 
If aÆ0, we may by a change of scale and origin set f=x, which gives 
g=e**, ho? ate*/*/Gk?, 
We have already found.that there is a solution w = f (æ) F (0 + ot), 
F being arbitrary, only when h= (ax+b)*. If, however, F is not arbitrary, a 
solution of this type may be found for any form of canal. . : 
Since the coefficients in (15) are functions of œ alone, while F is a function 
of 6-+ct, this equation leads to 
ghfe'—oef 1 
ghf” a 
i (2f°0' + 70" : 
a and 8 being constants. F must therefore satisfy the equation | 
T F" +BF’+aF=0. 


We shall first consider the case 8=0. In this case we have 


and 


F=Ccosu(6+ot), w=a; 
also 
2f'0’ + f69" =0, 
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whence 
CP Sie 
and, from (64), E 
22 4 i 
pae ' (66) 
g GPP PL’ 


so that when h is given f is determinea. In practice this equation for f is 
intractable, but interesting cases arise on giving f particular forms. For 
instance, if f=", we get 





h= wont 
T g[u—n(n—l)r”?]’ 
glW—n( ) (67) 
gan 


9=—y F3), 
and for #=4 
 0= log a. 

The latter case is interesting as giving a particular omen of the self- 
reciprocal case previously referred to. 

Another soluble case is obtained by setting f= (x?-+ba-+o)", 

If instead of putting 8=0 we assume gh6"—o?=0, or 1/a=0, the equation 
to be satisfied by F becomes 

: , ` aae 
F TIANO 27 0’ 7°" =0, 


and 


n” 


OEF = constant =y 
or ` 
f" —2yf' —y f0” =0, 


the normal form of which is 
"n f? —ovð 
v” + Ji v=0, fer: 


Hence 
w=vert™, . 

which is equivalent to the ordinary harmonic solution of (4). The equation 

can also be normalized by changing the independent variable x to q= fedo, 

which gives the solution 


w=v (fer da) e~V@=™, 
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On ä Certain Completely Integrable System of Linear 
Partial Differential Equations: | 
By E. J. WILCZYNSKI. 


I ntroduction. 


wei ine point of view of projective differential geometry, developables 


and ruled surfaces require a special discussion, on account of their many . 
exceptional properties. These exceptional properties manifest themselves «. 


_ analytically by the fact that, for these surfaces, the differential invariants of 
lowest order are equal to zero. If a surface is neither a developable nor a 
ruled surface, its absolute invariants of lowest.order are those which have 
been denoted by ‘the author by Zand J. Ina certain sense, then, those surfaces 


for which Z and J are identically equal to zéro, are to be regarded as consti- 


tuting an especially simple and fundamental class. 
I have shown recently,* that these surfaces are the integral surfaces of 
the completely integrable system of partial differential equations 


| b+ 258 + (out oy =0, 


(5) TRE. 
| Base? au + (ov +o) y= 0, 


. where c, c, and c, are constants, ard I have studied in detail the case c, = 0. 
The system (6) is then capable of integration by means of elementary functions, 
and the corresponding surfaces, for which, of course, =J=0, have the further 
property of being-invariant under a continuous group of projective transfor- 
mations. ` If e 0, no such group exists, which leaves the surface invariant, 
and the problem of integrating (8) can not be.solved in such a simple manner. 

The directrix curvest of any integral surface of (S) form a conjugate net, 
whether c, vanishes or not. Upon this remark may be based a transformation 


i theory of system (S) meh we hope to discuss on some future occasion. ` The > 








* «On a Certain Class ‘of ‘Self-projective Surfaces,” Transactions of the American Mathematical 
Society, October, 1913. ; 

+ For the notion of directrix curves, cf. a paper of mine in the Tri ansactions of ae American 
Mathematical Society, Vol. TX (1908), Pp. 114-120. 
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‘present paper, however; is ‘merely devoted to the integration of system (8) in 
‘the case ¢, 0. a 

In order to aceomplish this KERTA we iid it necessary to solve- the 
| following problem: To integrate a certain completely integrable system. of 
non-homogeneous linear partial differential equations, when the solutions of 
the corresponding homogeneous system are known. Since I have been unable 
to find any discussion of this question in thé literature, the first two sections,” 
of this paper are devoted to a solution of this problem in so far’as it is needed 
for what follows. It then becomes possible to prove the existence of various 
kinds of solutions of system (S). The most interesting of these can be written 
as an exponential function, multiplied by a series of positive integral powérs, 
of ¢,, thé coefficients of this power-series being polynomials in u and v. 
A number of methods will be given for calculating these polynomials and for 
studying some of their properties, but I have been able to find a a 
explicit formula for only some of them. 

The solutions of (8) are found to satisfy integral equations of a peculiar 
kind, involving integrals of exact differentials. A more detailed discussion oi 
such integral equations will be given in a separate paper. 


$1. Integrability Conditions for a N on-Homogeneous System of Linear 
Partial Differential Equations of the Second Order. 


Let us consider the non-homogeneous system of partial differential equations 


$ Yu t2ay,+2by,+ecy+a =), 
(L) f !, tgp r b 
Yw + 20'y, H 2b y, + cy +d = 0, 
where a 
_ Oy _ Oy _ Oy ey 
Yu = Fy? Yo = Jp’ Yuu = 5a You = FR? 
and where a, b,..... , @’ are analytic functions of u and v, By differentiating 


these equations, we abimi, for the third-order. donan of y, the following 
unique Paps essions: i 
Yuru = P: Yus + BoYu HPY + Ds + Ps, 
Yuuv = UY F Yu F As Yo E UY + Gs 
Yuro = Ti Yao F To Ya T T3 Ys TTY + Ts, 
` Yow = 81 Yur F S2Yu F $3 Yo + SY + S5, 


where f i 
qı = —2a, q, =4a' b—2a,, q =4bb' —2b,—c, q,=2he’—c,, q =2bd'—d,; 
r= —2b', r =400'—2a,—c', 7,=40'b—2b,, 11 =20 c—e,, r= 2w d—d,, 


and where the values of p, and s, are immaterial for our present purpose. 


y- 


ow 


“3, 
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If we form the fourth-order derivatives of Y, the expressions OE Yanun ANA Yooov 


are unique, and the two expressions found for Yaw? viz., 2 Yms and Pyes, 


will be identical üoa imposing any further condition, since each of them | 
is the result of differentiating the first equation of (L) once with respect, to u 
and once with respect to v. Similarly, the equation 


O Ya D Yw 
ðv ðu 


will be satisfied without imposing any conditions on the coefficients of (L). 
The: equality of the two expressions You and Oden, however, gives rise to. 


such conditions. In fact we find 


2 Yan = -Qlan +5) mt B+ an—20'6) 9 


og 
+(5% Ear — 2b! gta) y+ (3 Hare n)o+3 SE tats ads 


E mye = =(65 4 +7 "A F re) Yuv “+ (52+ Ti Lo =D ats + r )y Yu 


+ ($2 tng— 2dr) + GE tng —er)y + ott + r,q,—dr, 


In order that system (L) may have four linearly independent solutions, ` 


- the corresponding coefficients of Yws Yus Ya, y and y? in these two expressions 


‘must be equal.* We obtain in this way the following jive integrability conditions; 


a,—b,=0, , 
Any + Cy, — 20’ a, —2aa, ne aba’ =ig b SG. 
(I) ican ere b, —4b a, —(b,, + ¢,— 2b bi —2b’b,) =0, 
u— 400, — 2a’ C,H 2ac,—(¢,, —40¢.b, — 2b, + 2b’c,)=0, 
Pare —2a'd x —ta,d—e’ d— (dy, +20'd, —2bd,—4b,d'—cd’)=0. 


Thus, the integrability conditions for the non- homogeneous system (L) - 
differ from those for the corresponding homogeneous lia only by the 
presence of the last of these five conditions. t 








* Otherwise y would also satisfy an equation of the form _ 
Yu + 2a” Yu + 20" yo +e” y +d" =O. j 
The system obtained by adding this equation to (Z) has at mest three linearly independent solutions. 
; 7 E. J. Wilczynski, “Projective Differential Geometry of Curved Surfaces”’ (First Memoir), 
Transactions of the American Mathematical Society, Vol. VIII (1907), p. 245. 
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.§ 2. Integration by Quadratures of the Non-H omogeneous System in Terms 
' of the Solutions of the. Corresponding Homogeneous System. 


If the conditions (Z) are satisfied, (L) is a completely integrable system, 
and the corresponding homogeneous system 


(Hy { me t2ant2bytey=0, 
Yo + 2a'y, + 2d'y, + vy =0 

will also be completely integrable.- Therefore, (H) will possess precisely four 
linearly independent solutions. Let y™, y2, y, y® be four such linearly 
epena] solutions of (H), so that 


Cy Fay + cy y® + ogy 
will be its general solution if c,,....,¢, are arbitrary EE Let y be 


the general, and Y any particular Solition of (L). Then y—Y will be a solu- 
tion of (H), 80 that ; 


y = = Y + Cc yO + ey” + Cs y® + C Ly. 
Consequently, if we assume the solutions of (H) as known, it suffices to find 
any particular solution.of (Z) in order to integrate (Z) completely. 


We use the method of variation of constants to find such a particular. 
solution of (L). Let us write Y in the form 


Y = A ke) y”, ' | (1) 
where 1M,....,7 are 'e functions, yet to be determined, of u and v. We shall 
have 

LS MyM. Y, =851® y®, 
if we impose upon J, ...., J the conditions 
SI y® = = zie: ge sat 0, 
or : 
Sy al =, (2) 
We then find . i 


> 


Ya ENOR +1P YP), Yu = ZU Y HIPP), 
so that Y will be a solution of (L), if, and only if, 
FIM yP =—d, TMy=—d. (3) 


We may write — 
Vg = 21M y®, 


‘ if we impose the further conditions 7 
| TIP yP=0, TH y =0. -o 


Sia 
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But equations (3) and (4) are equivalent to tae following: _ 
| Sy dl =— ddu, SyPd1 =—d'-dy, , (5). 
so that we have in (2) and (5) a system cf three equations for the four 
differentials dJ. We add to these equations a fourth, viz., 
a SyPd1 =—(Adu+Bdv), ; 
where we shall determine the (as yet unknown) functions 4 and B of u and v 
in such a way that the values of 41® obtained from these four equations 
shall be exact differentials. . 
Let us write these equations as follows: 
Sy dIE = —(Adu+Bdv»), 
SyPdlO = —d-du, L < (6) 
Sy dl = —d’-dv, 
Zy di =0, 
and denote the determinant of the left members by A, so that 


, A= | Yw: Yar Yor yj. 
Then A is not identically equal to zero. For, if it were, (H) would have at 
most three linearly independent solutions, and y™®, ...., y® could not be 
linearly independent. l 
. We may write 

TAE SYLL =Z YP pO =Z yP = Ty p®, 
where 4, uw, ete., are the third-order minors of A, and may be written 
as follows: l 
f AM = + |y,, Yoo yl, EO = — [Yes Yos Yl 
PO = F [Yuvs Yur Yl PO = —|Yuvs Yur Yolo 
etc., the notation adopted being self-explanatory. 

The solution of (6) for dl gives : 

Adl® = —1»® (Adu+ Bdv) —pd-du—v©d'-dv. 

But we find . a l 


AP = | Yus Yor Y| F l Yus Yas YLE l Yes Yos Yul 


= |—2ay,—2by,—ey, Yos Y| F | Yus Yws Y| = — 20A — y, 
and similarly, : 
AP = — 244% —»®, AO = — 202 — a, ear, 
whence ia À 
uP = — AP — 2b AO, yp = —AM— 24a, 


Consequently we may write 


Adl® =L©du+MMdv, (k =], 2,3; 4), (8) 
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if we put 
MO —a-AP + Qad —B) a, | ü 


In order that the expressions for dj may be exact differentials, we 


must have 2 Hie anay 
(k) 
a) = sala ). 


Tf we make use of the sae: (7) and the equations 


OR gh Oe ody AS 
ov 


we find that these integrability conditions give rise to a system of four equations 
of the form 
(B—~—d,+2a'd) a — (A—d,+2bd') AP 
+{—4A,+B,+2b'd,—2ad,—d(2a,+ ¢—8aa’) 
se (2b,+c—8bb') —4b'4+4aB]AM=0, (10) 
(k = 1, 2,3, 4). 

If we interpret y™,...., y as the homogeneous coordinates of a point P, 
in space, the point P, describes a surface as u and v pass through the values 
of their respective ranges. Moreover, this surface can not be a developable, 
for a system of equations of the form (H).+ But the quantities 4% are the 
homogeneous coordinates of the plane, tangent to this surface at P,, and 
therefore can nct satisfy a system of equations of the form (10) with non- 
vanishing coefficients. For, if they did, their ratios would be functions of a 
single variable; i. e., the surface would be a developable. Consequently, the 
coefficients of (10) must be equal to zero. If we equate to zero the first two, 
we find 





A=d,—2bd', B=d,—2a'd, 
and these values of A and B also cause the remaining coefficient to vanish, as 
a consequence of the last of the integrability conditions (1). 
We have obtained the following theorem: 
Let y®, ...., y be four linear ly independent solutions of the komi 
geneous system (H), and let 
Yor Yor Yw You 
ee ee. (11) 
= Yo Yo Yo Yo l 
y y® yO yA 


k=1 








* Loc. cit., p. 258. + Ibid., § 2. 
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so that 2% is the co-factor of y& in this determinant, which, moreover, is not 
identically equal to zero. If we put 
LO = da® + (2bd’ + 2b'd—d,) a™, ] 
M® = PAP + (2ad’ + 2a'd—d,) a®, J 


(k = 1, 2,3, 4), (12) | 


the quantities 


di = 5 (L® du + MY dv) (13) 
will be exact differentials, and the function 
. (v) i 
4 4 
Y Se SiO yO = sefi (L® du + M®dv), (14) 
k=1 k=1 
(ax, 5x) - 


where the lower limits of the integrals are arbitrary constants, will be a solution 
of the non-homogeneous systém (L). l 

If we choose the four lower limits equal, so that 

a,=a, b, =b, (k = 1, 2,3, 4), 
we obtain that particular solution of (L) which corresponds to the initial 
conditions 
Y=Y,=Y,=Y,,=0 for u =a, v =b. 
The quantities A satisfy a system of partial differential equations of the 


same type as (H). If we put 


PKO 


YO =A (k=1, 2, 3,4), 


Y®,...., Y® are solutions of zhe adjoined system of (HM), viz.: 
(H') { Yiuwt 2¢¥,—26Y,+ (c +2b,—4bb') Y= 0, 
Y,,—2aY,+20'Y,+ (+20, —4aa') Y=0.* 
In terms of these quantities we find 
L® = VA [d Y® + (2bd’ —d,) Y®], } 
M® = VA [TYP + (2a'd — di) Y), 
and these formule are sometimes more convenient than (12). In all appli- 


_eations of these formule it is good to remember that, since 


OS Laight. CO aie 
Ou oa 


(12) 


ðv 





: * Loe. cit., p. 259. It should be remarked that system (#’) is not in general equivalent to the 
system obtained from (H) by taking the Riemannian adjoint of each of its equations. There are two 
distinct methods of generalizing the Lagrange adjoint of an ordinary linear differential equation. The 

. above method, based on the principle of duality, may be called the geometric method, as distinguished 
from the analytic method of Riemann. 
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we shall have ` 

i l = A=Ce™, C= const., , (15) 
where p is determined by the conditions | | 


op = a Op _ 

ou > Ov” . 
which are consistent, according to the first of the integrability conditions (Z). 
The constant C may, of course, be reduced to’unity, by a proper choice of the 
fundamental system y™,...., y. 


=O 


§ 3. Integration of System (S) by Series Proceeding according to Positive 
Integral Powers of c,. 


If the coefficients of an eae linear homogeneous differential equation 








avy an = 
dar tP a St. ita ae 


are integral rational functions of a parameter u, and if, for an initia] value of 
the independent variable «= %, independent of u, initial values be prescribed 
for y, y’,....,y@7» which are either independent of u or integral (rational 
» or transcendental) functions of u, the corresponding solution of the differential 
equation will itself be an integral (rational or transcendental) function of u. 
This theorem, due to Poincaré, Giinther and Horn,* may be applied to our 
system, in so far as we may by simple processes find from (S) an ordinary 
differential equation of the fourth order for y as a function of u, the coefficients 
` of this equation being rational integral functions of c, and v, as well as of u, 


A similar equation of course exists for y as function of v. The actual deter- 
mination of the solution might be accomplished on this basis, but manifestly 


the lack of symmetry in the treatment accorded to the two independent variables 
would be a disadvantage. We therefore prefer to start anew, without making 


any use of the above theorem except in so far as it assures us à priori of the 


ee of solutions of the form 


Y= YO $y YP G+ . (16) | 


and even this is unnecessary, as we shall osta blak the existence of such solutions 
directly à posteriori. ; 

Let us then assume for y in system (S) a development of form (16). We 
find at once the following conditions: 





* Poincaré, Acta Mathematica, Vol. TV (1884), p- 212. Günther, Crelle’s Journal, Vol. OVIT (1889) 
p- 312. Horn, Mathematische Annalen, Vol. LII (1898), p. 343. i 
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0) ` 0). 
PY 4 OUP e yO = 

Cv? Ov 
ay du” 
y? Ou 


Zak) | Daf) R 
= +2 of Hayt + uyt =0, 


2 p(k) . 
i ic oe tey + Dye? = 0, 
which, together with the proper convergence conditions, ate necessary and 
sufficient for the existence of a sclution of (8) of the form (16). 
According to (17a) we may take for y® the exponential e*"**", provided 
the constants a, and 8, satisfy the equations 








and 





(k= 1,2,8,....), (Tb) 





eel (18) 
B@?+2a+e,=-0, 3 
In general, there are four linearly independent’ functions of this kind, . 
y® = entte (G= 1, 2,38, 4), (19) 


and we shall, for the present, confine our discussion to this case. As we shall 


see at the end of this paragraph, this limitation does not essentially affect*the 7 
generality of our argument and, moreover, may be easily removed afterward.* 


_ The solution yO = e% "+8? of (17a) is characterized by the initial conditions 


(0) 0 2 
yO = erat Brd, ay — g etratsre Oy = Bereta, Py a, B, etter 
Oh  " > Ov aes sia i 


for u=, v =b. We shall determine that solution of (S) which corresponds 


<=. to these same initial conditions. If this solution is expressible by a series of ` 


form (16), we must satisfy the initial conditions 
yi) = OUP? Oy? _ By _ 
i du dv  ðuðv `? 


for u = a, v = b, while 
` y® = = err et Bre 





k>1, (20) 


We proceed to calculate y by applying the method y of §2 to (17b). 
the notation of § 2 we have 
a=0, b=1, c=, dwt, 
a ody V=0, C=, d =vyt. 


Of the five integrability conditions (Z), the first four are obviously satisfied. 


The left member of the last reduces to 








i * A complete discussion of tke various cases is to be found in my paper “On a Certain Class of 
Self-Projective Surfaces,” to which I have already referred. 
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Oy En ye —1) (h—1) o2 ye care oy» aes 
oS + 2k + out) e (SHE + 228 + out), 
and this is et to zero on account of (17b), if k22, and on-account of (17a), 

if k=1. me ve 
The homogeneous system, which corresponds to (17b), is (17a), and its 











solutions are determined by (18) and (19). Therefore, %,-..-;@, are the 
four roots of the equation l 

a§+2¢¢+82icd+4¢—0, (21) 
so that 


a, + aly + a, + a, = B, + B, + be +8 =O. 
Consequently we find 
i yP yP yP yP =1 


and 
abı a8, a8; «8, ai a2 Os a 
a a æ æ Lj a, a & @ 
Az ‘1 2 3 4 =I 1 2 e 4 9 
Pe Bee Bes. Bi Be. aana] (22) 
I~ 1 1 1i i i 
or 


. 4A = — (t t) (a ag) (a1 — ai) (0, — dg) (a9— 4) (ts — aa). 





(0) 
We then find, for the co-factor of oe in A, the value 





AO = Tyo’ (i= 1, 2,3, 4), 
where 
k, = (do — aHa — aa) (ag—a,), k; = (G44—@,) (24—82) (a — az), } (23) 
keg = — (tg — Oy) ( %g— a) (a,—a,), k, = — (a, — äg) (21—83) (29—48). l 


If we substitute these values in (12), we find 
. 3 (k—1) f 
IR = perno (But 20) yt? —u 2], 


(k—1) 
| Mi = Bee +l (2u— av) ye? —0 a | 


where we have introduced a slight change of notation as compared with (12), 
the upper index k of (12) having been replaced by the lower index i, while the 
significance of the two new indices r and k, nae appear in the last two 
equations, is obvious. 

From the above values of A and k, we obtain the yalio of their quotient, ° 


(R= aa) (9-09) (1—0). 
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i But, on account of (21), we have the relations 


Sa,=0, Sa,aj=2¢,, La,40,=—8, 4,440 = A HEO, 
so that | 
tA = —4 (a + 0,4, + 2) =8 (a — 1), 
: 


proving the first of the four equations 


Š= 2 (aß —1), (i=1,2,3,4). - (24) 


4 


Clearly, a,8,—1 will be different from zero, since «, is a simple root cf (21). 
‘From (14) we find, finally, i ; 


4 l re —A; U ~By v ð (k-1) 
0 — S paiut Bye e Ee 2 Œ~) __ oy | 
4s mae S as f ite 20) ye “gy du 
a,b 
(k—1) ' 
+ f (2u—av) yo? vie | av]. (25) 


The lower limits of the four integrals which appear in this formula have been 
`- chosen equal to (a, b) so as to satisfy the conditions (20). That the expression 
(25) for y® actually satisfies these conditions may be seen as follows. We 
may write (25) in the form 


4 7 i 
yr = ZI (25a) 


where the quantities I} have been determined, in accordance with the method 
of § 2, in such a way that 
Oy = 510 d yP Iy $ may? Py” _ 5 1% o yP 


Ou mi” Ou’ v a”! OU’ Odudv- a” 'dudv’ 








Consequently, all of these expressions will actually reduce to zero for u = a, 
Boe: a on l 

In order to establish the convergence of the expansion (16) for y,, it will 
be convenient to write . 


etp) +R e—a) 


e K, (u,v; P, 7) = § (aß — 1) , 


Bed 2 re 
S= f d(—Bp'+4nq—4,¢@). 
a, b 








(i =1, 2,3,4), (26) 
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Then we shall have 


‘ee oe ) 
yo = S ae {us as,— - i a OE | 
a,b ` 
&é ee. 
“=f 3 aK, {ye as,— 28a (pt) 28a (at) J. 
a,b z ( 


dy? ce ee (k-1) dy? 2 aye 2 
Sy -f Z BK, fus dS; — T peoga] 


3 











yP f Oy 
se ae a ee aa} 


A simple induction proof, involving the use of equation (25), shows that, for 
every value of k, y and all of its partial derivatives are continuous (and even 
-analytic) functions of u and v, for all finite values of these variables. The 
path of integration from (a,b) to (u, v) may be chosen arbitrarily in the finite 
portion of the plane, since all of the differentials involved in (25) are exact. 
We may, moreover, without any essential restriction of generality, assume 

` Let N be a positive number not less than the largest value assumed by - 




















jenn ea on the path of integration. We shall ‘then have 
Oy? dy 
< er} < AL A BS N. 


For any assigned finite values of u and v, there will exist a positive con- 
stant M,, such that, for all values of p and g-along the path of integration, 
|K; (u, v; p, q) | SM. 
Let 
M = S M,, 


t=1 


and denote by æ and 8 two positive numbers, such that 


lalsa, lêd S8 (t= 1, 2, 3,4), 
and consequently, 














4 4 4 
ZK, (u,v; p,q) | SM, z a,K,| SaM, | 2 EK;| < 6M. 
i= i=1 ` 
Introduce three positive functions by putting . 


P= f l =S AD S= S aell +4Ip\lal-+alaln, 
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and we shall have . o 
|dS,| <d8, (i = 1,2; 3:4). 


If now we put k =1 in (27), we find 


u,v 4 
leis f S M,{NdS +@NdP+aNdQ{<NMT, 
f 9,0 i=l . k 
where 
=8 + BP + «Q, 

and similarly, 
ay a? y 
Ou uov 
If we make use of these eee after putzing k = 2 in (27), we find 


M° T? 
2 


ay? 











<aNMT, <BNMT; 














<aBNMT. 





ly [sv 
and, by induction, in general, 
M*T* dy MET |dy®|. 
kt’ du | SI wl” | dv 
These inequalities’ assure us of the absolute and uniform convergence 
of our series for y,, and of its term-by-term differentiability with respect to 
u and v taken either separately or together. It is easy to show, further, that 


, ete., 


Ht 














ly® | SN 





SEN , ete, 














2 2 
oy Yr and a Yr may also be obtained by repeated term-by-term differentiations 


from y, as absolutely and uniformly convergent series. Consequently, we have 
obtained the following theos em: 


The series 


for which y = e%"**”, and whose general term is determined by the recursion 
formula (25), is Mesita ana uniformly convergent forall finite values of 
u,v and Cy, and represents that solution of the completely integrable system 
(S), whose imtial values for u=a, v =b coincide with those of the exponential 
function et ™ tee, 

We have computed the solutions y, under the assumption that the four 
roots a,,...., a, of (21) are distinct. But this assumption, as we have already 
stated, does not really restrict the generality of our method. For, sy means 
of a linear transformation of the independent variables ` 


e u=u+h, v=% +k, (28a) 


system (S) may be transformed into a new system of the same kind; whose 
constants have the values 
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- Q=, Ope Wis, G= tke (28b) 


If c, +0, we may therefore transform {S) into another system of the same 
form whose constants é, and é, have any desired values, for instance é, = ¢,=0,, 
in which case the four roots of (21) will actually be distinct. On the other. 
hand, it would not be difficult to develop formule to take the place of (25) in 
the case of two or more equal roots.* 

The linear transformation (28a) enables us to materially simplify the 
appearance of the differential equations iS), but we have made no use of this 
transformation in developing our theory up to this point, for two reasons, In’ 
- the first place, there would have resulted no essential simplification in any of 
our formule sufficient to make up for the corresponding loss of symmetry. 
But, in the second place, the general formule have a real significance which 
might otherwise have escaped our notice, and which gives us a real insight 
into the nature of the integral surface. l 

In fact, the linear transformation (28a) may be interpreted as a change 
of position on the integral surface, instead of as a change of the parameters of 
reference. Now, if ¢ is small, our formule: show that the suriace whose 
parametric equations are i 

yn = et, — (r= 1,2,3,4), (29) 
` may be regarded as projectively equivalent to a first approximation of our 
integral surface ‘in the neighborhood of the point for which u =a, v =b. 
If a, and ĝ, are the values o. a, and 8, which correspond to the constants 
é, and &, the surtape 

Yr = Care + Bre, (r =1, 2,3, 4), 
will, in the same way, be projectively equivalent to a first approximation of 
the integral surface in the vicinity of the point u =a + h, v=b+k. In other 
words, for small values of c, an integral surface 5 of (S) has associated with 
each of its points P, a self-projective surface of the form (29), whose exponents 
a,, 8, change with P, and which may be regarded as a first approximation of > 
in the vieinity of P. 

One further remark is of importance for our later developmente. From 
the nature -of our convergence proof by dominant'functions, it is clear that the 
series: ; 

y? $y 0 + yO oF +. 
will still be a uniformly and absolutely convergent series for all finite values. 
of u, v and &, if the recursion formula (25) be altered by writing in place of 





* Cf. foot-note on page 239, 
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(a, b), the common lower limit of all of the integrals, a different lower limit 
(a, b®) for each of the integrals, provided that all of these limits are finite. 
Moreover, the function of u and v thus defined will still be a solution of (SY, 

corresponding, however, to altered initial conditions. l i 


$4. Properties of the Coeficients of the Series Obtained in the Preceding 
. Section. 


Let us make the generalization referred to at the end of the preceding 
section, and on that assumption caleulate wu, Tf we make use of the abbre- 
viation involved in writing (25) in the form (25a), we find 





(u,v 
i) = Tab- r i | —B.w + 2u0—a, v] i 
Oy © Pc (ap), b 0 
1 = ear—a1)t +BB 1 ) , . 
Arae =I) (aa) (B,— =a a, a,)u+ (8, —B,)v— | me ir. 


Then 


yD = estes [Bett 2a 4 p aeee 
4 (a, B, —1) i=l 2 (a; Bi— 1) (a,—a,) (B.—B:) 
5 aut (tri) 21 (B,—Bs) b10 
penn e 4U 


{ (ar — a) of + (8,—B,) bP—1 | 








i=1 2(a;8,--1) (a,—a,) (B,—B,) 
pap Bp» Bra? + 24M BM —a, BO? > 
i Aebi , , (30) 


where the stroke on the summation symbol indicates that the value i=r is to 
` be omitted. It will obviously be possible to find finite numbers af", b® and 
a, b® so as to cause the terms e* "+4? (ir) to disappear, and to reduce to 
zero the constant term of the expression which is multiplied by ase i 
this be done, we have . 

Q) — g4ru+6,e —B,w+2ur—a,v , S, (a,—4a;) u + (8,—B,)v | 
a [ Fab i) T 2:2 (a,B—1) aa) (8B) 

= e*t + bv PO (u, v), (30a) 

so that y reduces to an exponential factor multiplied by a polynomial P® (u, v) 
of the second degree in u and v, whose constant term is equal to zero. 

We may generalize this result. For every value of k there exists a a 

y® of (17b), expressible in the form 








yO = == e% t+ Bry x AW = = grtt Bro er (u, v), 
j=1 


"where 4) is a homogeneous polynomial of degree j in u and v. In otker words, 
y® is equal to e**** multiplied by a polynomial of degree 2k in wand v, 
without a constant term. aa | 
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The theorem is true for k=1. We proceed to prove the genera] theorem 
by induction. Let us suppose, therefore, that 


2k-2 
(k-i. m pa,ut+Bpv yY {k—-1) 
pe PDS AG 
j= 


? 


and consequently 





dyn? Gakbo = Ca +a AG: P: 


Ou rj 


Oy? L garuteee BC+ AGH P) 





Ov Ani 


We shall find 
1% = g ete nt ene | PED te PED Ee E pe-p D i} du 


ay), bs 
HIRE +... + RER dv], (31) 
where : . 
e 1 „2 a Aes? 1) 
Z a 04a (32 
i BT) aw + a,) v} AS — zei |: ) 


(7=1, 2,3,. -,2k—1), 
in the application of which formule we must remember to put | 
Avs 1) — Age n =Ì. 


Clearly, Pz? and Qe D are homogeneous polynomials in u and v, of degree j. 
From our general theory we know that the expression under the integral sign 
in (81) is an exact differential. ` We must, therefore, have 


(8,—B,) PSr% 1 = (a, — @) rae ie 19 





(8, B) Pra + CEEE = (a, — a) Octet 2B, 
EE NE ETE EEEE TT TE 
mo (k—1) ( 
(B,—8,) Paz? ERER — (a, — a) Q9rp + aan, 
IPE? OSa? 
` ðv — ðu ` 


` Consider first the case ir. We may write 
ky — om r= ik k k 
Lr = [ee a;)u+(B Poet RD g + RE Le + e ene + RE y Qk-1 law, bt) y 


where Rý}; is a homogeneous polynomial of degree j in u and v. In fact, in 
order that this may be so, it is necessary and sufficient to satisfy the conditions 
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aR” 7 aR 
at + (a, —a,) RY = } Orda 4 (8, — B.) RY ,=0, 
3 RG) an 
OReks + (aa) RM. =PH 2, Sekt + (BB) RM = QP, 
eit eid ase Ot tata th site eE a ete Seay j ei E EE AAA Danes aay 
ð RA . ORD a 
0 Fa + (a, „— a) RY op- = PE, i, D2 =S ra (8, —B;, RY on-2= OE F-2, 
(a, — a) BY 2k~-] =P ee ù 2-1» (8,—B:) RY 2k~-1— Oo se) 
which are consistent on account of (33) and give 
R® 9, et rite 
T, ty rae 
Oh, — Oy B.—B; 
ð Pt; Pa i ə ee 
R® 9 = Perhe Du _ QETA dv 
Ty by = : 
A, — Hi; (a, —a,)* mee — B; (B,—8,)? 
aneidne Rea Ace lease NS OE edge Bee Bia Te Aires, E a wg BRU ale Be EA 6 ter ar AA Aa r 
pan : oF glows Chas Se á 
ee a re di a a e daa 110 
Ty t, 2k A= a, — Q; (a, —a,)? + + ( ) (a, — q) 
TE ə OO nat ‘ ae en 2%- 1 





et ov ov- et 


i: EBT $I gar, 


If we write 2k—A= j, we obtain the general forala; 


2k—j—1 » » PUk-1) et à AMe-) 
() (=1) OP PRT Pa (11) POM Pea 
R= sae (a, — a) T aA (8. (6.—B)y* “Our 7 (34) 
(g=0,1,2,....,2%—1), (4=1,2,3,4; ir), 
which gives, upon substituting the values (32), the following two equivalent 
expressions: 





2k—j—1 Sn 1)> 


RQ, =" 2 [i Beute Abe 
nrj xa 4 (a, A —1) Ou 


a cee en ae Acs AG 
on Ae ith 1 r, G44 
118,48, j? ia 1 Ourdov Asus serge | 














$ 2k— p i g^ Age 7 ` 35 
RP, ; = = 0 4(B, gone zy 2 (a, + a4) vj Aetea ( ). 
. A—i AG 1) yon AER g APR 
daon E T, 5+ 
—A (a, +a) TE A a h 


(j =0,1,2,....,24—1), (4=1,2,3,4; ir). 
31 


248 WILCZYNSKI: On a Certain Completely Integrable 
For i =r, we find 
~a (tu, v) i 
a FO [IPERE H POR dust OR... + oalde], 
and the conditions (33) reduce to 


OP) QED pga. | 
Baal =. 08 Q aah, (j= 1,2,...., 2k—1). 





We may write’ 
k) k k k py 
I = [RP o HRP a+. FRO al ERa, 


where Boris is a homogeneous polynomial of order j+ 1, subject to the 
compatible conditions 











IRP aay a) dd, 40-1 3 AC]. 
u = Pan Tae glan Ayu So =|, 
i a B® gti ow (k—1) L q, (k—1) : ə Any” 
‘dv = One = 4 (a, a rN Ar Hio a | 
(7=1,2,3; ,2k—1), 
where 
q, = —B,w+ 2uv—a,v?. - (36) 


If we multiply both members of the first equation by u, and those of the 
second by v, and add, making use of Euler’s theorem on homogeneous functions, 
we find ; 


kL k—1 
G41) BM m= Ee 2g, ASTA — (2A tu PE], en 
(j=1,2,....,2k—1), , 
to which we may add . | l 
RY, = 0. (37a) 
The value of the arbitrary constant R® , is immaterial. The resulting ex- 
pression for y® will be 


y® = = oor Rens a F RO ak late, b, 
r k k) 
+e’ eoD RR ot. + Raa] 
— S'e etit + Bav + lar — o) a ® + (Br — Bs) by [B® o AN .+ Rih, anilam, bma (38) 
ts 


and this will have the desired form, if and only if the limits are onan in such 
a way that 


[RE o oo + RM í, 2+1] ag, by) = = 0, 
the ton a 
Ee ie BPS Tis a [= PTE re 


Ts 1,0 
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For every finite value of k this can certainly be done, and we shall then have 
the following formula for y®: 


yP = etre t Bee [R®, on + È (R, is RY Pera) I, 


if we remember that, according to (37a), 
RY = 0. 
Therefore, 


a> 
ky — k er ae i KJ. ace k 
A) = Ri» G1, 2,-2.6, 26—1), AO cae BY) ox, 
t= . 


whence, making use of (35) and (37), 








ait TT 
(k) — -D ff 992 f, j—l t j—- 
Ae) = 49 (a, B, —; [24.4023 v ou : +u Ov D] 
a ee (—-1) gn Ae 
1 x L Epe 
ge ae =a) "(a8 —=5|!- (8,+B)u+20} Dus 
= or agon pint, OA _ OAS 
AlB, +B) Jw wt Od ase |, 
GH1 2 2k 1), 
AM, = Sa AG 


4h (a, 8,—1) 
A second equivalent form for A®, may be found by using the second of the two 
‘equations (35). 
From the last formula we find at once 
k 








Ir = 
AR = = FRY (a, By—1)”? (A= eres rarer (40) 
Let us put l 
r l -$ B, +B: 
TE (a, — a,)**! (a, B:—1)’ ae (a, =a) (up) (41) 


Then we find 


; 1 = yp lAne 0 AG) 
AM = 47 (a,8,—1) [2 q, A“; 2} — F S he l +u 2 a AEN | 
| 24—-j-1 h A-1 TD 
' oft aes : a joe 
Sna a ea) o 
(j= eee 1,2 Sy eee is ey 1), 


and a second equivalent form i to the second form of equation (35). 
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Thus we may obtain ‘a solution of (S) in the form 
| Y= Yerba tye + .... + yoo +H, 
where the further development of N would give powers of higher than the k-th 
order in &, k being any finite integer, and each of the functions y being of 
the form . i $ 
: 24 
| yO = enero 40, 


We may not, however, conclude in this fashion that a solution of (S) exists 
_ of the form 

; YO + yPegt yPat+ .... ad infinitum, 
since we can not be certain that the limits of_the integrals, as determined by 
equations (39), do not tend to become infinite with k. If- this were the case, 
the convergence theorem which was proved in-§ 3 would not be applicable. 

In order to establish the existence of such solutions, we may proceed as 
follows: In equation (25) let us put a—=b=—0. We then find, making use 
of (30) and-(80a), l 

E YP = ette PO (u,v) + È oR entte, 
where ™ 

i F e 1 . 

f 2(a,8,—1) (a,—4,) (8,—8,) i 
With this value of y® we find further 


4 4 
yP = orth PP (u, 0) H È of fentrai PO (u,0) +È ohenee) 
s= t= 


; ; i 
(s+r), 2 60) = 0. 
i =ł 


4 
+ > coy et: ut+f,v $ 
s=1 E 
where 
è s=1 $ P : 
or s ? 


4 4 
9/2) —— r 2 1 s D fay; s p@ s u-t Ba 
yt PM (u,n) + E eu APE (u,v) + E otat, 
g= = i 


' 4 
(1, met (2. 1,1) ae 
che) = — RY o (sr), 2 co 0, 


if we write 
4 
2) — (1,1 S all) pa 
oy = oh + 3 ol. 
j=l 


. We may now prove by induction that 


4 a 4 
y = etrttbre P® (u,v) -+ z a e% tt+Fv PG) (u,v) Figi +E o® err ut Bee 
s= s= 
` e. 
or 
. 4 k : i ; 
y = etr*t8r? PH (u v) + = D oP, eer PED (u,v), (36) 
=] j=1 > 
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all of the quantities cf, being constants, and the functions P® being poly- 
nomials of degree 2 à. 
_ We know that the series 


y, = ewer Pre + Sy) of (37) 
k=1 


is absolutely and uniformly convergent for all finite values of u, v and ¢,, and 
that for u=v=0 we shall have 
Oy, dy, . Oy, 
y, =1, ra. ap Bes 3y gy = eB 

From the general theory of linear partial differential equations, we know 
further -that the uniquely determined solution of system (9), which satisfies 
the initial conditions (38), may be represented as a power-series P (u, v, Co) 
in the three variables u, v, ¢,, absolutely and uniformly convergent for all 
finite values of these variables. Moreover, for any system of finite values of 

"u, V, C, there exists a convergent series D o? positive constants which domi- 
‘nates the series of absolute values of the terms of $ (u, v, c). 

Since the series (37) and } (u,v, ¢) are both absolutely and uniformly 
convergent, and since both of these series represent, for all finite values of 
Uy U, Coy the same solution of (S), we shall obtain ẸŲ (u, v, ¢,) from (37), if we 
substitute in (37) the expressions (36) for y“, expand the exponentials into 
power-series and perform the indicated multiplications. ° 

‘Now the quantities |e**+®"| and |P® (u,v) |, are at most equal to the sum 
of the moduli of the terms of their respective expansions. Let us replace the 
several terms y™ cf, of series (37), by the sums resulting from (36), and let 
us regard the individual terms of the sums thus obtained as terms of a new 
series =. The series of the absolute values of the terms of & will be dominated 
by a series of positive constants, whose sum is at most equal to the sum of the 
series D of positive constants, which dominates the series of absolute values of 
the terms of P (u, ù, ¢,). Consequently, the series > itself and any series com- 
posed of terms selected from those of X, provided that no term of. be taken 
more than once, will be absolutely and uniformly convergent. 

Therefore, the series l 2 








(38) 


wo 
y = ete Z PM (u, 0) of, 


which is known to satisfy system (8) formally, is absolutely and uniformly 
*convergent. If now we differentiate this series term by term, either once or 
twice, with respect to u or v, and compare the resulting series with the corre- 
sponding first- or second-order derivatives cf P (u, v, €), we recognize by a 
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repetition of the above argument that these series also are absolutely and 


uniformly | convergent and therefore represent oy, oy , ete. 


dv 
We finally obtain the following theorem: . 
If vy, % ts a point for which the exponents a,,...., a, are distinct, there 
oan four linearly pl cae da solutions of system (S), of the form 
o et eee ON ats = P® (u— ig, 0%) cë], (r=1,2,3, 4), 


where P®, the coeficient of ck, is a polynomial of degree 2k. 

In formulating this theorem we have made use of a terminology suggested ` 
by our discussion of the effect of the linear transformation (28a). In the 
vicinity of the point u,, ve, the coefficients of y in the two equations of (8) 
may be written in the form 
l Co (U — Uo) F Coto H Ci, Co (V — Vy) + Co Vo + Cz, 
and we may speak of the four pairs of numbers a, 8 which satisfy the equations 

a P+ 28 + cyus+¢,=0, Bi Sabot T 
as the exponents for the point uty, Vy. 

We see that, associated with a system of form (8), there isa set of poly- 
nomials. We have seen, moreover, how these polynomials may be calculated 
by means of certain recursion formule. These formule, however, are rather 
complicated, and we now proceed to study the polynomials P™ (u,v) by a 
different method, which gives‘far simpler results. 

Let us substitute, in (9), l 


y =7 etutso : 
where a and 8 are any two numbers which satisfy the characteristic equations 
a+28+6¢,=0, 6? +2a+¢e,=0. 
The system (S) will be transformed into the following system: 
Naw t2GNy+2@ny+eun=0, Myw+t2n,+28n,+evn=0. (40) 
Since (©) has a solution of the form 
eet Or [1 + È PO (u,v) of], 
k=l 
(40) must have a solution of the form 
n=1+ 5 P® (u,v) c, % (8) 
k=1 : e 
where W , 
; P (u,v) = S AM (u v), 7a) 
isl ` 
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AP being a homogeneous polynomial of degree i~ 
Lf we substitute the expression (41) for y into (40), we find 
P® + 24¢P0%+42PM%+4+uUP6-9=0,) | 
Pee ne | f (k = 1, 2,3, ATR A (43) 
From (43) and (42) we find, further, 


k (x (k) 4G) 2k 
2 (Cae aA: gor +u = Ag = 0, | 


i=l È 
TE] s (44) 

F (PAP | g3AP OAPS p E ga — 
T 0v? TT TAR JE )+o S A É 


If we equate to zero the terms of degree 2k—1, we obtain the equations 


























aS 4 E + uti = 0, 29588 + 2B SSR + v Atte, =, 
whence 
2 (a8 —1) -5 e =4q AK}, 2 Ca ee = $ q, Afh 
where 
q= — Buw + 2uv— av, a= 34, a= $4, (45) 


and where aĝ — 1 is different from ae if, as we may assume, a is not a 
repeated root of the characteristic equations. These equations show that the 
Jacobian of A{ and g is equal to zero, so that 4® must be a function of q. 
We easily find , 


$ : ; ae 
AR = BGR FR’ EG als (40) 


a result which we had already obtained by our previous method. 
Since A‘ =0, the terms of degree zero and unity, in (44), require special ` 
attention. We find . 


adm 4 9AM | 9AM _ PAP 4/5040 aap 

















du? FEY Qu T ðv ? Jv Fag =h 
whence 
aAm _ a AM ZAP 
, 2 (a pans -am =p2 Jui Se 4 
: GAM o2 4 ZAP 
` 2 (aß —1) ðv Ju’ Tagy 


‘Let us multiply the members of these equations by u and v respectively, 
5 and apply Euler’s theorem on homogeneous functions. We find 
1 
Œ) — c (E) 
A! “opac et E ; (46) 


where Q denotes the operator 
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Q= (— bu +o) 2 pgs mpa lagat oa) (47) 


which plays a fundamental rôle in this theory. In the same way we find, from’. 
(44), equating to zero the terms of the first degree, i 
| AP =r TGI j 2 (4). | (48) 
Let us now equate to zero the terms i degree 2k—i—1 in (44), where | 
1<2k—i—1<2k—1. A precisely similar treatment gives the following 
_ equation: 
2 (2k —i) (aB—1) AD, = g ASA, «+O (AP). 
“If we put 2h —i= v, we find 
Q (49) +g AS” 
2v (aß —1) ’ 
for this formula will also be valid for »=1 or 2 if we equate to zero A® 
` whenever i becomes zero or negative. 
By means cf formule (40) and (49) all of the homogeneous polynomials 
Af may be calculated. We shall actually write down their values for- 
k=1 and k= 2, viz: 





A® = (v =1,2,3,...., SLY; d (49) 














a l f 
ad) — — 2 2 
A} = Tapa ip lS a)u+t(a?—B) v], (50) 
1 q ; 
2) — = 2 LV — a v?] = 
Rio Gp oe ht ee gage 
and . 
A® = 
iG bat 116% DaB batt 4af- 5P Jut (—GB+110*~ 9a 5ft+ 4a — 5a )v 
se 1)5 
AP = = 
(-—68+ 5e?— cL al 5a3— 583+ +028?) uv+ (— west fle 4078+ 5a*t)v* 
32 (af 1)4 ? 
A® = (51) 
(2+3aß— 5B) ue +3 (— 4a+5f?—a*B)u?v+3(— 48+ 5a?—aB?) wy? + (24+3a8- 5a) 08 
48(aB—1)* 
AQ = 
B?ut—48u30+ 2 (aB+2)u2v?—4auv* ates. . È 
32(aB—1)? 32(aB—1)*" 
We observe in all of these cases that 
Bo 
AW = LA (52) 
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where B® is a homogeneous polynomial of degree v in u and v, whose coefficients 
are integral rational functions of a, 8 of degree 3k—v. Making use of equation 
(49), it is easy to prove by induction that this law is true in general. 

If we make the substitution (52), our recursion formule become 

g" 1 M % 
BR = = IZT BP > oy [Q (BS) T qB], (v =1,2, ...., 2k— 1), (53) 
. where we must remember that BY = B® = 0. 
By repeated application of these formule we find | 








BO = Q- ” (g") has Qa? (a Bi) 
Pn = gaspi (91)... EL) | A FFI)... GE)’ 
(@=1,2 2,....,2k—1), (54) 


sia e the symbol Q` indicates that the ae Q is to be performed à times 
in succession. i 
We may obtain another formula for B® from the equations 


BY = + [g B0? + Q (BR) 1, 





= hy [BEP + OBEN, 


` by eliminating the first terms occurring in the right members. In this process 
we must distinguish two cases, according as v is even or odd. We find 














=F ÉO (By 41) 
2 aa D ae (55) 
B®, = = g' 2 (By) 
eer ino 2H (24— 1) (2~a—3)....(24—2%4—1)’ 
or, to include both cases, 
A~1 . i (k—i) ` 
Œ) =, gy Q O (Bat 
. sd Se Ftp (vy —2).. R er ne) 
where A = 5 if v is even, and À = date if v is odd. 
In the second equation of (55), let us put à = k. “We find i 
gf k—i 
BRI= = oe 


, EE Gim Der- 3)....(24—21—1) GH 

. “Moreover, ; 
. Q (7) = 2 (k — i) TiL + 4 (k — 1) (4 —i— 1) ph, (57) 

where : f 

32 


a 
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TE EEE T — B) », l (58) 
L= (1— BI) +3 (Bt—a) uta + 3 (a —B) uv + (1— a?) v3, J 


Consequently, 











; k-—2 ‘ ` . : 
Bs = Ge [ah 0, (k) + 158, (k) F (59) 
where , 
F 2i ; 
Fahd ae fee (Qh—-1) Qh—3).... (2h—2i—-1) (kT)? 
: git (60) 
0, (k) = 





erdera.. Gh 1) (FI) 1 


We may evaluate these sums and thereby very materially simplify equation 
(59) by the following method: If we equate to zero the terms of degree 2k—-2 
in (44), a simple combination of the two resulting equations gives 


B® B® oes yo Ba 
OBB q OBB: agi) (ve BR uBR), n 


In this equation let us substitute the valine (53) and (59) for BSP and BẸ. 
The left member of (61) becomes 


L = 84M) apga) eps Oe: = 15%): 











and the right member reduces to 


R ee eae [P= (V gu — ugn) + (4—1) = (gh — wat). 


But i 
(@?—a) qy — (2—8) g, = 2 (a8 —1) (au—B»), 
dgy ugy = OOB) [t (2a +B?) wi v— (28 +a?) uv? +o], 
V Qua U Toy = 2 (au — B v), 
vga — uqi =4[— uit (2a +p?) u v— (28+ a)uv to], 


so that the equation L = R assumes the form 


i 1 
q (au—Bo)| 0.) = waar 
i [—w (2a +8) uv—(28+a)uot +o] 3 6, (k) — Gay a 
. The two cubic expressions which appear in the left member of this equation 
are linearly independent, since Cap —1. is different from zero. Consequently 
we must have 
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2 
so that 
sees [8a + 2 Es. mE 


The explicit expression for BÉ)?,, obtained by an extension of this method, is 
already rather complicated, viz.: 

k—4 
BPa = gpa ay 82—23 (eB) I 
; 4915244 (k—2) (aß—1)uv—8 (aß—1) tuv} g 
+6} (k—2) (2l —3l,) +3 (k—2) (a8 —1)u*v?] g 
+4(k—2) (k—3) 22], (64) 


U =B (— 8ú >v)! + a (u— av). | (65) 
The transformation (28a) enables us to simplify these formule very con- 
siderably. Let us assume that such a transformation has been made so as to 
reduce ¢, and c, to zero. The characteristic ann become 
a? a 28 =+ 2a = 
and one pair of solutions is a = 8 = 0. The ae Q reduces to 


3z 3 
Q =v ye Husz? 








where 


and it becomes an easy matter to calculate as many of the polynomials P® (u,v) 
as may be desired, although, even with this simplification, the general expression 
seems to be rather complicated. We find . 





P®= 1, 
PO = —Fuy, 
PO = — Juv — oy (u + v8) Hiu, 
BG = ile (u? + ”) 35" ot + guo (u + 08) — gpw o, (66) 
PO = Juz gag (w+ yt gr H uvate) D 
ae ca seg (we +) + 


We shall close this discussion with one further remark. The expression 
(41) for n may be written 
n= - eTe + = Qe mn v) ck, (67) 
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where the functions Q® (u,v) are polynomials of degree 2k—1, differing 
from P® (u, vò merely by the absence of the terms of degree 2k. Thus, by 
introduction of the first exponential term of (67), the polynomials P™ have ` 
been deprived of their terms of highest degree. By means of equation (63) 
this process may be carried out one step further, depriving the polynomials 
Q®, in their turn, of their terms of highest degree. However, for the present, 
we shall refrain from any further developments in this direction. 


$5. Integral Equations Satisfied by the Solutions of (8). 


If Y is any solution of (8), it may also be regarded.as a solution of the 
non-homogeneous system 


Yuu + 2H, + Oy +O uY =O, Your F 2Yy + Cy teuY =0. 
` The method of § 2 for integrating such a system is applicable, since the inte- 


grability conditions are all satisfied. Consequently we obtain the following 
relation: 


Pe ny MRE a ay 
(J) Fao e" wef Tig buto) ug) du 
f a,b = 
+ {(2u— a0) r-o} ao] 
f 4 ; 
+ 5 Getter, 
t=. 


where @,,....,@ are constanis. The integrals on the right member of this 
equation are independent of the path of integration, as a consequence of the 
differential equations satisfied by Y, and have definite finite values since all of 
the solutions of (S) are integral transcendental functions of u and v. ' 

Moreover, if these integrals be denoted by J;, they have been determined, 
in accordance with the method of § 2, in such a way that, if we write 


4 
= + 
n= 5 Lethe, 





i=l 
we shall have , : 
On — x er an aan 5 aut Bav oy ee $ aut Bau 
Ju a he , Jo T 2 Bike ’ Suge ee a 
just as though L, ...., 4 were constants. Consequently, the solution of the 


integral equation (J) will satisfy the same initial conditions for u = a, v =b, 
as the function 


4 
5 a; e% tB, 
£ t * 

i=l 
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so that the equation of form (J) satisfied by y, will be obtained if we replace 
this sum by e@*t6r?, 

Let us change the notation for the variables of integration. Then, the 
integral equation satisfied by y, may be written as follows: 


(J) E (u,v) = e%ttêr? 


H4 gulio) __ OY (p,q) 
raf Sini D (8p +20) Y (pa) P \a 
+{@p—a, a) F (p, o — Daa], 


Evidently the Liouville-Neumann method of successive substitution, as applied 
to this integral equation, will lead us back to the solution already obtained in § 3. 

It is easy to see, conversely, that if a,, @; are the four pairs of solutions 
(supposed distinct) of the equations | 

@+28+¢=0, 6%+2a+e,=0, 

any continuous solution of (J,), with continuous first and second derivatives, 
-will be a solution of system (9), satisfying the given initial conditions for 
u=a, v =b, thus establishing, by a second method, the uniqueness of the 
corresponding solution of the integral] equation (J,). 

In fact, we find from (J,) by direct differentiation 


Ya +2Y, +e Y a aE Bit 4u — apiu )¥+ pus 





oY oy. 
(1+ au) do = Maas A (68) 
But we have from (24) 
2 hy 
"ambi — l A’ 
and +k, is the co-factor of a, B: in the determinant A defined ty (22). 
Consequently, 
5 NE- a; _¢ B: _ So ab: 
PS Dee rr esl ~~ 0, als ial =f 


so that the right member of (68) reduces to —e,uY. In the same way we 
may prove that Y must also satisfy the second equation of system (S). 
The integral equations (J) and (J,) are simple examples of a type of 
integral equations which apparently has not yet been considered. The charac- 
“teristic property of equations of this type is that they contain open line inte- 
grals subject to the condition of being independent of the path. We shall leave 
the general discussion of integral equations of this kind for a future occasion. 
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We shall close this section by pointing out a remarkable formula for the 
partial derivative, with respect to c, of any solution of system (S). Let 


Then we see that y is a solution of the non-homogeneous system 
(gy "etant (uta) tuy=0, 
l Nyy F 2M + v +Ha)n+Hvy =O. 
. The corresponding homogeneous system is (9). If we apply the method of § 2 


to the integration of system (S’), we obtain y expressed as a sum of integrals 
Q 


of exact differentials depending upon the solutions y,,...., Y4 of (S). Of 


? z may-also be regarded as a solution of an integral equation obtained - 
4 


from (J) by differentiation with respect to ¢,. 


course, 
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On the Connection of an Abstract Set, with Applications to 
the Theory of Functions of a General Variable. 


By Artuuz D. PITCHER. 


In that portion of the thesis of Fréchet* which relates to the theory of 
functions} of a general variable there appear theorems which secure for a 
‘continuous function of such a general variable the more fundamental properties 

_ possessed by continuous functions of an ordimary real variable. For instance, 
given a system (Q; L), i. e., a set Q of elements g on which a limit L satisfy- 
ing certain postulates is defined, a sufficient condition that every continuous 
function on © (1) be bounded, (2) attain-its bounds, is that Q be extremal } 

. (compact and closed). A sufficient condition that every continuous function 
on © (3) assume every value between each pair of its values is that. Q be 
“continuous,” where the term “continuous” is defined in terms of a certain 
postulated correspondence between subsets of © and the linear interval (0 1).§ 
Later, for a system (©; ô) (i. e., a set Q of elements on which a distance func- 
tion ô satisfying certain postulates is defined) it is shown that a necessary and 
sufficient condition for (1) and (2) is that Q be extremal.|| Fréchet does not 
consider (3) further. It will be recognized that (3) is a property not lean 
important than (2) and (1). 

In bis dissertation entitled “A Contribution to the Foundations of Fréchet’s 
Calcul Fonctionnel,’] T. H. Hildebrandt gives an excellent analysis of: the 
Fréchet theory, securing many of the Fréchet theorems under hypotheses milder 
than-those used by Fréchet. Hilderbrandt considers especially systems (Q; K), 
replacing the ô of Fréchet by a relation K between the pairs of elements of Q 
and the single elements of the class `m] of positive and negative integers m.** 





* « Sur Quelques Points du Calcul Fonctionnel,” Paris, reprinted in Rendiconti del Circolo Matematico 
di Palermo, Vol. XXII, pp. 1-64. 

t The term “function” is used here and in the sequel in the sense of real-valued, single-valued function, 

+ Fréchet, loe. cit, § 11. 

§ Fréchet, loc. cit., § 12. 

|| Fréchet, loc. cit., § 51. 

AMERICAN JouRNAL OF MATHEMATICS, Vol. XXXIV, pp. 237- 290. We refer to this paper in the 

esequel as Hildebrandt. 

**It is very convenient and precise to speak of this relation as a relation on OO}, where Y is the 
class of positive and negative integers. Ci. § 69 of the memcir by E. H. Moore entitled “Introduction to 
a Form of General Analysis,” The New Haven Mathematical Colloquium, New Haven, 1910. The relation 
K, introduced by Moore is essentially the K relation used by Hildebrandt. 
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He conditions the K by postulates sufficient to secure the theorems of Fréchet 
and points out the precise relation between the K and the 6.* In particular 
Hildebrandt indicates that for a system (Q; K), where K is properly condi- 
tioned, a necessary and sufficient condition for (1) and (2) above is that Q 
be extremal. He does not consider (3). 

It is the purpose of the present paper to give, in terms of the K relation 
of Hildebrandt, a definition of the notion connection} as applied to a general 
range; to give some simple but general theorems in the theory of functions of a 
general variable; to give for systems (Q; K), where K is properly conditioned 
and © is extremal, a necessary and sufficient condition that every continuous 
function on 2 possess the property (3) above; and finally to give a set of con- 
ditions necessary and sufficient that every continuous function on © possess 
the properties (1), (2), (3). The theorems are applicable to the Fréchet 
systems (Q; ô). l - 


Consider a class Q=[q] of elements q, unconditioned except by the pos- 
tulates of the sequel, and the class [m] of all integers, positive and negative. 
Consider also a relation K between pairs of elements g,g, of & and single 
integers m. Denote the fact that g,g, and m are in the relation K by the 
symbol Kq,q,m. The relation K may have a variety of properties. (Cf. 
Hildebrandt, $ 4.) For instance, the relation K may be such that the following 
condition is satisfied: . 

If m <m, then Kq,q,m, implies Kq,gq,m,. (1) 
In the sequel a K relation for which (1) helds is denoted by K', while K denotes 
the general K relation. 

In a system (Q; K) the sequence {q,} of elements of Q is said to have the 
element g as a limit if, for every m, there is an np such meat N Np implies 
Kq,qm.t 
A function y is said to be continuous on the range Q==[q] of a system 
(Q; K) if, for every g and positive number e, there is an m,, such that Kg,qm,, 
implies |u(¢,) —“(q@) |<e. 

The function u is said to be uniformly continuous if, for every e, there is 
an m, such that Kag, implies lela) —u (92) |<e. 

Two elements q and q of the range Q of a system (Q; K ) are connected 
for a given m if there is a finite set q,, los- , 9, such that q= qı and q= dr, 





* Hildebrandt, § 6. F 

+The idea of the connection of an abstract range was first brought to my attention by Professor 
E. H. Moore at the time when I had the privilege of attending his lectures on “General Analysis” at the® 
University of Chicago.. 

F. Riesz, in his article “ Stetigkeitsbegriff und Abstracte Mengenlehre,” Atti del IV. Congresso Inter- 
nazionale dei Matematici, Rome, 1908, discusses the connection of subsets of an abstract point set. 

tHudebrandt, $7. 
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and such that, for each pair q,g;,, of elements of the set, we Have either 
K4,4.4.m or else Kgy gm. l 

The elements gq are connected if they are connected for every m. 

The range © is said to be connected when each pair We of elements of © 
is connected. 

The set Q of a system (O31 K) is extremal* if every infinitude of elements 
of © gives rise to at least one limit element of Q. That is, if Q, is a subclass 
of Q containing an infinite number of elements, then there is a sequence {qn} 
of Q, and an element g of Q such that Lq,=4. l 


The following propositions ' ae to systems (Q; K) are easily proved. 

If gg. are connected for m, and q.g, are connected for m,, then q9; are 
connected for m. - 

_ If qq, are connected and qg; are connected, then q,g, are connected. 

If R is a connected subclass of S, then 3+’ is connected. (W is the 
derived set of R.) 

‘Tf Q, is the class of all elements connected with a given q,, then Q, is closed. 
(A ‘subset ©, of Q is closed in case all the elements of Q which are limits of 
sequences of ©, are also elements of Q,.) . 

If O, is the class of elements composed of 9, and all elements g connected 
with q,, and ©, the class of elements composed of q, and all elements connected . 
with g,, then the necessary and sufficient condition that Q, and Q, have a com- 
mon element, is that qı and q, be connected. In fact, if O, and Q, have a single 
-element in common, they are identical. 

The following proposition is for systems (2; K`), 

If q, and q, are connected for m, they are connected for every My S <; m. 

Denote by W, the set of real numbers composed of the functional values of 
u, and by (2,), the set X, plus its derived set.’ The following theorem is rela- 
tive to a system (Q; K). | ae 

TuroremM I. (a) If q, and q, are connected and u is a uniformly contin- 
uous function on Q such that u(q,) <h<u(g:), then h belongs to (U,),. (b) IF 
_ Qis connected and k is any number between two values of a uniformly contin- 
uous function u on Q, then k belongs to (%,);. 

The second part of the theorem is an immediate corollary of the first 
part. To prove the first part it is sufficient to prove that if u(q,) <<0<u(q,), 
then 0 belongs to (X); The method cf proof is standard. (Cf. Goursat- 
Hedrick, “ Mathematical Analysis,” p. 145.) Denote by Ñ =[q] the class of all 
elements q such that u(4) >0, and by O=[q] the class of all elements q such 








* Of. Hildebrandt, § 16. 
33 
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that u(q) <0. Denote by I, the set of all positive functional values of u, and 
by X, the set of all. negative functional values of u. Then the lower limit of 
iL, is either 0 or e>0.- Suppose the latter to betrue. Then lua) 
every Gq. ` But since q,g, are connected, there is for every m a pair Amla such 


>efor 





that either K Inda or KGnInM™- Since u is uniformly continuous, there is for 
é/2 an Mep such that Kg gM implies |u(¢,) —u (q2) | <e/2. From above there 
is a pair Omcplmers such that K Amed rep Men, and such that |u (qme) —u Imey) | 
>e/2. Thus we have a contradiction. 

Turorem H. (a) If the class Q of a system (Q; K) is extremal and 
dı, Q are two connected elements of OQ, and u is a uniformly continuous function 
on Q such that u(q,)<h<p(q,), then h belongs to U,. (b) If Q is extremal 
and connected, then every uniformly continuous function u on Be assumes every 
value between each pair of its values. 

The second part of the theorem follows from the first. The first part may 
be seen readily as follows:* By the previous theorem h belongs to (U,),. 
Then either h belongs to N, or else there is a sequence {h,} of numbers of Y, such 
that Lh,=h. This, combined with the fact that Q is extremal, implies that there 


is.a sequence {q,} of Q and an element g of Q such that Lg, =q, and Lu(q,) =h. 


It follows readily from this and the continuity of u that u(q,) =h. 

If Q is extremal, then every continuous function on © is bounded and 
attains its least upper and greatest lower bounds. (Cf. Hildebrandt, § 19.) 
From this and the previous theorem we have: l 

Tueorem I. Ifa class Q, of a system (Q; E), is extremal and connected, 
then every uniformly continuous function u on Q ts bounded and assumes its 
least upper and greatest lower bounds and every value between these bounds. 

Trxorem IV. (a) A néccessary and suficient condition that every func- 
tion u uniformly continuous on ©, of a system (Q; K"), be such that if 
ulg) <h<u(q,) then h belongs to (X,),, is that q, and q, be connected. (b) 
A necessary and sufficient condition that every function u uniformly continuous 
on Q, of a system (Q, K+), be such that every value between any twe of its 
values belongs to (,),, 1s that Q be connected. 

The second part of the theorem is a consequence of the first part. We 
have shown in Theorem I that the condition in the first part of the theorem is 
‘sufficient. To show the necessity of the condition, we show that if g, and g, 
are not rae then there is a function u, uniformly continuous on ©, such 
that u(q,) =1, u(q3) =—1, and such that 0 does not belong to (W,),- 


` *Cf, Hildebrandt, § 19. 
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In a system (Q; Kt), if q, and q, are not connected there is an m such 
that q,q, are connected for no m>m. Consider the division of Q into sub- 
‘classes as follows: Qi is composed of q, and all elements g each of which is 
for some m>m connected with g,. is composed of q, and all elements g 
each of which is for some m>m connected with q}. O is composed of all 
elements which are in neither Q; nor 3. Q; and O; each contain at least one 
element. ©; may contain no elements. 

Q; and Q; have no common. elements. ` It is clear that neither q, nor q, can 
be common to O; and Q,. Suppose there is an element q’, neither q, nor q, 
which is common to Df and 4. gq’ is connected with q, for a certain m, >m. 
g’ is connected with q, for a certain m,>m. Call m, the smaller of m, and m,. 
Then for m,, which exceeds m, g, and q, are connected. This contradicts the 
fact that q, and q, are connected for no m>m. From the way ©; is defined, it 
can have no elements in common with either Q; or 2). 

There is no m>™m for which a g; of O; and a q of ©, are connected. For 
suppose there were such an m and such a pair of elements gig. qi is connected 
with g,form,>m. qis connected with q, for m,>m. Consider m, the smaller 
. of m, m, Mm. For m, q, is connected with gi, gi with qz, and q, with q. 
Therefore q, is connected with q, for an m,>m.. This is a contradiction. 
Similarly there is no m>m for which a q; of Q; and a q of O; are connected. 
Neither is there an m >m for which a q of Q; and a q} of O; are connected. 
Thus, if there is an m>m such that the relation Kq qam holds, then q and g must 
both belong to the same one of the classes 0), ©, 03. 

Now consider a function u such that u(q) =1 if q belongs to QO), and such . 
that u(q) =—1 if g does not belong to Ci. yw is uniformly continuous on Q, 
and the totality of its functional values consists of the two values 1 and —1. 

From the previous theorem and the example just given we have the 
following theorem: 

Turorem V. (a) A necessary and suficient condition that every funds 
tion u, uniformly continuous on an extremal set & of a system (Q; K*), be 
’ such that if w(q,) <<h<u(q,) then h belongs to X, , is that g, and q, be connected. 
(b) A necessary and sufficient condition that every function u, uniformly con- 
tinuous on the extremal set Q of a system (Q; K"), assume every value between 
each of its values, is that Q be connected. 

For systems (Q; K) which are such that every continuous function on Q 
is likewise uniformly continuous, the preceding theorems hold if in the hypoth- 
eses uniform continuity be replaced by continuity. Hildebrandt shows* that in 





* Hildebrandt, § 22. 
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the case of ‘systems (Q; K), where 3, 6, 7 are properties of the relation K 
defined in a note below* and © is extremal, the continuity of a function u on 
© implies its uniform continuity. In view of this, Theorems II, III, V hold for 
systems (Q; K’) if continuity be substituted for uniform continuity in the 
hypotheses. In particular we have: 

Tueorem VI. A necessary and sufficient condition that every function u 
continuous on an extremal set Q of .a system (Q; K™)+ assume every value 
between each pair of its values, is that Q be connected. 

Hildebrandt also indicates} that a necessary and sufficient condition that 
every function u continuous on © of a system (Q; K7) (1) be bounded, (2) . 
attain its bounds, is that O be extremal. Using the results of Hildebrandt and 
Theorem VI, we have the following theorem: i 

TurorEM VII. A necessary and sufficient condition that every function u 
continuous on Q of a system (Q; K) shall at the same time be bounded and 
attain.its least upper and greatest lower bounds and every value between these 
bounds, is that Q be extremal and connected. 

. Among the systems (Q; K=) of Hildebrandt are the gratem, (9; 5) as 
used by Fréchet.$ 

Various independence considerations might arise here, but we content 
- ourselves by giving two simple examples of systems (Q ; Keser) || where © is 
extremal. In the first of these examples © is connected, and in the second © is 
not connected., 

(a) © is the class of all real numbers q such that 0O<qg<1. q, and q, are 
in the relation Kq,g,m if |g,—q,|< 5 . 

SL is the class of all real numbers q such that 0 oa or such that 
' BSq<4. gq, and q, are in the relation Kq,g,m if |u| Sgn 


DARTMOUTH COLLEGE, March, 1913. 


* Hildebrandt, § 4. ‘ 

+E has the property 3 if the relation Kq,g,m_holds for every m_only in the case when g, and qz are 
identical. 

. K has the property 5 if there is an integral-valued function, say ¢m, which increases indefinitely 
with m, such that, if we have the relations Kqg,q,.m Kq.qg,m, then we have the relation Kq,q.¢m- 

Khas the property 86 if there is an integral-valued function ¢m which increases indefinitely with m, 
such that, if we have Kq.g.m Kg.qsm, then we have EG. 9¢m- _K’ and E" are equivalent if K is symmetrical. 
Cf. Hildebrandt, § 4. . i 

. Hildebrandt, § 22. . oo 

§ Cf. Hildebrandt, p. 268, footnote. A 

|| Hildebrandt, § 4. _ 


On Series of Iterated Linear Fractional Functions." 


By R. D. CARMICHAEL. 


Introducti LA 


The two classes of power series (ascending and descending) arə the most 
important series known, to mathematical analysis. Recent investigations have 
brought to prominent notice another class of series which are alsc of prime 
importance; namely, the factorial series 





` dapin! 
a] 2 eee aay 


The sania and ae of the general theory associated with these series 
is seen from the development of their fundamental properties by Landau.t 
_ Their importance throughout a large range of modern mathematical analysis 
‘is apparent from the demonstration by Watson} that most of the ordinary 
functions of analysis (which possess asymptotic expansions) actually are 
capable of being expressed in the form of convergent factorial series. An 
earlier result, of a character similar to this, is due to Horn,§ who has shown that 
the divergent Thomé normal series, which satiety a linear differential equation 
with rational coefficients, may be transformed into convergent factorial series. 
That these series may be of great value in special problems is effeczively illus- 
trated in their recent use by Norlund,|! in his elegant paper on the integration 
of linear difference equations by means of factorial series. e 4 
With factorial series are to be associated the so-called binomia! coefficient 


series 
ae! (t—2)....(2—n) 
n! o 


o+ Za 
the general theory of which ine recently been developed by Landauf and others. 





* Presented to the American Mathematical Society, September, 1913. : 

} Sitzungsber. d. Math.-Phys. Klasse d. Egl. Bayer. Akad. d. Wiss., XXXVI (1906), PP- 151-218. See 
also the references in this paper. - - 

$In a memoir crowned by the Danish Royal Academy of Science. Published in Rendiconti del Cir- 
colo Matematico di Palermo, XXXIV (1912), pp. 41-88. See also the references i in this paper. 

§ Mathematische Annalen, LXXI (1912), pp. 510-232. 

|| Rendiconti del Circolo Matematiso di Palermo, XXXV (1913), pp. 177-216. 

T Landau, loc. cit., Pp- 192-197. See alsa the terasiz cited by Landau here and on P- 154 of the 
same memoir. 
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Now, power series (both ascending and descending), factorial series and 
_ binomial coefficient series are all included as special cases in the following two 
. types of series of iterated linear fractional functions: 





Qn+ x 
aa PA RT O @) 
a Š 4,8; (x) 8,(z)....8,(2), (2) 
where . 
az+b aK, (£) +b 





S (x)= ad—bcÆ0; S, (£) = k>l, 


csta’ . ~ eS, (2) +d’ 
a, b, c, d being constants. We shall refer to these two series as of type I and 
type II respectively. i l 

If S,(x} =ax, it is clear that (1) is a descending power series and that 
(2) is an ascending power series. If §,(z)=a-+-1, then (1) is a- factorial 
series of the form above; while, if S,(a)=x—1, (2) is.a binomial coefficient 
series of the form above. 

‘The object of the present paper is to develop the hindari elements of 
a general theory of both the above types of series of iterated linear fractional 
functions. 

In §1 I introduce some preliminary notations and definitions and state 
some lemmas which are of frequent use in the convergence proofs. 

In § 2 I determine the character of the regions of convergence, of absolute 
convergence and of conditional convergence of series of both the types I and IT. 
An upper bound to the magnitude of the region of conditional convergence is 
obtained. Thus we have generalizations of the corresponding theories for the 
case of power series, factorial series and binomial coefficient series. The 
methods of Landau for series of the two latter kinds are in the main employed. 
The general plan of treatment is improved in one respect by the use of the 
criterion of Gauss for the convergence of series; thus it is no longer necessary 
to employ properties of the gamma function for factorial series and binomial 
coefficient series, or of corresponding functions for the other cases (treated for 
the first time in the present paper). ‘It should be noted here that the general ` 
results are in some respects in marked contrast to the simpler ones for the 
special cases which have been investigated heretofore. 

In § 3 the regions of uniform convergence of the series are determined and 
some immediate consequences are stated. 

In § 4 I determine the boundaries of the regions ‘of convergence and abso- 
lute convergence of the series in terms of their coefficients. 
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§1. Preliminary Definitions, Notations and Lemmas. 


In relation to the matter of convergence of series (1) or series (2), it is 
obvious that an exceptional rôle is played by a point x for which S,(a) is 
either zero or infinity for some value of k. In the case of series (1), the point 
x=0 is also exceptional. Later, it will be. seen that an exceptional rôle is 
played by a point x, such that S,(2,)=a,, whence S,(%)=2, for every k. 
Hence we shall employ the following definiticn: l 

For series (2) a point a, such thet S, (2,)=0, % or œ, for some k, is 
called an exceptional point. For series (1) these points and the point —0 
are said to be exceptional. In either case, the remaining points are called non- 
exceptional points. 

By the region of convergence of series (1) [series (2)] we shall mean 
that portion of the plane which is made up of those non-exceptional points x 
at which the series converges and those exceptional points which have the 
property that there is some neighborhood of each of them such that all points 
in these neighborhoods (except possibly the exceptional points themselves) are 
points of convergence of the series. ‘We also define similarly the region of 
absolute convergence of each series. 

We shall say that the substitution z’ =S, (æ) is the substitution correspond- 
ing to series (1) or to series (2); ; also, these series correspond to the 
given substitution. 

Throughout the paper we shall require to have at hand explicit formule 
for S,(x) in terms of æ and n. In the statement of these formule it is con- 
venient to distinguish four cases as follows :* 

Case A. The substitution 2’=S,(v) has. two double points in the finite 
_plane. Denote these by a and 8. Then for the substitution itself and for the 
value of S, (x) we have respectively: 


w—a _ , %—a ; ipa KB (s—a) —a(x—B) 
oe =b y aR? k+#0, 1; S,,(@) = laa) —(a—B) 
Case B. The substitution v’=S,(x) hes two double points, one of them 
being at infinity. . If the other is at a, then for the substitution and for S (x) 
we have respectively : . 


a’ —a=h(w—a), k—0,1; S (a) =k" (z—a) ta. , 
Case ©. The substitution x’ =K is) has only one double point, and this 


point lies in the finite plane. If it is at a, then for the substitution and for 
S, (x) we have respectively: 








* As a matter of convenience, the identical substitution ig excluded throughout. This involves no 
loss of generality, since the series corresponding tc the substitution 2’—a, in éach type, is of the same 
form as that corresponding to the more genera] substitution g’ =as, where a is any non-zer6é constant 
whatever. 
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Case D. The substitution v’=S,(x) has a single double point, and this 
point is at infinity. Then for the substitution and for S,(#) we have respec- 
tively: . 

v=a2+t, t0; 8,,(%)=a-+nt. 

It is convenient to note here the behavior of S (x) for n approaching in- 
finity. This is simplest in the cases C and D. Let & be any finite point which 
is not a double point of the substitution #’=Sj;(w). Then, in cases C and D, 
it is clear that lim 9 (2) exists and is the double point of the substitution: 


In case A “TBI, if æ is any finite point which is not a double- point of 
'=S,(2), then lim S, (z). exists or not, according as |k|#1 or |k|=1. In 


case |k] >1, the limit is the double point B[o ]. In case |k| <1, the limit is 
the double point a[a]. In case |k|=1, in which case the limit does not exist, 
it is clear that |S,,(2)| is less than some fixed constant for all n greater than 
some N. 

It is convenient to state here the following lemmas saa will be useful i in 
- several convergence proofs: i 

Lemma I. . Let bo, bi, bos -... and Co, Ci, Cop .... be two sequences of 
campiei numbers such that both of the series 


Eb, Sle AA 


are convergent. Then the series - 


also converges. l 
Lemma II. Let by, by, bz, =... and Co, Ci, Cz, .... be two seguences of 
complex numbers such that 


1) there exists a number B such that 3 3 a <B for es t; 


2) lim C„ exists and is zero; 


3) the series 5 [C,—C,4,| Converges. 
4 n=0 


Then the series 


also converges. 
Lemma OI. Let by, bi, b,,.... be a sequence of complex constants and 
Cos Cy Coy .... be a sequence of finstions of the complex variable x which are 
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regular throughout a given domain D (including the boundary). Suppose that 
1) there exists a number B such that | z b | <B for every t; 
2) as n approaches infinity s, ee 0 lart in D; 
3) the series 5 |c,—€,4,| converges uniformly in D. 


Then the series. 


E byta 
a=0 ` 
converges uniformly in D. 
Lemma IV. Letb,,b,, b,,.... beasequence of complex constants such that 
the series b,+b,+b,+.... is convergent. Let Co, Ci, C2, -... be a sequence 


of functions of the complex variable « which ere regular throughout a gwen 
domain D (including the boundary) and are such that the series 


ao F 
= |C,—Cn41| 
n=0 


converges uniformly in D. Then the series 


bner 
is uniformly convergent in D. a 
Elegant elementary proofs of the first three of these lemmas are given by 
Landau (loc. cit., pp. 155-157, 160-161); he also gives references to their 
earlier use. The fourth lemma appears to have been first employed by Niel- 
sen ;* but Nielsen’s statement of it is not entirely accurate, as Landaut has > 


already pointed out. 


§2. Character of the Regions of Convergence and Absolute Convergence. - 


By means of lemma I we shall now determine the character of the region 
of convergence of the series 


Os Gat 

near he ae Caen) cS) 
Let v, and x, be two non-exceptional values of œ for the series. We shall 
assume that the series above converges for s=42,, and shall express this briefly 
by saying that Q(2,) converges. We shall determine relations between Ly 
and x, which are sufficient to ensure that Q(z,) also converges. 

Let us put ' 7 
: oe ES (Ly) Sa (Xo) - - - -Sa (20) 

RENSA (2%)? » 0,8, (%,)8_(@,)....8,(%,) N 





Ont1 
oe 


b= 
* MS (Xp) S(T 





* Annali di matematica, (3) XV (1908), pp. 275-282. 
} Sitzungsber. d. Kgl. Bayer. Akad. d. Wiss., Math.-Phys., 1909. 
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Then the series b,+b,+b,+.... converges, by hypothesis. From lemma I it 
follows that the series b,c,+0,c,+b,¢,-+...., and hence the series Q(2,), con- 
verges provided that 


2, | Ca Cnty | 9 i (3 ) 
` is convergent. Here we have _ E 
S, (a)... -Sa (20) ea 
ans (a,)..- 8, (%) Si 41 (%) 
For determining the relation between x and 2, so that (3) shall converge, 
we shall have use for the following formule, which are easily verified : 


Ch On 

















g 
Qua (Xo: g) = a) 
; k” (a—8)? (a—a,) , ; 

= A; 

+ | k” (x; —a) — (%—B) } [P8 (aa) a(n era E a oaee AS 

k” (2—2) 

SP ea nea in case B; Lay 
a Se, a TE 
=1+ {nt (a—a) +1} fant (a,—a) Fat’? in case CO; 
=1+ A , in case D. 


The ratio r,{#,) of the (n-+1)-th term to the n-th term of series (3) is 
— 7 \1—Q,40(%, £) | 
r (2) = | Qrt (20; %) | Meo naaa 
Making use of the above values of the function g, (To, %,), we have by obvious 
reductions the following-formulæ: 
{k"t (x, —æ) — (x—8) t {k"t (x, —a) —a,(2,—B) | 
rala) = | Qata (Zos 2) | ° neea egaa A, 
in case A; 
kt} (x, —a) +a 
= 1Qn+1(%> T) | i eaae 
Siada | {(w+1)t(m—a) +1} | (n+1yat (s, —a) +2,} 
HO UI VE (m2) 8 (aya) +1] | (mt 2Yat (2, —a) +e} 1 





|. in case B; 





in case ©; 


= | æ+ (n+1)t | ; 
= | Quti (T0; %) | eset , in case D. 
In the discussion immediately following we treat separately the cases A, 
B, ©, D. 








*The definition of the several cases is given im §1. 
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In case A, several possibilities arise: 
1) If |k| <1 and a0, then lim |@, (£o, x,) | =1, and we have 


l lim ra= [k| 
2) If |k|>1 and 8#0, then lim |Q,,(%, 21) | =1, and we have 
lim r,= ; : 








3) If |b | <1 and «=0, we have by easy reductions 
































: . |g k*2,— (#,—B) |: pee 6 — (2%)—B) = 
lim r,= | — aie ee A 9 
pes i pee T k"t — k*a,— (a )—B) Eta (a—B) | z 
4) If |k|>1 and 8=0, we have similarly 
lim r, = =|2 at |. 
ees Lyp—a 
If |k|=1, we have 
k*t?B (a—a) —ak (a —3) | , kt? (a,—a) —k (x, —b) | 





r= = z 
K k" +(x, —a) — (x; —8) k"+28 (a,—a) —a(x,—8) | 
From these results we conclude zhat, in cases 1) and 2), Q(2,) converges 


for every 2, (subject to the initial conditions specified above). In case 3), 
Q(x) converges if l 
g 2,—B | < x,— B | z 
Tı To 


In case 4), Q(x) converges if 














Tı 
In case 5), Q(x.) converges if lim 1 SUP f, <1. In several respects this case is 


exceptional. A corresponding exception arises under case B below; in con- 
nection with the latter, an ample is given to indicate the nature of the 
irregularity. 
In case B, we have readily 5 
_ | krt (x —a) +ka 
"| PtH (a —a)+a | 
Hence, if a=0 or if |k| >1, we have 








lim r,= 


{n this case, series (3), and hence 2(a,), converges if |r, —aj > |a —a]. If 
a0 and |k| <1, we have 


sya | 
z —a 





lim r,= [|k]; 
n= w 
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and therefore, in this case, Q(#,) converges for every x, (subject to the initial 
conditions specified above). If a0 and |k|=1, Q(x) will converge if 


lim 1 sup r, <1. 


This last case is quite exceptional in itse character. In our discussion ' 
below, we shall point out that the region of convergence (when it is not the 
entire plane) is always bounded by a circle (or a straight line, considered as a 
limiting case of a circle) except for cases A and B in which |%|=1. By means 
of examples we shall here show that in this exceptional case the region of con- 
vergence may be bounded by a curve of the fourth or even higher degree. 
Suppose that the substitution is #’=—a+2. Then S,,,(~)==2 and S,,,.,(#) 
==—g+2. Consider series 

1 À 1 1 

Q(z) =1+7 et ago) re Pea) | 
If z is any non-exceptional value of 2, it is easy to show that this series con- 
verges if |a(z—2)|<1, and diverges if |%(@—2)|>1. Hence the boundary 
of its region of convergence is the curve |#(z—2)|=1. This is obviously a 
curve of the fourth degree. . By taking a periodic substitution of period greater 
than 2, we should similarly obtain series whose regions of convergence are 
bounded by curves of higher degree. Similar examples are readily constructed 
for the case A, when |k|=1. On account of the exceptional character of the 
_ eases when [| =1, they will be excluded from further consideration. 
We turn now to a further consideration of case ©. We have readily 


_ | ({n+1) at (a—a) +4} | (m+1)t(2,—a) +1} 
ga ({n+2)at (x, —a) +2,} { (n-+2)t (2 —a) +1} 
If a0, we have l 





SETET 





= ER +.... | : 
where the terms omitted involve yee powers of 1/n. Hence 
r,=1— An 


Applying the criterion of Gauss,* we see that series 13); and hence Q(x), is 
convergent. If a=0, we have 

| 2 (w+1)tw,+1 1+3 eon 
m, (n+2)ta+1 n 


hence, if we use the notation R (z) for the Èi part of z, we have 


oo R Car ta, 


7 = = j1— 


7 











r,—1— 








*See “Encyclopédie des sciences mathématiques,” I,, p. 216. 
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From this, by aid of the criterion of Gauss, we conclude that series (3), and 


hence Q(2z,), converges if 
1 
Re J BR z) : 


Finally, let us consider case D. ie we have 





B+ (n-+1)t 
©, + (n+-2)t 


Using again the criterion of Gauss, we conclude that series (3), and hence 
Q (x,), converges if - 
R( 2 1) > R ($ n) j- 


In the discussion above we have noted that cases A and B are exceptional 
if |k|=1. The results for the other cases may be stated in the following 
theorem : l 

Turorem I .* Let @q and x, be two non-exceptional values of x for the 
series ° 


= ]— ——— +... 


Ww 








n~ 


oaea i ACCA ACE 
and suppose that the series converges for x=a,. Then the series converges 
in the following cases: 
Cass A.t If |k| <1 and a0, or if |k|>1 and BEO, then Q(a,) con- 
verges for every value of x, (subject to the initial conditions specified above) ; 
if |k| =l and a=0, Q(x) converges if 








5—B| <a], 
T To 
if |k| >1 and B=0, Q(x) converges if 
£ —a Ug 
a Big 














Case B. If |k| <1 and a0, O(a,) converges for every value of x, (sub- 
ject to the initial conditions specified above); if |k] >, or Y a=0, then Q(2,) 
converges if 
|x,—a| > |zo—a]. 
Case ©. If a0, Q(z) converges for every value of x, ET to the 
initial conditions specified above); if a=0, Q(z,) converges if 


RG) <8 Ge): 


Case D. In this case, Q (x) converges if 





*The subscript 1 [2] attached to the number of a theorem indicates that the theorem refers to a 
series of type I [II]. See the Introduction for definition of types. 
T See the definition of cases A, B, C, D in §1. 
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x D; 
RRC). 

If one employs lemma II instead of lemma I, the above theorem can in 
some cases be slightly strengthened by requiring, in the hypothesis, that the 
sum of ¢ terms of Q(2,) shall be bounded in absolute value, instead of making 
_ the stronger assumption that this series converges. To prove this, it is suffi- 

. cient to show further that c, approaches the limit zero as n increases indefi- 
nitely. This is equivalent to showing that the infinite product 

l ea 8 n (20) 

213, (%) 

diverges to zero when x, and v, are connected by the relations given in the 
theorem. If we make use of equations (4) we see readily that this product is 
zero in case A if |k| <1 and a=0 or if |k| >1 and G=0, in case B if |k| >1 
_or if a=0, in case C if a=0, in case D for all ¢. Hence, in these cases the ~ 
theorem may be strengthened as indicated. 

It is not difficult to construct examples in which Q(x) converges for no 
non-exceptional value of « whatever. For the moment, we exclude this case” 
from consideration. Then the region of convergence* of Q(x) is the entire 
_ plane in case A if |k| >1 and 6-0, in cases A and B if |k| <1 and a0, in 
case C ifa=0. In all other cases the region of convergence may or may not 
be the entire plane, the fact in a particular case depending on the coefficients a 
‘of the series. We shall now take up these remaining cases separately and 
determine the exact nature of the region of convergence when it is not the 
entire plane. 7 

The results are simple in case D, and hence we shall treat this first. Con- 
sider the straight line (0t) through the'points 0 and t. If Q(a) converges at 
any non-exceptional point æ on this line, it converges at every non-exceptional 
point to the right of a line through z and perpendicular to (0+), the directions 
right and left being determined by saying that ¢ is to the right of 0. From. . 
this it follows readily that there exists a straight line 7 perpendicular to (0t). 
such that Q(x) converges for every non-exceptional v to the right of J and 
diverges for every non-exceptional x to the left of 7. On J, its character as 
to convergence or divergence varies as in the case of a power series in rela- 
tion to its circle of convergence, as one might show by examples. The line l 
is called the line of convergence of the series. We may look upon / as a circle 
through the double point œ of the substitution v’=a+t corresponding to thee 
series Q(x). 











* See the definition of region of convergence in § 1. 
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In case C, when «=0, the results are analogous to those in case D, as “we 
shall now show. Here the double pomt of the substitution corresponding to 
Q(x) is 0. Consider the system S of cireles C which pass through the point 
0 and have their centers on the straight line (0t) through the points 0 and ż. 
We shall say that ¢ is to the right of D. We make the following conventions 
concerning the interior and exterior of these circles C: If C lies to the right 


of the straight line } through 0 and perpendicular to (0¢), we shall say that the © 


interior of the circle is that part of the plane bounded by C and containing its 
center; if C coincides with J, its interior is to the right of 1; if C is to the left 
of l, then its interior is that part of the plane bounded by C and not containing 
its center. Now if Q(x) converges for any non-exceptional point on a given 
circle C of the system S, it follows from the above theorem that it converges 
at every non-exceptional point exterior to C. From this it is readily seen that 
there exists a circle C of this system S such that Q(x) converges for every 
non-exceptional point exterior to Č ané diverges for every non-exceptional 
point interior to C. Ata point on C it may either converge or diverge, as one 
might show by examples. The circle @ will be referred to as the circle of con- 
vergence of Q(x). f s : 

Under B we have two cases to examine; namely, that when a=0 and that 
when |k|>1. In either case the above theorem leads readily to the conclusion 
that there exists a circle Ọ about a a3 a center such that Q(x) converges for 
every non-exceptional point x exterior to Č and diverges for every non-excep- 
tional point interior to C, the words exterior and interior being now employed 
in their usual (elementary) sense. The circle CG is called the circle of conver- 
gence of Q(x). l - 

Finally, under A we have also two-cases to consider; namely, that when 
|k| <1 and a=0 and that when |k|>1 and 8=0. On account of the simi- 
larity of these two cases, it is sufficient tc treat in detail one of them alone; we 
take that when |k| <1 anda=0. Consider the systems © of circles C such 


that a circle C of the system is defined by the property that the distances of a - 


point P on-C from the points 0 and.@ is a constant for all positions of P. 
This system contains as a particular case the straight line which bisects perpen- 
dicularly the straight line segment jcinirg 0 and 8. For every circle C the 
points 0 and 8 are.on opposite sides of C. The part of the plane bounded by 
C and containing 0 [8] will be called the interior [exterior] of the circle. It 
is now easy to show, by aid of the above theorem, that there exists a circle C 
of the system S such that Q(x) converges at every non-exceptional point este- 
rior to Ọ and diverges at every non-excertional point interior to C. The circle 
C is called the circle of convergence of Q(z). 
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Corresponding to theorem I, for series of type I, we have the folowing 
theorem I, for series of type IT: 
Turorem L. Let x, and x, be ee non-exceptional values of x for the series 


Wis) =at z OWS (©) 92)... Sn (), 


and suppose that the series averii for w=a,. Then the series W(a,) con- 
- verges in the following cases: . 
Case A. If |k| <1 and a £0, or if |k|>1 and B=E0, then W(a,) ċon- 
verges for every value of x, (subject to the initial conditions specified above); 
if |k| <1 and a=0, W(a,) converges if 
8 
Sa Dı 
if |k|>1 and B=0, W(a,) converges if 
z —a G—a 
oy To 
Case B. If |k|<1anda#0, Q(x) converges for every value of x, (sub- 
ject to the initial conditions specified above); if |k|>1, or if a=0, then ey 
converges if 





























|z, —a | < |%—a|. 
Case C. If a0, W(x) converges for every value of x, ree to the 
initial conditions specified above); if a=0, W (x). converges if 


R (>R 


Case D. In this case, W (2) converges if 


(<r) 


For the proof of this theorem also we employ lemma I. ` We write 
S,(#,)S,(%,)....S,(%,) 

~ 8 (Lo) Sa (a)... Ep (20) ¢ ; 

Then the series b,+6,+0,+.... converges, by hypothesis. From lemma I it 

- follows that the series b,c,+b,c,+6,¢,+...., and hence W(xz,), converges, pro- 

vided that 


b, = 4,9, (4%) S (29) Paea Kp (To); Cn 





2 |e Catal 


is convergent. Now this series may be obtained from (3) by suldpiying each 
term of series (3) by |%,/2,| and in the result exchanging 7, and x,. Hence, 
we have only to repeat the argument for theorem I,, interchanging the rôles 
of 2 and #,, in order to complete the proof of theorem I,. ° 

By the use of lemma II instead of lemma I, it is possible to strengthen 
this theorem by a slight weakening of the hypothesis. The discussion is anal- 
ogous to that for theorem I,; it is omitted here. 
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It is clear that the present theorem enables us to determine completely 
the character of the region. of convergence for W (x). It may consist of the 
entire plane or it may be non-existent, in special cases. Laying aside these 
possibilities, it is easy to see that the boundary of the region of convergence, 
in every case, must be of the same character for W (x) as for Q(x). In each 
case, however, the region of convergence for W (v) is on the opposite side of | 
the boundary from that for Q(x). This is analogous to the corresponding - 
facts for ascending and descending power series. This is natural, since W (a) 
contains ascending power series as.a special case, while Q (æ) contains descend- 
ing power series as a special case. 

We turn now to a consideration of the character of the region of absolute 
convergence of O(a”). Let us suppose that Q(a) is absolutely convergent, 
and ascertain conditions which are sufficient to ensure that Q(#,) is absolutely 
convergent. One such condition is that the retio . 

__ 9S, (20) - «Sy (2) : 

o A5 aa) ACI 1a 
of corresponding terms of Q(x) and Q(«,) is bounded in absolute value. 
Clearly this ratio is bounded if the infinite product 

T | Sao 

Sp (%) 
is convergent or if it diverges to zero. For the study of this matter we may 
make the same separation into cases as in theorem I,. By taking up each 
case separately, making use of equations’ (4), and applying elementary tests 
of convergence, or divergence to zero, of an infinite product, one may easily 
show that |c,| is bounded, in each case, provided that x, and x, satisfy the 
relations specified in theorem I, for- such case. Hence we have the following 
result: De A ss: 
Tueorem IL. If throughout theorem I, we replace the word “converges” 
by the words “converges absoluiely,” we obtain a new theorem which is valid, 

By a precisely similar argument one may also prove the following theorem: 

TuxoreM I. If throughout theorem I, we replace the word “converges” 

by the words “converges absolutely,” we obtain a new theorem which is valid. 

By a discussion in all respects similar to that which follows theorem I,, it 

is now possible to determine completely the character of the regions of: abso- 
lute convergence of both Q(x) and W (æ). It is clear that in each ease this 
“region is of the same character as the region of convergence for the corre- 
sponding case. Consequently, iz is unnecessary to go into the treaiment in 
detail. 
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In view of the preceding discussion, it is an easy matter to construct series 
having the following interesting property: They converge for every non-excep- 
tional value of x; they converge absolutely for no non-exceptional value of v. 
We shall illustrate this remark by a single example. 

In case A, put a=0, B=1, k=2. Then we have 


2x 
. Mte aat 
, Consider the series o 
Q(a) = Tati 





n=1 VN (L)... 8p (E)? 
where 
y _ (—1)* n 9k+1 
PES n gee PH] 
For the non-exceptional value x=2, this series converges, but it does not con- 
verge absolutely. Hence, from theorems I, and IJ, (and an examination of the 
series for exceptional values of æ) it follows that Q (s) converges for every x 
different from zero; it converges absolutely, however, only for the exceptional 


values 
. 1 ' 
peT n=l, 2,3, ....5 
and then trivially, since for each of these values it has only a finite number of 
terms different from zero. 

This example raises the general question as-to the character of the region 
of conditional convergence of the series Q(x) and W (x). It is easy to see, in 
the light of the preceding theorems, and for the ease of a series of each type, 
that the region of conditional convergence may be non-existent (through the 
series either diverging everywhere or converging absolutely throughout its 
region of convergence) or may be the entire region of convergence, in the 
following cases: 

Case A: |k|<1 anda +0; |k|>1 and 60. 

Case B: [k| <1 and a0. 

Case C: a0. . 

To investigate the remaining cases we proceed as follows: Let a and x, 

be non-exceptional values for the series Q(x). Suppose that there exists a 

~ constant A such that the n-th term of Q(a,) is in absolute value less than A 

for every n. Denote by c, the ratio (given in (5)) between corresponding 

terms of O(m) and Q(#,). Then Q(z) converges absolutely if s 
lal+lal+lol+..-. 


converges. Now the ratio |c,|/|c,_,| of two consecutive terms of this series 
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is 1Q,, (203 x,)|. If, now, in investigating the convergence of this series, we 
employ equations (4) and make use of the simple ratio test and the Gauss 
criterion for convergence of series, we are led to the following theorem: 

TuxoreM TIL. Let x, and x, be two non-exceptional values of x for the 
series l . 

Qi, S- Qant 
la eJ +2 oe (a) Say, -S (0)? 

and suppose that there exists a constant A such that the n-th term of Q(x) is 
in absolute value less than’A for every n. Then. Q(x) converges absolutely 
in the folowing cases: 

Case A. If |k|<1 and a=0, Q(a,) converges absolutely if 




















v —8 %—B 
T Lo ý 
if |k| >1 and B=0, Q (x,) converges absolutely if 
L,—a. Ly —a 
Sy Bp 














Case B. If |k|>1, or if a=0, then Q(a,) converges absolutely tf 
|%,—a| > |%—a|. 
Case ©. If a=0, Q(2,) converges absolutely if 


a > 


Cast D. In this case, Q(a,) converges absolutely if 


ast Wey 7 ee 
RG@)-8G)>1 
In a similar way one readily proves the following theorem: 


TurorEM III. Let x, and x, be two non-exceptional values of x for the 
series l l l 


W (2) =a5+ È a9, (2)9;(2) . - - -S,(2), 


and suppose that there exists a constant A such that the n-th term of -W (a) 
is in absolute value less than A for every n. Then W(x) converges absolutely 
in the following cases: - 

Case A. If |k| <1 and a=0, W(a,) converges absolutely if 














x,—B > Ly—B 
Ti To 
if |k| >1 and B=0, W (x,) converges absolutely if 
: t —a Ly—-@ | 
Tı To 











Case B. If |k| >1, or if a=0, then W(x,) converges absolutely if 
> [zr —a | < [e—a]. 
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Casse C. Jf a=0, Ws (x,) converges absolutely if 


BGG) R(E) l: 


Case D. In this case, W (2) converges absolutely if 


R(2)—R (F)> >l. 

From the last two theorems it follows that O (x) and W (æ) both converge 
absolutely at every non-exceptional ‘point in the interior of their regions of 
convergence, in the following cases: - Case A, when |k| >1 and 6=0; cases A 
and B, when |k|<1 and a=0. Here the general theory is analogos to that 
of power series, as indeed it should be, since in these cases the series are direct 
generalizations of power series. : 

In case D, the region of conditional convergence is a strip bounded by the 
line of convergence and the line of absolute convergence, the width of this strip 
being at most |t|. It is possible to construct examples (cf. Landau, loc. cit.) 
to show that each of the logical possibilities may arise; namely, that the strip 
of conditional convergence is non-existent, that it exists and is of. width less 
than |t], that it is of width |ż]. E 

In case C, when a=0, it is easy to see that there may again exist a region 
of conditional convergence. It is bounded by two circles, each passing through 
the point 0 and having its center on the straight line (0t) through the points 
0 andt. The maximum distance-between the centers of these two circles—the 
circle of convergence and the circle of absolute convergence—is determined in 
the case of O(a) [W(ax)] by means of the relation 


ROEE [2@)-#G)=1], 


where x, is on the circle of convergence and m is on the circle of absolute con- 

_ vergence. The greatest possible width of the region of conditional convergence 
is thus a function of the radius of convergence of the series. 

l Examples might be constructed to show (for this case as well as for the 

preceding) that each of the three logical possibilities may actually arise. This 

may also be seen indirectly by observing that Q(z) [W (x)], for case C when 

a=0, transforms into W (x—t) [Q(s-t)] for case D by replacing v by 1/2. 


+ §3. Uniform Convergence of the Series. Nature of the 
Functions Defined by Them. 


We shall now prove the following theorem: 

TuroremMIV. The series* Q(x) [W(a)] converges uniformly E PE 
any closed domain D lying within its region of convergence and containing no 
point x which is exceptional for Q(x) [W(a)]. 











* The exceptional subdivisions of cases A and B in which |&| is unity are naturally excluded here. 
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Let us consider first the case of the series Q(x). Suppose that ~, is a 
non-exceptional value of æ for which Q(x) is convergent; later we shall sub- 
ject x, to such further conditions as will serve our convenience. Write . 

ba Onti l aie DS, (20) « - - + Sn (Xo) 
*  tgS, (Wp) « a Saht)? nm BS (21)... (a) ° 
Then the series b,+6,+6,+.... converges, by hypothesis. From lemma IV 





it follows that the series b,c, +b,c,-+b,c,+...., and hence the series Q(x), con- 
verges uniformly throughout D, provided that 
| = eae (6) 


converges uniformly in D.’ 

Now series (6) is what series (3) becomes on replacing x, by æ; and there- 
fore we may employ the results of the reckoning in connection with (3) in the 
proof of the uniform convergence of (6). Thus we see that, when n increases 
indefinitely, the ratio r,(x) of two consecutive terms of (6) approaches a limit 
which is.less than unity (whatever x, may be) in each of the following cases: 
Case A, when |k| <1 and a 0 or when |>] >1 and 80; case B, when |k] <1 
and a0. Hence it is easy to construct a comparison series of constant terms 
such that series (6) is term by term less than this comparison series: Hence, 
in these cases (6) is uniformly convergent. In case C, when #0, it is also 
unnecessary to place any restriction on x, since in this case 


raís) =1—Ž +... 


For, as a comparison series, one may employ a series of the form 
where A is a properly chosen constant. : 
In each of the other cases it is necessary-to place further restrictions on s. 
In case A, when |k| <1 and a=0, we have 
Gael 
%—B |" ; 
Since x is in D and D Nes within the region of convergence for Q(s), it is 
clear that č; can be chosen so that the above ‘limit-is less than a properly 
chosen positive constant p (p<1) for every in D. Hence, by means of a 
Compans series of constant terms of the form 


A+dAp+ApP+.. 
it may be shown in this case also that (6) is aniony convergent in D. Sim- 


Xl, 


= 1, (%) = = 
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ilarly, one may deal with each of the following: Case A, when |k|>1 and 
G=0; case B, when a=0 or |k] >1. 
In case C, if a=0 we have 7 

1 pri 
14+R( — )—R( 
+ (2) =1— (i) (is) com 
Since v is in D and D lies within the region of convergence of (2), it is easy 
to see that there exists a positive constant 2e such that 


R (—)-2 (E) >% 


for every æ in D. Therefore, for the proof in this case that (6) converges 
uniformly in D, it is sufficient to construct a comparison series of the form 
2 A 
gn? 

where A is a properly chosen positive constant. Similarly, one may deal with 
ease D. 

This completes the examination of all the cases for the series N(x); and 
consequently the theorem is established for this series. 

It is unnecessary to give in detail the argument for W (2), since it is so 
far similar to that for Q(x). It is sufficient to point out that one employs 


lemma IV, using- for b, and c, the quantities 


b=, (20) Sa(%)--- S(t), = 





S (x2) S,(@)... -8,(2) 
f 8, (Eo) Sp (%) < -e Sn (20) * 

For our case D (the case of factorial series and binomial coefficient series), 
Landau (loc. cit.) effects the proof of theorem IV by the use of lemma ITI. 
This lemma is obviously not sufficient for the more general case treated here, 
since it is not always true that c, approaches zero as n increases indefinitely. 

Now, if we make use of the well-known theorem of Weierstrass relative to 
the analytic character of the function represented as a uniformly convergent 
series of analytic functions, we are led (in view of theorem IV) to the follow- 
ing theorem: 

THeorem V. The series Q(x) [W (x)] (at least if |k] is different from 
unity in cages A and B) represents a function which is analytic at every non- 
exceptional point x lying within its region of convergence. 

Certain exceptional points for-the series are always regular points of the 
functions represented by them. Thus, a point which is exceptional for one ofe 
the series only through causing every term past a certain one in that series to 
vanish, is clearly a regular point for the function represented by the series, 
provided that it lies within the region of convergence of the series. 
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Furthermore, it is easy to show that a point (within the region of conver- 
gence of the series) which is exceptional only through causing every term of 
the series past a certain one to have a pole of the first order at the exceptional 
point, is either a regular point or a pole of the first order for the function 
represented by the series (compare Landau, lov. cit., p. 164, where a discussion 
of this matter for factorial series is given). 


$4. Hepenaence of the Region of E EEE on the Coeficients 
of the Series. : 


In the preceding discussion of the nature of the regions of convergence 
of the series Q(x) and W(x) we have employed no properties of the (constant) 
coefficients except what is involved in the assumption of convergence or of 
absolute convergence for some value x, of x We turn now to the question as 
to how the magnitude of the region of convergence depends on the actual coeffi- 
cients of a given series. 

In certain cases this question is trivial; namely, in those cases in which it 
is true that the series always converges [converges absolutely] for every non- 
exceptional æ as soon as it converges [converges absolutely] for a single non- 
exceptional a. ‘All that is necessary, in such a case, for a complete answer to 
the questign is to determine the divergence or the nature of the convergence of 
the series for a single value of x, and then apply the general theorems of § 2. 

Our general question here has already been answered by Landau (łoc. cit.) 
for the case of factorial series ard binomial coefficient series. This obviously 
affords also the answer to the question for our cases D, since these obviously 
go over into the simpler cases rreated by ee by multiplicative trans- 
formations on 2. 

We have observed above that the simple transformation of E x by 
l/æ carries our Q(z) [W (s)] for case Œ when a=0 over into our W(a—t) 
[Q(x+t)] for case D. Hence Landau’s theory affords an immediate means 
for the resolution of the present problem for case C when a=0. 

' For case B when a=0 the series Q(x) and W (x) are both power series; 
‘and hence the problem has been solved for this case. . 

There remains for further consideration essentially two cases: Namely, 
case A when |k| <1 and a=0 (this being equivalent to case A when |k] >l 
and 8=0) and case B when |kj>1. These we shall now take up in turn. 
Since in each of them the boundary of the region of convergence coincides with 
that of the region of absolute convergence it is sufficient to treat only the former. 

Let us first consider case A when |k| <1 anda=0. We have 


SO Bere OHO, REO HA) 
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The boundary of the region of convergence is a circle whose POMON is of the 


form f 
c— 
| Ep, © 8) 
where p is a constant depending on the coefficients a,, a, .... of the series. 
We have to determine p. We first prove the following theorem : 
- THEOREM ey The two series“ 
a,kite+--.+2(_@)s 2 
Bonk 24 3 Se ay a ayn Say MO) = È a,( 
in which S (s) A the value given in (T), both converge or both diverge for 
any given value of x which is non-eaceptional for Q(x). 
The proof falls into two parts. 
1. Suppose that 4(x) converges for a value m, of v which is non-excep- 
tional for Q(x). We shall prove that Q(2,) is convergent. Write 











y—8 y" 
? 

















_, (%—B" __ Witte te(_ Bye 
| ba, (Ae AOAC ap) 
The series b,-+b,+.... converges, by hypothesis. Hence, from lemma I, it 
follows that Q(a,) converges, provided that 
A ee > oy) 
is convergent. . 
We have , 
f kIt2+..- +n (—8)” kt (—p) To 
EEA ‘oS, (Lo) - - » Sy (Ho) Ca a) Q- “Bai (a%) E =a) 








ig. kitt.. : reveal 8y My aa Tay, 
TS, (%)... -Sp (20) %—B 
Thence the ratio r, of the (w+1)-th term to the n-th term of (9) is head 


reduced to the form 
Has k"t) e — pt 

; %—PB ; 

_ Therefore, limi r,= |k]; this being less than unity, it follows that (9), and 





- hence O(a), converges. 
2. Suppose that Q (s) converges fora E E value v, of æ. In 
order to prove that Y(2,) converges, it is sufficient to write 
, ba atete te(— 8) pi LN; (£a) - 5, n (2o) (TEE By, 
"MoS! (%) --- Si, C ’ E 4 ( —B)" \ a 
and apply jemma I. It is not necessary to give the argument in detail. 





* It. is convenient here to write the (constant) coefficients in Q(@) in a.new form. Obviously, there 
is no loss of generality in this. 
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From the theorem just demonstrated it follows that the regions of con- 
vergence of Q(x) and (xz) coincide. But ẹ(x) is a power series in gz, 
z= (x— 8) /x, and therefore its region of convergence in terms of the coeffi- 
cients a, is known. It is the circle (8), where 


= lim sup V]a,]. 


X 


Hence: . i i 
THEOREM VIK. The series Q(x) of theorem VI, has for the boundary of 
its region of convergence the circle- 
a—B | _ 
| £ | SP 





where 
l >= lim sup V{a,|- 


In a similar manner one may readily prove the following two thesveinds 
Turorem VI. The two series 


© 8 (a)8,(a)... 8, (2) aes a N" 
_W(#) =a,+ 2 4, tte pyr? p(s) =D i G) ; 


in which S, (£) has the value given in (7), both converge or both diverge for 


any given value of x which is non-eæceptional for W(x). 
Trrovem VIL. The series W(x) of theorem VI, has ee the boundary of 
its region of convergence the circle 








zp |=? 
where 
= lim sup V{a,]. 


We shall next treat the case B when |k|>1. We have 
S, (£) =k" (a—a) +a, jk] >1. 

“We shall first prove the following theorem: 

Txzorem VI’. The two series 

tl kt a, 
Q(x) =a+ 2 Pte ee mer ere, |E[>1; d(a)= =3 Gao" 

both converge or both diverge for any given value of x which is non-excep- 
tional for Q(x). 

The proof falls into two parts. 

1. Suppose that ẹ(x) converges for a value m, of æ which is non-excep- 
tional for Q(x). We shall prove that Q(2,) is also convergent. We put 


ee kt 


36 


oad 


288 CarmicHazL: On Series of Iterated Linear Fractional Functions. 


and apply lemma I. In order to show that Q(,) converges, it is sufficient . to 
prove the convergence of 


© eens — (10) 
We have ; 
— us kt k+ (a—a) 
; ATONE Xo 2 k' (z; —a) Fa a G— Ke (a, —a) oo 
1 2 kt : i ` 
h = k' (%—a) +a l (%—4) Co a) : 
Hence, for the ratio r, of the (n-+1)-th term to the n-th term of (10), we have 
readily . 


ay 











ae aa —a) |. 


Therefore, lim 7,= |1/h| ; this being a than unity, it follows that (10), and 
hence Q(a,), converges. `` 
2. Suppose that Q(«,) converges, x, being a non-exceptional value of æ 
for Q(x). In order to show that J(x,) also converges, it is sufficient to put 
a a ee l O 
My pana kf (2—0) +a’ i i=1 kt, (zo —a)" 
and apply lemma I. It is unnecessary to give the argument in detail. 
From the preceding theorem we have at once the following: 
THEOREM VIL. The series Q(x) of theorem VI; has for the boundary of 
its region of convergence a circle about a as center with radius p, where 


p= lim sup VJa,|. 


In a similar manner we may readily prove the following two theorems: 
Turorem VIZ. The two series 


, it j , 
both converge or both ane for any given value of a which is non-excep- 
tional for W(x). 

Taxrorem VIL. The series W(x) of theorem VI, has for the boundary 
of its region of convergence a circle about a as center with radius p, where 


W (x) =+ Ža, 1 iol ee akg [kl >1;  -o{«%)= S a,(2—a)" 
a= n=l r 


>= lim sup VTa,]. 


nzo 
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The Derivative of a Function of a Surface." 


By Caries A. Fiscuer. 


Introduction. 


In a paper published in the Atti della R. Academia dei Lincei,t Volterra 
has defined the derivative of a function of a curve, and has proved that if the 
derivative is continuous and approached uniformly, the first variation of the 
function is equal to the integral of the product of this derivative and the first 
variation of the dependent variable y, taken between limits equal to the values 
of the independent variable æ at the end-points of the given curve. In a paper 
entitled “ A Generalization of Volterra’s Derivative of a Function of a Curve,” t 


I have modified the definition of this derivative to make it applicable to a re- - 


stricted set of curves defined by means of some ordinary differential equations, 
_ and applied some resulting theorems to the Lagrange problem of the calculus 
of variations, 

In the present paper I have given a definition cf the derivative of a func- 
tion of a surface analogous to Volterra’s derivative of a function of a curve, 
and have proved substantially that if the derivative is continuous and ap- 
proached uniformly with any finite order, then the first variation of the given 
function is equal to the double integral of the product of the derivative of the 
function and the first variation of the dependent variable z, the integration 
taking place over the projection of the given surface on the x, y-plane. I 
have also generalized this definition and theorem to make them applicable to a 
restricted set of surfaces, in a manner somewhat similar to that employed in 
my paper already referred to. 

The first section contains the definition of the derivative of a function of 


a surface, the theorem mentioned above, and a procf that the derivative must . 


vanish at every point of a surface which minimizes the given function. In §2 





$ * Presented to the American Mathematical Society, April 26, 1913. 
f Volterra, Atti della R. Academia dei Lincei, Ser. IV, Rend. IIi, p. 97. 
t Fischer, AMERICAN JOURNAL OF MATHEMATICS, Vol, XXXV (1913), No. 4, p. 369. 
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the given function is taken as a double integral. Its derivative is found, and 
an application is made to the theory of maxima and minima of double integrals. 
In the remainder of the, paper only those surfaces which give previously 
assigned values to a set of functions M,(8), M, (8), ...., Mp (O) are consid- 
ered admissible. In § 3 it is proved that in the neighborhood of any admissible 
surface for which a certain determinant does not vanish, there are cther admis- 
sible surfaces of the kind needed in finding the derivative of another function 
L (8) relative to this restricted set of surfaces. In § 4 this derivative is defined 
and the theorems of the first section are proved to hold for the special set of 
surfaces also. In the last section all of the functions of surfaces considered 
are taken to be double integrals, and the results obtained in $4 are applied to 
the isoperimetric problem of the theory of maxima and minima of double 
integrals. l 


$ 1. Definition of the Derivative and Volierra’s Theorem. 


All of the functions of x and y considered in this paper will be defined 
over a region R in the v, y-plane, and will be assumed to be of class C®,* where 
r is an arbitrary positive integer. In the first part of this section R will be 
taken as a rectangle defined by the inequalities a<a<b and cS yd, but 
` later this restriction will be removed and R will be an arbitrary closed region 
bounded by a curve of finite length. 

-© The surfaces S and S, will be frequently mentioned. They will be defined 
by the equations 

3 S: e=e(2,y), 

Se: ` e=2(2, y) +n (T, y), 

where the function n(x, y) is assumed to have the following properties: It 
vanishes for all values of w and y outside of the region defined by the inequali- 
ties m—e<a<ate and y—e<y<y,+e, or as much of that region as is 
inside of R if the point (a, y,) happens to be on the boundary of R. Inside 
this region it has a permanent sign and is not identically zero. The absolute 
value of each of its partial derivatives up to and including those of order r 
is everywhere.less than e, the function itself being considered as the partial 
derivative of order zero. 

The derivative of the function L(S) of the surface S can now be defined 
as follows: If the limit 


Li (3 ta, ya) = lim 28) — A) 
e=0 > 








* Bolza, “ Vorlesungen über Variationsrechnung,” p. 14. 
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exists uniquely, where o is defined by the equation 
o= fatisfitin (a, ¥) dyda, (1) 
then this limit is said to be the derivative of the function L(S) at the point 

(£0, Yo), and it is said to be approached with order r. 

It will be assumed that if S is any surface in a fixed neighborhood of order 
r of the surface S, the function Z(S) has the following property: For every 
ô>0 there exists an ¢>0 independent of S and (2, Ya), such that the inequality 
L(8,) —L (8) 


5 — L (Ñ; 2, Yo) <ò 


is always satisfied. That is to say, the Gerivative is approached uniformly 
with order r in the neighborhood of the surfaze S. l 
It will be assumed that for every >D there exists an e>0 independent 
of (%, Ya) such that if 8 is any surface in the neighborhood (e), of S, then 
the inequality 
|E (S; Eos Yo) —L' (S; To, Yo) | <ò 
is satisfied. That is to say, L'(S; æ, y) is continuous. with. order r in the 
argument ©. It will also be assumed that I’ iS; æ, y) is a continuous function 
of the variables æ and y, and since the region R is closed, it is uniformly 
continuous. i . 
A family of surfaces will-now be considered which is defined by the 
equation 
Sa: 2=2(2, y) +o (2, y, a), 


where the function o (x, y, a) has the following properties: All of its partial 


derivatives with respect to x and y vanish identically in a at every point of the 


boundary of R. They also approach zero uniformly in v andy when g ap- ` ` 


proaches zero, and vanish whena=0. If a numerically small constant value 
is given to a, the function o(s, y,a) has‘a vermanent sign. The derivative 
@,(x, Y, 0) exists, is continuous and approached uniformly. 

The extension of Volterra’s theorem, mentioned in the introduction, to 
functions of surfaces will be stated as follows: If the function L(S) and the 
surface S, satisfy the assumptions given atove, then the derivative of L(S,) 
with respect to the parameter a is giver by tne equation 


oie =f frL (S53 x, yiaq(2, y, 0)dyda. 
a=0 EP ih gd 


Select the constant.e arbitrarily. Then divide the region R into n? equal 
rectangles, calling their vertices (x,, y;,, where 7 and j have the range Q, 1, 2, 


Cineam] 
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-+++,”, and taking n so large that the dimensions of each rectangle are less 
thane. Evidently x,=a, 2,=b,y,=c, and y,=d. Now choose another positive , 
constant A satisfying the equation nh(b—a+d—c)=s. A set of functions 


0 (£), 8 (2), ...., 6,(#) will then be selected, satisfying the conditions , 


9,(v)=0, (@S%,Sa,,anda,SeSb), — (i=1,2,...., n), 


0< is) <1, (£; <8<2; +h and w,—h<au<z,), 
0i) =1, (%_.+hSeSa,—h). 


Another set of functions @ (y), @.(y), ----, @n(y) will also be chosen which 
satisfy the analogous conditions. The surfaces S, will then be defined by the 
equations 


i—l n j 
Su exam y) +| E Zola) alapt) lolz, a), 
(i, j=1, 2,...., n). 
i—ın Will sometimes be written Sp. 

After ¢ and n have been chosen, it is possible to find a positive constant a, 
such that if |a| <a, the surfaces 8S will all be in the neighborhood (e), of 9. 
Then Sy is the kind of varied surface used in forming the derivative 

I (Sij=5 Tis Y)» , 
and since it is assumed to be approached uniformly, the following equation is 
satisfied : j 


a 


For convenience in notation S, 


= [Ps yea Xi) Y;) +E] me a 0e); (y) ole yo) dyda, (2) 


i j=l 

where ¢, the upper bound of |€,|, approaches zero with « The derivatives 
L' (8,;-13 Zi ¥;) may be taken at any points of the proper rectangles instead of 
at the corners, if desired. Since it is assumed to be continuous in the argu- 
ment S, L’(9,;-1; 2; y;) can be replaced by L'(S;%,, y;). This changes the 
values of the quantities &,, but does not affect the property of their upper bound 
mentioned above. The double integral in the right member of equation (2) 
can be written , 


Sf J 29%) dyde— e f” [1—0,(2) @;(y) ] ee eal dydax 


Gea Vy Zea Yen 


=f" s" olm na) gyae 4 oaan O—atd—e (3) o 
l Bea Yj % : a 


where —1<A<1, and 
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N> jee Y,a) 
; aa ee 





The uniform approach to a,(#, y, 0). implies the existence of such a constant N 
for a, sufficiently small. If a constant M is chosen, satisfying the inequalities 


M>|L'(83 tay) +6), (i $=1,2,.-.-5 0), 
the absolute value of the contribution of the last term of the right member of 


equation (3) to the value of the right member of equation (2) will be less than ` 


the quantity 2nhMN (b—a+d—c) =2MNz, which approaches zero with e. The 
absolute value of the sum of the terms involving &,, is less than EN (b—a) (d—c), 
which also approaches zero with e. The mean-value theorem implies that the 
equation 
y 
f” S a(a, ta dyds= (24 Yi» a) (2,—a,_,) oe ) 
Ten” Yj 


is satisfied, where (#;, p: is a point in the rectangle over which the integra- 


tion takes place, and in accordance with the remark following equation (2). 


L'(S; £, yj) can be substituted for L’(S; v, y;) in that equation. It follows 
directly that the equation 
L(8,,) —L(8 ; 
tim LS) E(B) — fi SEL (9;  y) oa y, 0) dyde (4) 
is satisfied. 
` It remains to be proved that 


tim 2(S)— —L (Sm) _ 9. 5) 


By definition S,, coincides with S,, gxcepting over n+1 rectangles in the 
w, y-plane whose dimensions are b—a and either h or 2h, and »+1 other 


rectangles whose dimensions are either h or 2h and d—c; and wherever the | 


surfaces meet, the contact is of order r. The overlapping of the two sets of 
rectangles has no effect on the work here. The following lemma is needed to 
establish equation (5): 
If the surface 9, is given by. the equation 
Np: e=2(a, y) +n (2, y, a), 

where the function y(x, y, a) vanishes identically over all of the region R 
excepting the rectangle (a<a<b; y,—h<y<y,+h) where it has a permanent 
sign when a is kept constant, if there is a finite constant X satisfying the 
inequality 





n(a, Y, a) | <N 
a 7 


oman 
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and all of its partial derivatives with respect to x and y approach zero uni- | 
formly with a, then, for sufficiently small values of k and lal, the inequality 


| L(S;) —L(8) 
| a 
is satisfied, where M is any constant.greater than the upper bound of | L’ (S; x,y) |. 
This ean be proved as follows: Divide the interval [a, b] into n equal 
parts, calling the points of division #,,%,,....,%,-,- Forconvenience in nota- 
` tion let q=a and z„=b. Then a set of functions 4; (æ), ,(x),...., b,_,(2) 
can be found which satisfy the conditions 
.2(2)=1, (a<a<a,, (i=1,2,....,n—1), 
0 <p, (2) < 1, (<< Titi), 
il) =0, (Tı STLb). 
Then the surfaces S,, S,,...., S,_, will be defined by the equations 
8;: e=2(@, y) +,(%)n (a, Y a), (i=1, 2,....,m—1), 


and for convenience in notation let 8,=S and S, =S}. It follows from the 
definition of thg derivative of a surface that 


L(S;)—L(S;_,) 
Li zZ pa ae ee ee AN N a E Sn 
oe Tis Yo) = ne ae wth Ta). (2) — hii (2) Jn (2, y, a)dyda ` 


<4hMN(b—a) (6) 


Since this derivative is continuous and approached uniformly, the equation 
L(S,) —L(8 si | 
EDZES) = 3 10 (85 a y) FEI SEAS) — h (2) | Ldyde 
is satisfied, where the upper bound of |£,| approaches zero with h and a. By 
definition |),;(”)—,_,(”) |<1, and for sufficiently small values of k and a 


[L (S; 55%) +E|<M, (i= 1, 2,...., 0), - 
and i : 
n (a, Y, a) | <N. 
a 





The sum of the areas over which the integration takes place is 4h(b—a). If 
their upper bounds are substituted for the respective functions in the last equa- 
tion, it establishes the inequality (6). 
If the equation of S, is now taken to be 
2=2(%, y) +Z 8,(z)a(a, Y, a), 


and the surface S, is taken instead of 5, the function 7 (v, y, a) becomes 
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n(a, n 2) =| 1—29) |26(z)o(a v,a), 


which vanishes excepting in the n+ 1 rectangles (a<a<b; y—h<y<y;+h), 
(7=0,1,...., n). Since the rest of the hypothesis of the lemma is satisfied, 
if it is applied n+1 times it will give the inequality 


| L(S,)—L (Spa) 
a 








If the surface S, is taken instead of S, the function n (2, y, a) will become 


| È 0ta) 1 Jor v, a), 

i=1 

which vanishes excepting in the rectangles (v—h<2v<%,+h; e<y<d), (i=0, 
1, 2,...., n). Since the proof of the lemma is not affected by interchanging 


x and y and replacing a and b by c and d, tke inequality 


| L(8,)— DSa) | <4h(n+1)MN (d—c) (8) 





a 





is also satisfied for small values of h and |a]. Inequalities (7) and (8) can 
be combined, giving the inequality , 


E(B) —E Soy) | <4h(n-+1)MN (b—a+d—c) <4MNe+4hMN (b—a+d—c). 


. Since the right member of the last inequality approaches zero with e, equation 
(4) may be replaced by the equation 


; aE Bs) Cg Sah (8; L, y)a@,(%, y, 0)dyda. (9) 


The assumption that the region R be a rectangle is not essential. If it is 
any region bounded by a curve of finite length, a suitable rectangle R’ can be 
circumscribed about it, and the function z (x, y) defined arbitrarily and o (x, y, a) 
taken as identically zero over the part of R’ not included in R. If the function 
L(8) is defined in such a way that it depends for its value only on that part of 
S whose projection on the-a, y-plane is R, the derivative L’(S; v, y) will van- 
ish everywhere outside of R. The fact that it may be discontinuous at the 
boundary of R will have no effect on the proof of the above theorem. The 
theorem states that equation (9) would hold with R’ substituted for R, and 
therefore it holds as it stands. 


« Tt will now be proved that if the surface S and the function L(S) satisfy 


the hypothesis of the last theorem and the surface S minimizes the function 
L(S), then the derivative L’ (S; x, y) must vanish at every point of the region 
37 > 


<4h(n4-1) MN (b—a). (1). 
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R. Suppose there is a point (a, Ya) where the derivative is positive. Then, 
since it is continuous, there is a finite region including the point (a, Ya) where 
it is also positive. The function o(s, y, a,) can be chosen in such a way that 
its partial derivative o,(2, y, 0) will be positive in this region and zero every- 
where else. Then equation (9) will imply that 


dL (S8,) 
-dæ ao? 
and the surface © will not minimize the function D(S). If there is a point 


where the derivative is negative, the argument is essentially the same. 


§2. The Derivative of a Double Integral. 


The function L(S) will now be taken as a double integral, and the first 
necessary condition for a minimum as proved by Lagrange” will be found to 
be a special case of the last theorem of the preceding section. The arbitrary’ 
integer r which designates the order of the approach to the derivative will be 
taken as 2 in this section. 

Let - l 
L(S8) =f frf (£, Y2, P, q) dyda, 
where f(z, y, 2, p, q) is of class C® in the neighborhood of values of the 
arguments determined by the surface S. The letters p and qg represent the 
partial derivatives of z with respect to wand y. Choose a function y (æ, y) as 
in§1. Then, by definition, : 


L(S.) —L(8) = SES RES (a, y, e+, P+, atn) —f (2, Y, 2, Pg) |dyda. (10) 
If the integrand of this expression is expanded by. Taylor’s formula, it becomes 
| f(z, Y, z+8n, p+ 0n., aton, n+ noth My» 
where @ is a constant between 0 and 1. It follows from Green’s theorem,} and 
the vanishing of n(x, y) along L, the boundary of the region over which the 
integral is taken, that the equation 
Bete AUote ` ' 
sS on). dydx=$,f,ndy=0 


To—€ Yo—E 
is satisfied, and consequently the equation 


SF taney — S S Saya. : Ha: (11), | 


Zy—€ Yg—E 


Similarly 





` * Bolza, loc. cit., p. 655. i + Bolza, loc. cit., p. 654. 
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J “S "“ jnmdyde=— f ee es Gindyde. a 


oE Y Yo Toe VY 


If equations (11) and (12) are substituted in the expanded form of ARNON 
- (10), it becomes 

Zote pyte of, əf f] 

_ L(8,)—L(8)= [4-2-4 ota | ndydn, 
(S.)—-L(S)= ff df ndy 
Since y (v, y) has a permanent sign, the mean-value fhesien can Be applied to 
the right member of this equation, reducing it to the form 
age a STs | 
L8) L8) = |7- E-E |o 
where the arguments of the partial derivatives of f are s+ 2e, Yat ue, 2(a%-+Ae, 
- Yotue) +O (2a +28, Yot ue), p+6n,, and ¢g+6y,, and o is defined by equation 
(1). The value of the derivative is ther seen to be 
2, he, 
ey 

It follows from the assumed continuity of the functions z (x, y) and f(a, y, 2 
p, q) that L’(8; x, y) is continuous and eneroneied uniformly with order 2 
Therefore the Lagrange equation, 


Of, _ Əfa _ 
f.— 32 u 


L’ (85 Los Yo) =fz(Los Yor ZLo, Yo), £ (Lar Yo), 4 {tos Yo) )— BP 


‘is equivalent to the equation 
) L'(S; æ, y) =0. 
§3. The Set of Surfaces K. 


In this section there will be given m functions M,(S), M,(S), fee -Ma (8) 
whose derivatives are continuous and approached ‘uniformly with order r in a 
neighborhood of order r of the surface ©. It will be assumed that there are 


some points (8,1, Yı), (Va, Ya) -- -> (Gms Ym) in the region R which satisfy the 
„inequality 
| M;(S; Zis Yi) 
(i, j=1, 2,...., m) [Fo (13) 


A surface § will be said to belong to the set K if it satisfies the equations 
M,(8)—M,(S)=0,  (j=1, 2,...., m). 
. It will now be proved that for every e>0 there exists. a )>0, which will 
always be taken as less than or equal tə e, for which the following statement 
is true: If n (2, y) is any function all of whose partial derivatives up to and 
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including those of order r are everywhere less than ô in absolute value, and 
vanish along the boundary of R, then there is a set of functions n (2, Y), 
Ng (%, Y), -<---> Mm (2, y) all of whose partial derivatives, up to and including 
those of order r, are everywhere less than e in absolute value, such that 7,(2, y) 
vanishes identically excepting in the region (£; —e<w@ <8; tHE; y,—e<y<y;te), 
where it has a permanent sign, and the surface 


Spi @=2(&, y) +n(a, y)+ Z 0% y) > (14) 

belongs to the set K. ' | 
A set of functions 7,(x, y) can readily be found which vanish excepting 
in the specified regions where they have a permanent sign, and whose deriva- 
tives are numerically less than e Then it must merely be proved that there 


is a set of multipliers «,, a,,....,a,, each numerically less than unity, such 
- that the surface eat 


Sa: 2=e(a, y) + È am; (2, y) 8) 


_ belongs to the set K. Then the multipliers a; can ‘be absorbed into the func- 
tions 7,(a, y) and the surface Sp written S,,. 
The determinant 
SoS 7M; (S; 2, ue y) dyda 
(i, j=1, 2,000.5 m) 





(16) 


must T considered. If the mienya theorem is applied to each element, it 
can be reduced to the form 
M; (5; a > Yy) 


Ti tE (H tE F; 
IT jeit vitini (w, y) dydx (4, j=l i 2, S n m) p |. 





where (%4, yj) is some point in the proper region. It follows froin inequality 
-(13) and the assumed continuity of the derivatives M; (S; 2, yy that for suffi- 
ciently small values of ¢ this determinant can not vanish, and only such velar 
of e need be considered. 

If and the functions 7,(x, y) are considered as fixed, the expressions 
M,(S;,)—M,(S) are completely determined by the function (a, y) and the 
parameters a,,a,,...., Am, and may be represented by the equations 


M,(Si,) —M,(8) =9,(H; a,, dy)... +) Xp), (j=1, 2,...., M), 


where H represents the surface in the a, y, n-space whose equation is: 


Fiscuer: The Derivative of a Function of a Surface. 299 


n=n(x, y). The surface whose equation is 7=( will be called H,. The 
following equations come directly from the principal theorem of $1: 





DpH; as, Ops = +r Em) _ pavtepu-eus’ (3%; w, yya la y)dyda, (17) 


da, . . 
l x (i, j=1, 2,.... m); 
and the determinant 





od (H,;0,C,...., 0) 
, do 
(i, j=1, 2,...., m) 
is equal to the determinant (16), which can not vanish. The functions 9,(H, 
Qi, Gg, -> -+3 Qn) and their partial derivatives given by equations (17) are seen 
to be continuous in all argumenis in the neighborhood of (H,;0,0,....,0). 
Thus the hypothesis of an existence theorem in the paper entitled “A General- 
ization of Volterra’s Derivative of a Function of a Curve,” * mentioned in the 
introduction, is satisfied. The fact that H now represents a surface instead of 
a curve has no effect on the proof of this sheorem. ‘The conclusion of this 
existence theorem is that for every e>0 sufficiently small there is a 6>0 such 
that to every admissible function y(x, y) there corresponds a unique set of 
constants a,, @,,....,@,, each numerically less than unity, which satisfy the 
equations , ; 
(H; ai, ags.. An) =D, (j=1, 2,...., m). 


The surface S, then belongs to the set K. It is evident that if a ô is effective 
for a particular value of e, as &, it is also effective for every value of e greater 
than «,, since the functions 7,(2, y) can be taken identically zero over as much 
of the regions (%—s<xu<%,+8; yjw—E<y <4; +8) as is desired, provided they 
are different from zero in a part of each. 


$ 4. - The Derivative Relative to the Set K. 


The derivative L' (S53 £, Y; Li, Yis --- -y ms Ya) Of the function L(S) rela- 
tive to the set of surfaces K can now be defined, and evaluated in terms of the 
derivatives L' (9; a, y), Mi(S; 4, y), ...., Mn(8; Œ, y), if they are con Hnuons 
and approached unformly with any finite ‘onder r. - 

The function y(x, y) discussed in thè preceding section will be restricted — 
by the additional condition that it vanish identically excepting in the region 
(Lp—E << U< Ly +e; Yo—E<Y<Y,+e), Where it has a permanent sign and is not 
identically zero. Then the limit l 








* Fischer, loc. cit., p. 373. 
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L' (8; Zos Yos Bis Yrs <-> +3 Ems Ym) = lim 


e=0 


L(S_,) —L (8) 
C 


will be called the derivative of the function L(S8) at the point (%, Yy), relative 
to the set of surfaces K and the points (£1, Y), Las Ya) «+ ++) (Sms Ym) The 
integral ¢ and the surface S,, have already been defined by equations (1) and 
(14). l , 
This derivative can be evaluated as follows: Define the surfaces S, S,, 
.., Sm—ı by the equations 


So: e=e(a, y) +n (2, y), 
S:  e=e(x, y) +a (m, y)+ Emila y),  (6=1,2,....,m—1); 


and for convenience in the notation let 
o= Ste putin (x, y)dyda, (i=1, 2,...., m). 
Then the derivative may be written in the form 
L' (S; 2, Yo; Bis Yis -3 Ems Yn) = 
Sa [EC 3 ea; 
; i 


e=0 i=l o 6 
which is easily reduced to the equation 
L (S; Los Yos Lis Yis <- -y Lms Yn) = 
Li (8; go, y) + ÈL (S; t y) lims, (18) 
It is now necessary to evaluate the expressions 
ling. 
Since S,, belongs to the set K, the equations 


Mae ee Gatos.) 
10) 





are always satisfied. If is made to approach zero, they become’ 
M; (S; Xo, Yo) +Z M8; Li Yi) lim < =0, (g=1, 2,...., M). 


The determinant of the coefficients of lim o,/o is not zero, and therefore the ° 
solution is unique. Solving for these limits and substituting their values in 
equation (18), it becomes 
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L' (85 £as Yoj yy Yis +--+) Dmr Ym) =L (8; To, Y)— 
My(S5 4, 9y) MilS 5 By) Yr) MiS; Lo, Yo) -MiS 5 Ems Ym) 
M;(8; TY) .M (5; Tris Jr) Ma (S; Los Yo) - M(E; Lms Ym) 


Ce i 





SL S; ty, y 
iai ( 2 r Yr) M;(S; Dis Y:) 


(i, j=1, 2, ...., m) 


This may be written either in the form 
L' (S; Lo, Yoi Lis Yis ++ -s Dmi Ym) SL (E; Do, Yo) + 2 Mi, (8; Lor Yo), ` (19) 


_where the quantities 2., 2., ...-, Am are dezined by the equations 


L’(S5 4, 4,) L'(S; aay Je)... L (S; my Yn) 
MiS; £, y) WilS G; Las Yo)... My(S3 Ems Ym) 


CS 2 ed 


Miral S; %, Y) MiS; %; Y) <.. AM (8; Tms Ym) 
Mrl S; 2, U1) Miss lS; Ge, Ya) o- Misi (S5 Ens Ym) 


Ce 


Ma(S; 2, Y) Kalk; Tas Ya). Mal I; Ems Yn) 
My iS; Diy Yi) 
(i, j=1, 2,...., m) 







%=(—1)" » (20) 





or in the form 
M;(S; ti, Y) 
|í, j=1, 9, 5 .., m) L' (8; Bos Yos Cis Yzy -res Dms Yn) = 
L (S; 5 46) I(B; My 44) <... L (S; Bas Yn) 
M: (8; Tos Jo) My(S; Ds; Y) tee M;(S; Lms Ym) 
M3(S; Los Yo) (5; T, y,).... M3 (S; Ens Ym)|» (21) 


a 


M,,(S; To, Jo) Mn (S; Zis Yy)--- .Ma(S; Lms Ym) 


Since L’ (S; a, y), Mi (S; x,y), ...., M (S; £, y) are continuous and approached 
uniformly with order r, L' (8; a, Y; &,, Yis -e03 Zas: Ym) 18 also. 

The following equations, which will be used later, follow immediately from 
equation (21): ' 


L' (D5 Lis Yii Lis Yis >- -es Dms Ym) =O, (t=1,.2, ...., m). 


The extension of Volterra’s theorem proved in § 1 can readily be proved 
for the case where only surfaces of the set K are considered. Suppose that the 
one-parameter family of surfaces 


~ 
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Sa: 2=2(%, y) +a(%, y, a) 
discussed in § t belongs to the set K. Then it follows from equation (9) that 
aL (84) 











see) |  =SSaL' (Ss 2, yoa(@, y, 0)dyde, ` (22) 
and similarly 
dM,(8 pee: : l : 
Am Ee) |. =S SaM; (S; x, y)o(a, y, 0)dyds,  (j=1, Z... m). (28) 
The left members of equation (23) must vanish since S, belongs to the set K. 
If the right members are multiplied by 24, 22, ...., Am respectively, equated 
to zero, and added to the right member of equation (22), it becomes 
dL (84) pr 
Lal | = SSal! (95 2 Y3 Bis Yis -+ -s Bas Yn) O0(% y O)dyde. (24) 





_ It will now be proved that if the surface S minimizes the function L(8) 
relative to the set of surfaces K, then the derivative L'(S; £, Y; £i, y,, . 
Eas Ym) must vanish for all values of æ and y in the region R. 

Suppose that there is a point (x, yo) where it does not vanish, and to fix 
ideas, suppose that it is positive at (2, y,).. Then, since the derivative is con- 
tinuous, two positive constants h% and k can be found such that the inequality 


m9 


L(I; 2, Y5 Ds Yay ve +r Dms Ym) >k (25) | 
is satisfied at every point in the region (4—h<aw<a+h; y—h<y <y th). 
Since the derivative vanishes at each of the points (m, Yı), (Lz, Yo»), - 
(Sms Ym), for every 6>0 there exists an e>0 such that the inequality 


-3 


|L (S; 8Y; ys Yar -s Ems Ym) | <8 . (26) 
is satisfied at every point in each of the regions 
(z;—e Sr Lr +e; y;—eSySy,te), (i=1, 2, ...., m). 


Select a function.y (x, y) which vanishes at all points outside of the region 
(zo—h<g<t+h; y—h<y<y,+h), where it is positive, and m functions 
n(%, y) which vanish at all points outside of the respective regions (%,—«< 
Ba +E; Y¥;—e<y<y;+e), where they are positive. Then it follows from the 
proof of the existence theorem of § 3, that if is taken sufficiently small, for 
every value of a numerically less than a fixed positive number, there exists a 
unique set of numbers a,,a,, ....,@,,, each numerically less than another fixed 
number, such that the surface 


Sa:  e=2(%, y) +an (z, y) + Zan (2, y) 
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belongs to the set K. ‘nie ingia w(x, y, a) will now be defined by the 
equation l 

a(z, y, a) =a (0, y) + Zamla y). o (27) 
As the existence of the partial derivative o,(#, y, 0) can not be easily proved, 


the assumption that it exists will be replaced by the less exacting assumption . 
that there is a constant N, such that the inequality 


pa a) (28) 





is satisfied, for all numerically small values of a. This necessitates some 
changes in the statement and proof of the extension of Volterra’s theorem. 
Equation (4) must be replaced by the equation 

im | HS) L(8) — SSEL (S; a, y) ola, 4 2 a) dyde | =0, 


& un 


and equation (9) by the equation 


lim [EE — S SaL (8; 2, p eo) dydz | sð 


a=0, 


The proof of the theorem will then be valid. In the present seolion equations 
(22) and (23) must be replaced by the equations 


a=0 


Him | 22) 28) _ ffar’ (8; 5, y) 2&2 dyde| =0, (29) 


and 





tim | Mee) PH) S faM S; m y) ODA dyda|=0, (80) 
a=0 5 X . 
(j=1, 2,...., m). 


' Since the surface S, belongs to the set K, equations (80) may be written. 


Lim [feMj(S; 2, y) LA dyda=0,  (j=1,2)....,m). (31) 


If equations (31) are multiplied by 2, A,.,...+, Am, respectively, and sub- 
tracted from equation (29), it becomes by virtue of equation (19) 
o m| 4E2- a) —L (8) 
a=0 y 
SaL (S5 2 Y3 Br th +9 Bus ty) AA dye] 0, (82) 


which is the des ired generalization cf equation (24). 
38 i 
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It will next be proved that if the function o(s, y,a) is defined by equation 
(27) a constant N must exist, sansiying meua (28). Let 


So: z= =e (£, y) +an (a, y), 
S: e=e(2, y) +an (z, y) + Zamm y),  (i=1,2,-..., m). 
k=l 


Then, since Sp, Which is the same as Sa, belongs to the set K, the equations 





M,(S,)—M,(8) _ Mj(S,) =u. Z M(S)—M,(Si4) | 9 


a ' , Ea O; - a 


=0 





are satisfied, where o,,0,,...., C„ are defined by the equations 
o= forsee, (2, y) dyda. 


When c and a both approach zero, the determinant of the coefficients of o,/a 
approaches the determinant (13) uniformly, and therefore it can not vanish if 
|a| and e are sufficiently small. The terms 1/a[M,(S,)—M,(S)] approach 
finite limits as a approaches zero. Thus a constant N’, independent of € and 
a, can be found, such that, if « is given any value less than a fixed positive 
constant and then a is taken less numerically than another constant, then the. 
inequalities |o,/a|<N’ will be satisfied. Since the expressions l 
St = fati fytin (2, y)dyda 


a; 


are positive and independent of a, the ratios «,/a do not become infinite as a 
approaches zero; and if o (%, y, a) is defined by equation (27), a constant N can 
be found satisfying equation (28). Since N is not independent of c, it will be 
better to use N’ in what follows. 


Equation (32) may now be written 


L(S,)—L(S) _ 


a = Sith [oth L (S; 8, Ys Bis Yrs +- -3 Dms Ym) NAY d% 





H SaSu L (S85 L,Y; Bir Yrs vey Ems Ym) Sél dydæ+ë (a), 
where £(a) approaches zero with a. It follows from this equation and inequal- 
ities (25) and (26) that the inequality 


A > kf zth feet ndyda—mN'S—|E (a) i 
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is satisfied. Since the first term of the right member is positive and inde- 
pendent of ô, e, and a, if ò is taken sufficiently small the inequality 


L(8,)—L(S) . 9 
fi a $ 


is satisfied for small values of a both positive and negative. Therefore the 
surface S does not minimize the function LiS). If L’' (83 2i, Yogis Way oe 
Las Ym) Were negative, the argument would be essentially the same. 


The quantities 2,,2,,....,A,, definad by equations (20) are functions of 
the 2m arguments %,, Yı, --- -s Lms Ym; but'in the special case where the deriv- 
ative vanishes identically, they are constants, as can be proved as follows: 
Let %1, Yi, --++)%n,Ym be a fixed set of values for £1, Y1, ----, Lms Ym; and let 


those letters without accents be considered as variables. Then the equations 
L(I; Cis Yai Bis Yrs -e-e Lms Ym) = 


L' (9; x, Yi) + Z2 (2, Uis -ees Cms Ym) MGS; 23, y4) =0, 
. fa 
) (i=1, 2,...., m), > 


are satisfied identically. Comparing tae solutions of these equations with 
equations (20), it is evident that l 


Ny (15 Yis ee-e ms Ym) =A; (a, yt, gira ag Bas Bands (j=1, 2,...., m). 


That is, 24, ñg, =- ., A, are constants. 


$5.. The Derivative of a Double Integral A TE E Set K. 
If the functions L(S), M (S), ....,M,,(8) are defined by the equations 
L(S)=Sfef (2, y, % p, a) dvds, (33) 
M,;(S)=JSfngj(%, Y, 2, p, a) dyda, (7=1, 2, ...., m), (34) 


where 2(x, y), f(X, Y, 2, p,q) and g;(%, Y, 2, p,q) are of class C®, and the . 
determinant (13) is distinct from zero, the derivative of L(S) with respect to 
the restricted set of surfaces is given by the equation 





ð 3g, Ə 
L (S5 ©, Y3 Br Yay is ns Yn) =fe— sa ait Salos J E Sef (85) 


where the arguments of the partial derivatives of f and g; are x, Y, 2(a, Y), 
p(x, y), q(%, y), and the coefficients 2, 23; ...., Am are defined by the equations 


306 Fiscuer: The Derivative of a Function of a Surface. 


[aein] A OIE | — Shoe] 
? Ox oy 25s g s Ox oy Lens Bm 
Ge ee [ 9, — Be 2u] 

1s Ox oy Mth 1z Ox oy ms Ym 


Ea popa a SS cs 


E Wicie aa] at [o -n Wu] 
kol Ox oy Z1, Y1 Aia Ox oy fms Ym 


i fo Gerry Grrr | 
rae Oz oy doe Ym 


a 


[one] [on gee — Apes] 
Imz ox oy Ty M a On oy “ms Um 


|s; — Shr 29n | 
er os oy Bess 


(i, }=1, 2, ...., m) 




















The right member of equation (35) equated to zero constitutes the first neces- 


sary condition that the surface 5 minimize the double integral (33) relative to ' 


the surfaces which give fixed values to the integrals (34). 


COLUMBIA UNIVERSITY, April, 1913, 


Some Invariants and Covariants of Ternary Collineations. 


By Henry Bayard PHILLIPS. 


INTRODUCTION. 


1. The analytical basis of the-present gaper is the form of Grassmann’s 
Liickenausdruck which Gibbs called a dyadic. This, as the sequel shows, is 
merely a bilinear form from which the variables are omitted. It can then 
represent a collineation or correlation, and may be manipulated practically 
like an ordinary symbolical bilinear form. 

Using this as a basis, the abject of the paper is in the first place to give 
an interpretation of the multiple products detined by Gibbs, and to obtain some 
of the properties of the invariants and covariants involved. The field of ope- 
ration is plane projective geometry, and the products are formed according to 
the outer multiplication of Grassmann. 

- Finally, in the third part there is considered a skew symmetric function 
of any number of collineations which is called an aliernant. It is a combinant, 
linear in the coefficients of each collineation, and presenting in some ways, for 
forms in two sets of variables, properties analogous to those of the expressions - 
resulting from the outer multiplication of linear manifolds. 


Part I. NOTATION. 


I. The Open Product or Dyadic. 


2. Ina space of two dimensions a sum of products of similar construction, 

each containing a factor X, can be written in the form 

(A,X) B, + (A,X) B, + (4: X) By, 
where the parentheses are used merely to show the order of multiplication. 
A,, B; and X are geometric. quantities, points or lines of the plane, and all 
products are formed according to the outer multiplication. This can be con- 
. sidered as resulting from the operation of X on the expression 

A, ( ) B, + A; ( ) B, + A; ( } B,, 
the operation consisting in placing the variable X in the parentheses. This 
last expression is an example of what Grassmann called an open product.* 








* « Ausdehnungslehre” (1878), p. 265. 
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Gibbs wrote the open product in the form 
A,B, + A,B, + A,B,, 
and from the nature of its construction called it a dyadic.* The variable is 
supposed to operate on the dyadic from the outside, and so give as result 
(X4) B, + (X4) B, + (XA,) B, 
or i 
A, (B,X) + A, (B: X) + A; (B: X), 
-according as X is used as prefactor or as postfactor. 

In the present paper the notation of Gibbs is used, and outer products are 
represented either by placing the letters in parentheses or by placing a bar 
over them. It is found convenient to use the parentheses when the product 
reduces to a scalar, or number, and in all other cases to use the bar. Unless 
otherwise expressly stated, the variable is supposed to enter as postfactor; 
i. e., the dyadic operates on the variable. From analogy with the ordinary 
symbolism for a row product we write 

AB=A,B,+A4,B,+ A,B. 
It is to be observed that 4, and B, in this expression have definite sizes or 
intensities. If they are only projectively given, the dyadic has the form 
AB = 2,4, Bi + 4, B; +2,4;B;,. 
where the 4’s are numbers determined when definite intensities are given to 
A, and B,. 

3. As an operator the dyadic gives a linear transformation of quantities 
contragredient to B;. For, X being sush a quantity, since (8,X) is a number, 
A(BX) = 2, (B,X) A, + a, (B,X) A, + Ay (B: X) Ag, 

which is a simple quantity of the same dimension as A,. 

There are two cases of present interest. When A, and B, are contra- 
gredient, we have a collineation; when cogredient, a correlation. 

A dyadic of the form i 

BO = A, A, Hy, F Ag Uy Uo + Ag Ay Ag, 
where the a’s are points and the a’s lines, t represents a point collineation. į 





+ Gibbs’s “Vector Analysis” (Wilson), Chap. V. 

* We shall use the letters a, b, c, æ, y to represent points; a, B, y, & n to represent lines; and the 
large capitals A, B, C, X in general discussions to represent either points or lines. The letters à, x, r, p 
will be used to represent abstract numbers. 

7 In tha notation of Clebsch this is of course 

(a£) (av) =Z Mi (a$) (ais) = 0, 

where œ is given and ¢ variable, If ¢ were given and æ variable, we should write the dyadic aa. We thus 
regard the dyadic not as giving a connex but as determining a definite transformation. 
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In particular, to the point a, a, corresponds the point 
C(O thy Og) = Ay (Hy My 23) Q - 
To the vertices of the triangle a then correspond the points a,. Since the lines 
of the plane can be expressed as linear functions of any three not passing 
through a point, we can assume the a@’s to be any three linearly independent 
lines of the plane, the collineation then determining the corresponding points a,. 
Similarly, the dyadic 
ab = Ay Oy By + Ag tly (By + Ay Oy Bs 
represents a correlation in which the lines a, correspond to the points of’ the 
triangle 8. A similar interpretation can be given to the dual forms aa and ab. 


IL. Tetrad and Counter-tetrad. 


4. A collineation or correlation is determined by four sets of corre- 
sponding elements. It is sometimes useful to have the dyadic expressed in 
terms of these corresponding elements. Since the postfactors in the dyadic 
are complementary in dimension to the variable operated on, we must associate 
with a set of four points a set of four lines to be used as postfactors. For this 
purpose we associate with a 4-point the set of four lines obtained by taking the 

` polar of each point with respect to the triangle of the other three. It is well 
known, then, that conversely from this 4-line the 4-point is obtained by taking 
the polar of each line with respect to the triangle of the other three. These 
mutually related systems have keen called tetrad anc counter-tetrad.* 

Four points p, in the plane satisfy a linear relation 


(Pa Ps Pa) Pa — (Pi Ps P4) Pa + (P1 Ps Pa) Ds— (P: Po Pa) Pa = 9. ` 
Represent the terms (P; P; P4) p,, ete., in this equation by the letters a,, a,, ete. 
The equation then becomes _ 

l i a, + a + a + a = 0. . (1) 
Operating on this identity with the ‘products a, 4; we find that the products 
(a,4;4,) are all equal in absolute value. If no three of the points lie on a line 
(which we shall always assume), we can replace the points a, by such multiples 
of themselves that (1) still holds and 

(Qe 34,4) = 4. 

‘We now have : 
(a,4;4,) = +4, (i<j <k), (2) 
. the sign being positive or negative according as 2, 7, k is complementary to an 

odd or an even term of the sequence 1, 2, 3, 4. 





* F. Morley, Trans. Amer. Math. Society, Vol. IV, p. 291. 
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Using the letter a, for the polar of a, with respect to the triangle a,, a3, a, 
(second polar of a, with respect to the triangle a, az, az, @,4,), and similarly 
a; for the polar of a; with respect to the corresponding triangle, we find by 
using (1) and (2) and choosing the intensities of the a’s properly, . 








fo SA eee) 

Eag = 4,4, + a z+ GQ, | (3) 
4d, = — A, Ay — A, A, — A, 4, , ` 
da= Gd, + g 0s + 4,0, 


From these equations by addition we obtain 


‘a + da + a + a, = 0. (4) 
eae the equations (3) by a, and making use of (2), it is easily seen that 
(aa) =3, (aa) =—1, - (Æj). (5) 


These last equations are sixteen in number. From the equations 
> (aa) == (aa) =0 
i 7 i 


it is seen that seven of them have for effect to make a, and a, subject to the’ 
conditions (1) and (4). The remaining nine equations of (5), when: one of 
the tetrads is given, determine the eight geometrical constants of. the other 
together with an intensity not fixed by the equations (1) and (4). The 
equations (5) may then be taken as canonically defining a tetrad and counter- 
tetrad. Their symmetry in a, and a, indicates the mutuality of the relations 
of the two tetrads. 
From (3), by direct waltpan and the use of (2), we get 
yy == = 6, — a, (6) 

where 4, j,k, Lis any positive permutation of the numbers 1,2,3,4. Multiplying 
by a, and using (5), we get 

(4,0;%)=#+4, (i<j<h), (7) 
the sive being positive or negative according as 1, j, k is an odd or ån even 
minor of 1, 2,3,4. Finally, from (3), by subtracting the equations in pairs 
and using (1), we get 


a; a; — = %4 kaaa Ons i (8) 
the rule of sign being the same as in (6). Equations differing from , (8) only 
in the interchange of a@’s and a’s can easily be proved. 


5. The application of the preceding to the study of dyadics in the plane. 


is now simple. Consider the collineation 


E (A, 43 04) (Ba Bs Ba) 4B,» (9) - 


“? 
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no three of the points a, being on a line, and no three of the lines 6, passing 
through a point. Taking a, and 6, subject to the conditions (2) and (7), the 
products (a,a;4,) (6;8;8,) all become equal and (9) becomes a multiple of 


a, 8, + 4,8, + as Ba + aba. 
Operating on this with b,, a point of the counter-tetrad of 8, and making use 
of (5), we get 
' 34, — h — Ag — a, = £a. 
The points b, pass by (9) into the points a,. The collineation therefore trans- 
. forms the-associated system b,@ into the system a, œ, and so the dyadic in this 
form involves a correspondence of tetrads. ; 
In the same way we see that 


Z (Gy tty oy) (Bo Bs By) a By (10) 
is a correlation which transforms the counter-tetrad of 8 into a, and so carries 
the system b, 6 into the system a, a. 


Part IT. Murter Propucrs. 


I. Multiple Products are Complete Invariants. 


6. With two dyadics 4A’, BB’ is connected a form AB A’B’ which Gibbs 
called the double product of the two dyadics.* It is formed by multiplying the . 
dyadics distributively, each pair of terms combining to form a product in which 
the prefactor is product of prefactors and pcstfactor product of pustfactors. 
Gibbs showed that this double multiplication is distributive with respect to a 
resolution of either dyadic or is invariantive, as is readily seen upon expansion. 

So with a system of dyadies are a series of multiple products given by 
the various ways in which pretactors and postfactors can be independently 
combined. From their construction it is evident that such forms retain their 
‘significance when the prefactors and postfactors are transformed separately 
and therefore belong to the class of functions that Pasch called complete in- 
variants.+ If the dyadics appear as transformations operating on the elements 
of a certain field, since a transformation cf postfactors amounts to a trans- 
formation of that field, it follows that the geometric interpretation of a multiple . 
product must involve an arbitrary initial field. If, for example, a system of 
collineations and correlations in the plane operate upon four points, the mul- 





y * Loc. cit, p. 306. The function here considered is a double product only in the sense that it is 


formed by a certain double process. It is neither the scalar nor the vector, but the combinatorial double 
product. All of these have certain properties in common which characterize double multiplication. 
+ “Vollkommene Invariante,” Math. Annalen, Bd. 52, p. 128. 


39 
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' tiple products will give results independent of the initial 4-point, i. e., invariants 
and covariants of the resulting tetrads. Illustrations of this property will 
appear in the discussions that follow. 


IL Apolarity of Collineations. 


7. Consider two contragredient collineations aa and Bb; the first an 
operator on points, the second an operator on lines. They have a double 
product invariant (a8) (ab). When this vanishes, the collineations will be 
called apolar. 

To see the meaning of this, write 


aa = A, Ay a, + Ay Uy by + Ag Az Og, 
Bb = ly bb, + Uy By ba + bs Bs bs, 


and take Ab = Aa as reference triangle. That is, place 
(bia) =1, (b,a,) =0, (GEk). 
We then have “ 


(aß) (ab) = 2, u, (a, By) + Ay tt (a, B2) + Ag tig (as Be). 

This obviously vanishes when, for each value of the subscript, a, is on 8,. Two l 
triangles so related that each point of the one lies on the corresponding line 
of the other will be called incident. Now Aa and AB are the correspondents of 
the reference triangle with respect to aa and Bb. Hence, apolarity is the con- 
dition under which two collineations can send a triangle into a pair of incident 
triangles.” 

A collineation apolar to’ the identical collineation sends certain triangles 
into incident or inscribed triangles. Such a collineation has been called normal. 

Write the given collineation 

OG = Ay Ay Oy + Ag Gy hy + Ag Qg ag, 
and the identical collineation 
Cry Ay F Oy Ay F Oy Ag, 
where Aa = Aa is reference triangle. The apolarity condition is then 
à, (aia) + Ag (Gq a) F Ag (Mg a) = (aa) = 0. i 

Hence the condition for normal collineation is the vanishing of what Gibbs 
called the scalar t of the dyadic. 


8. Another interpretation for apolarity is obtained by using the EA 
of counter-tetrads explained in Art. 4. The vanishing of the invariant’ 








* M. Pasch, Math. Annalen, Bd. 28, p. 431. + Loe. cit., p. 275. 
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(aß) (ab) gives the- condition that the collineation 

a (ab) 8 
be normal. Hence, if aa and 8b operating on a certain tetrad and counter- 
tetrad give a 4-point a, and a 4-line 8,, the collineation which transforms b; 
. (the counter-tetrad of 8;) into a; will be normal. According to (9) the col- 
lineation which carries b, into a; is f 


E (a G3 04) (b2 beb) a, b1. 


Therefore, the condition that the collineations aa and 8b be apolar is 


= (dy ds 44) (Bs Bs Bs) (2, 8,) = 9, (11) 
where a; and 8, correspond respectively through aa and 8b to a tetrad of points 
and its counter-tetrad of lines. 

It is to be observed that (11) is linear in each of the quantities a, and Bo. 
Hence, if all of those quantities except a point a, are given, it will lie on a 
definite line; and if all except a line 8, are given, it will pass through a definite 
point. Therefore, a 4-point and 4-line subject to the condition (11) determine 

_a tetrad of lines through a, and a tetrad of points on @,, consisting, in fact, of 
the evectants of (11) with respect to a, and 6,. 

If we write a; and 8; in such form that the equations (2) and (7) hold, 

‘the apolarily condition (11) can be written 


(a, 4, @,) (a, B,) — (a, a; G4) (a, 8.) + (a, @, Q4) (ds Bs) — oe A, Gz) (A, Bi) = 0. 
Placing (a, a, a) = 4, we get for the evectant with respect to a, 
4y, =48, — (a, Bo) Gs a, + (a3 By) aa, — (a, Ba) a a, . 
Placing, a, as counter-tetrad of a,, this can be written in the form 
4y = 4 16,—41(4,8,)a,+ (a; Be) Gy + (Az Bs) as + (4, B,) ay] t, 
as is readily seen upon multiplying the right-hand members of both equations 
by each of the points a, and.using the identity 


(a, B,) + (a, By) + (as Bs) + (a, 8.) =0, 


to which (11) reduces. Since the expression in brackets is symmetrical with 
respect to the numbers 1, 2,3, 4, we can finally write 


¥:= Pi— n, : : (12): 
n=4[ (a B) ty + (Ay By) dg + (as Ba) a + (a, Ba) as]. 
From (12) and (8) we hava. 
— y, = ba — bı = babs, 


where b is the counter-tetrad cf 8. Hence, if we order .to the lines y; the 


where 
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points ġ,, it follows that each pair of lines intersect on the join of the remaining 
pair of points. Such a 4-point and 4-line may be called chiasiic.* 

From the symmetry of (11) in a, and 8; we are now able to write the 
evectant with respect to 8, in the form . 


6,=4;—Y, | (13) 
y = ł [ (a, 8,) bi + (a, B,)b,+ (a; 83) bs + (a, By) by]. 


Therefore, the 4-point c; and the 4-line a, are chiastic. 


where 


The geometric interpretation of apolarity then leads to the following 
statement of a theorem of Pasch: +t i 

Two apolar collineations transform any 4-point and associated 4-line into. 
a 4-point a, and a 4-line 6; such that there is a 4-line through a, chiastic to the 
counter-tetrad of 6,, and a 4-point on 8, chiastic to the counter-tetrad of a,. 

. From (13) it is observed that the tetrads ¢, and a, are perspective, y being 
the center of perspective. Since counter-tetrads are chiastic, this is a special 
case of a,theorem of Pasch which states that any pair of 4-points chiastic to 
the same 4-line are perspective. 

9. It has already been observed that the apoi of the M S 
aa and Bb amounts to the vanishing of the linear invariant (scalar) of 


t 


alab) ß. - 
For brevity we shall write 
8, = aa, s = b8B, 
o, = aa, o, = Bb; 


and generally we shall designate a collineation by s, and its inverse in contra- 
gredient form by o.° The collineation written above is then s,s,. As a con- 
venient abbreviation we shall denote the linear invariant of any collineation 
by the symbol of that collineation placed in parentheses. Thus the apolarity 
of aa and 8b is given symbolically by 
(8,8,) =0.} 
From the definition it follows immediately that 
(S182) = (S281) = (0103) = (001). 

Similarly, we shall sometimes find it convenient to denote the linear 

invariant of the product of any number of collinsations s,, S2, ...., 8, by 





* Cf. Sir Robert Ball, “Theory of Screws,” p. 306. i z š 

t Math. Annalen, Bd. 26, p. 211. 

$ s and s, in this case will be called har monic, retaining the word apolar to express the relation of 
s, and oz, OF 8: and o;. 


Puss: Some Invariants and Covariants of Ternary Collineations. 315 


(Si S,..-.8,). Writing the collineations in the form aa, b@, cy, ete., it is 
immediately seen that 
(8 ean tSp28,) = i ersi). (14) 
That is, the linear invariant of the product of any number of collineations is 
not affected by a cyclic permutation of those collineations.* 
10. Suppose we have three collineations each of which transforms a 3-line 

_ a; into a 3-line B,. If a, and b, are the points of the triangles a and £, the 
collineations can be written 

o= Ay By a a Ag By Oy — As B3 03, 

C, = H; By Q, + Ho oA, + ls Ps Qg, 

0, = v, B, a, + v, Ba + V3 By ay, 


where à;, u; and 7, are all different from zero. Furthermore, let 


S = P, i Ay + Po Cy Az — Pa Cg Ag 
be a non-singular collineation apolar to ae c, and o. Taking a as reference 
triangle, the conditions required are 


Pi Ay (8,¢,) + Po Ag (B; Cy) + Pa As (B: c) =0, Pa 
Pik (8161) + Potte (Boe) + Ps Hg (8, ¢,) = 0, 
pi” (81c) + pova (Baca) + Pa's (Bsc) =0. 
These equations can only coexist when either 
Ay Ag As 
Hy ko k| = 


Vi Vy Vs 


pı (6: 0) = Pe (8, Cy) = Ps (B:6) = 0. 
The ‘frst of these expresses that the collineations are linearly related; the 
second that the 3-line 6; and the 3-point c; are incident. Hence, if a non- 
singular collineation is apolar to three linearly independent collineations having 
a common triangle pair, it transforms the first of those triangles into one 
incident to the second. In particular, if a, and 8, are identical, their triangle 
is transformed by s into an inscribed triangle and is consequently a Pasch 
triangle + of s. 
` Suppose a second set of ccllineations ¢,, t, anc t, which transform a 3- oink 

d, into a 3-point c;. The same is then true of any collineation of the net 


Pili + Pete + Pst 


or 








* Since the invariants of a collineation are expressible in terms of the linear invariants of its powers, 
it follows that all the invariants of a product cf collineations depend only on the cyclical order. 
7 E. Morley, loc. cit., p. 295. 
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Suppose one of these collineations should transform a, into a 3-point incident 
to 8;. By the last paragraph the conditions required are 
pi (Ss; t) + ACA ta) + (S$; tg) = 0, , 
p(s, ty) + palsa te) + Ps (Se ts) = 0," 
p: (s3) + Pa (S3 ta) + Pe (S; ta) = 0. 
These equations can be satisfied if . 
(s1) (S,t) (81%) 
(S281) (S2) (Sat) | = 0. (15) 
(S34) (Sst) (Sats) l 
From the symmetry of this condition in s and ¢ we conclude that if there is a 
collineation which transforms d; into c; and a, into a triad incident to Bi, then 
there is a collineation that transforms b, into a; and c; into a triad incident to 6,. 
If in the above theorem we take a, equal to b, and c, equal to d;, we have 
the theorem of Hun that the relation of Pasch triangle and fixed triangle in a 
normal collineation is mutual. 


t 


II The Intermediate.” 


11. Take in the next place two cogredient point collineations aa and b8. 
They have a double product ab aß.t This is a covariant line collineation 
which has been called the intermediate of aa and’b8. l 

The geometric interpretation is easily seen. Let n (Fig. 1) be the corre- 
spondent of any line E two of whose points are # and y.. Then, by a well-known 
identity, Pi l 

n = ab (aß) = ab | (ax) (By)—(ay) (Bx) {= 8y" —2"y, (16) 
in which 2’ and z”, y’ and y” are the correspondents of z and y with respect 
to aa and b8. Therefore, 7 is a line through the join of w y” and w” y’, or, as 
we may say, through the cross-join of the correspondents of x and y. Since 
æ and y are any points on £, x is the locus of cross-joins of pairs of points on E. 
This, from the known construction of a polarity, amounts to saying that a’ a” 
envelopes a conic tangent to vy’ and x” y” at their junction with ». 

In case of three points 2, y, 2 of &, the preceding construction involves 
Pascal’s theorem for the hexagon inscribed in a 2-line. 





* A. EB. Coble, Trans. Amer. Math. Society, Vol. IV, p. 70. Professor Morley thas used the word 
Clebschian to represent a form of this kind (Trans., Vol. IV, p. 471). 
+ In the symbolic notation of Clebsch this would of course be written 
(aba) (api) = 0, 
where ¢ is given and æ variable. 
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In case the two collineations are the same, 7 is the join of 2‘ and y', and 
the intermediate reduces to the reciprocal or line fcrm. Hence, the line equa- 


tion of a given collineation is gotten by taking the double product of the dyadic 
with itself. , 





Fic. 1. 


12, An identity for which we shall find frequent use is obtained by 
developing (abs) (a8&) according to the ordinary rule for multiplication of 
determinants. We thus obtain 

(aa) (a8) (a&) 
(aba) (aß) =| (ba) (bB) (bE) |= (ab-a8) (së) + (aß) (bE) (wa) 
(xa) (£B) (x)| + (aE) (ba) (wB) —(aa) (bE) (28) 
 — (bB) (aE) (aa). 


S= 44, &= bÊ, 

a =a, 0, = 8b, 
and ùsing the notation of Art. 9 for the linear invariants, we have. 
s= (8; 52) Oy + 0103 + 0,6, — (S1) 6, — ($2) 61, (17) 
. where the bar over s,s, is used to signify the operation of forming the inter- 
mediate, and c, represents the identical line collineation. ` l 


Writing 


* 13. The intermediate belongs to a type of correspondence that occurs in 
any number of dimensions. Ard though we are at present concerned with the 
collineation in the plane, it may be worth the troable to indicate the general 
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theory. Itis very easy to extend the construction already given for the plane 
. intermediate to the case of higher dimensions. Using the equations (16) we 
have for the intermediate ab af, where aa and b@ are point collineations in 
space, that to any line E corresponds a linear complex with reference to which ° 
ay” and ©” y’ are polar lines, v' and x”, y' and y”, being correspondents with 
respect. to aa and b8 of two points æ and y on E. 


In the same way for the intermediate abc aBy we have 
abe(aBym) = abe | (ax) (By: yz) + (ay) (By: 2x) + (az) (By ay)}, (18) 

where æ, y, 2 are three points of the plane x. If then we take any triangle on 
the plane x, transform its points by the collineation aa, transform the opposite 
‘lines by the collineation bc By, and join the corresponding elements, we get a 
set of three planes intersecting on the correspondent of x with respect to the 
collineation abcaBy. If dc By is the identical line collineation, or quadratic 
complex to which every line belongs, the preceding construction is readily trans- 
lated into a descriptive property of two complete 4-points in planes in space. 

Proceeding in this way, we can construct intermediates in anv number of 
dimensions. Another method was, however, presented by Kraus* and Muth. t 
Consider in the first place the plane intermediate written in the form 


(abx) (aß¥) = 0. 


This expresses the apolarity of the collineations ay «ë and ba BE. For, on 
forming the double product, we get 
. l xs(abs)(aßẸ)E =0. 

Now, ax ač and bæ BE may be considered as binary projectivities which give 

for points on & lines joining æ to the correspondents through aa and 68. Then, 
‘since two binary apolar projectivities give rise to an involution, it follows that 

if we transform the points of a line & by the collineations aa and bB, the corre- 
spondent of ë with respect to ab ağ is the locus of points from which the trans- 
forms appear in involution. : 

Considering v and & as lines in space, it follows from the argument of the 
last paragraph that the collineation ab a8 in three dimensions gives for a line ë 
the complex consisting of lines which, joined to the correspondents of points 
on &, give pairs of planes belonging to an involution. 

In order to interpret the triple intermediate abeaBy, we need a new, 
invariant. Three plane collineations aa, b@ and cy have a triple product 





* “Dissertation” (Giessen), 1886. f Math. Annalen, Bd. 33. 


~ 


Pures: Some Invariants and Covariants of Ternary Collineations. 319 


invariant (abc) (aBy). When this vanishes, the collineations have been called 
harmonic.* Its vanishing simply expresses tnat the intermediate of two of the 
collineations is apolar to the third. Since we are able to construct the inter- 
mediate and to interpret the condition of “Bpolanity, this harmonic relation 
may be supposed known. 

The intermediate of three collineations: ad, b e and cy of space can be 
written in the form 

o Gua 

where x represents a point and 2 a plane. This expresses that itis three pro- 
jectivities axan, baBx and cæyn are harmonic; for, on putting the triple 
product equal to zero, we get that equation. But asan, baBn-and czyn 
are ternary correspondences which give for points on x lines joining æ to their 
correspondents with respect: to aa, 68 and cy. Therefore, if we construct 
with respect to.aa, b8 and cy the correspondents of points belonging to a 
plane z, the correspondent of z with respect to abc agy is the locus of points 
from which those line systems appear harmonic. 

So by a process of continuous induction we can build up intermediates of 
any ‘degree of complexity. 

14. A collineation is singular when there is an element whose corre- 
spondent is indeterminate. Thus the intermediate abap in the plane is 
eu when a line & can. be'found, such that 

i . Y ab (a8) =0. l (19) 
From the construction of the intermediate it is evident that E must in this case 
pass by aa and b8 into the same lire n. Now, (19) is the condition for the 
correlation l 

a (aß g) b 
to be symmetrical, i. ¢., to be a polarity. But a(aß¢)b sets up a binary 
correlation on y consisting of pairs of points given by aa.and b8 for points 
of £. Therefore, since every line of the plane cuts £, it follows that in case of 
a singular intermediate every line of the plane passes by aa and b@ into a pair 
of lines apolar to a definite pair of pcints, i. e., the double points of the binary 
polarity on the. correspondent of £. l 

Another property of a normal co_lineation connects with the intermediate 
of it and the identical: collineation. In fact, from (17), the intermediate of 


os and s, is- ae 
$8) = 18) Y — o. 





f * J. Krause, Math, Annalen, 3d, 29, p. 234 
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' If s is normal, (s)=0 and the intermediate of s and s, is the line form of the 
inverse of s. If, then, x and y are two points on a line £, and s’ and y’ are l 
their correspondents through a normal collineation, the lines wy and wy inter- 
sect on the correspondent of £ through the inverse collineation. 


IV. Apolarity of Collineation and Correlation.* 


15. A collineation aa and a contragredient correlation bc may be apolar, 
i. e„ may satisfy the conditions ab(ca)=0. The meaning of this is easily 
seen. Let 

aa = Ay Ay F Ag Ag My F Ag Ag Ag, 
be = 1b, 6, + Ug by Cy + fg dg Cy, 
and take Ac = Aa as reference triangle. The condition of apolarity is then 
ab(ca) = Ay lly Oy By + Ae My Uy Dy + Ag lly Ag Bs = O. (20) 

This equation expresses that the triangles a; and b, are perspective. Therefore, 
since they are. correspondents through ga and bc of.the reference triangle, it 
follows that a collineation and an apolar correlation transform any triangle 
into a pair of perspective triangles. 

Conversely, if a; and b, are perspective and aa is given, values pu, can be 
found such that (20) holds. Taking those values as the coefficients in bc, we 
-have a correlation apolar to aa Therefore, if a collineation ax transforms 
the points of a triangle a into a triangle perspective to b,, there is a corre- 
lation apolar to aa which transforms the points of the triangle a into the | 
points b,. In particular, a collineation and correlation are apolar if they 
transform respectively the points and lines of a trianglé into the same triad 
of points. l i 

The condition that the intermediate ab aß of two collineations be apolar 
to a correlation cd is 

(abc) aB-d = (abc) {a(Bd)—B(ad)|= be (Bd).aa + ac (ad): bB =0. 
Now, 6¢(8d) =0 and ac(ad) = 0 are the conditions of apolarity of bB and aa 
with cd. . Hence, if two. collineations are apolar to a correlation, so is their 
intermediate. By an entirely analogous process it follows that if two corre- 
lations are apolar to the same collineation, their intermediate is also. 

The intermediate of a collineation or correlation with itself is the reciprocal 
or adjoined form. Hence, if a collineation and correlation are apolar, the same’. 
relation subsists when either or both are replaced by their adjoined forms. e` 











“* F. Aschieri called such correspondences harmonic. Compare his article, “Sulle omografie binarie 
e ternarie,” Rend. del R. Istituto Lombardo, (2), Vol. XXIV, p. 289. 
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If, for example, two collineations transform the points of a triangle a 
into perspective triads, we have seen that there is a correlation apolar to both 
collineations which transforms the lines 2, into either of those triads. The 
preceding paragraph then expresses that, if two collineations transform a 
into a pair of perspective triangles, the intermediate gives a triangle perspec- 
tive to both.* 

16. A correlation apolar to the identical collineation transforms any 
triangle into a perspective one and is therefore a polarity. The condition that 

_bc be a polarity is then j= 


| be =0.- “i = (21) 
Suppose a collineation aa is apolar to a polarity be. We then have 
Gb(ac)=0, be=0. l (22). 


Let & be a fixed line of aa given by the root à of the characteristic equation, 
i. e., such that 
(Ea)a = 2E. 
Mattiplying by £, we get from (22) E 
(ac) | (Eb)a—(Ea)b} = (ac) (Ed)a—AlEc}b=0,  (&c)b—(#b)ce =0. 
Combining these equations, we obtain 


(Ec) (baja =Aa(Ec)b. 

_ For a fixed line of a collineation, an apolar polarity gives a fixed point 
i corresponding to the same root of the characteristic equation. If the charac- 
teristic equation has three distinct roots, the fixed triangle is then self- oonjugate 
or polar with respect. to any apolar polarity. 

From (17) we have for the adjoined form of a oiiaao s 

: ss = (ss) + 20? — 2? (s)o, (23) 

where o is the inverse of s. Since a polarity is symmetrical, if it is apolar to s, 
it is apolar to o. In that case we have also seen that it is apolar to ss and 
identity. Therefore, from (23) it follows that if a polarity is apolar.to s, it is 
apolar too”. All collineations that are covariants of o are, however, expressible 
linearly in terms of o°, o and o?.+ Consequently, a polarity apolar to a colline- 
ation is apolar to all of its covariants. 

If a collineation s transforms the points of a triangle a into a perspective 
_triad, there is a polarity which transforms the lines of « into the same triad. 
That polarity is obviously apolar to s and to all of its covariants. Farther, 














* Cf. Muth, Math. Annalen, Bd. 40, p. 98. 
+ Clebsch and Gordan, Math. Annalen, Bd. L, p. 373. 
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there is a polarity which leaves a fixed and is apolar to s. Therefore we have 
. Muth’s theorem that if a collineation s transforms a triangle into a perspective 

one, then all of the covariants of s, transform. it into triangles perepective d to 
‘each other and to the original triangle. * 


17. For a correlation to be apolar to a collineation requires the identical 
vanishing of a line and therefore subjects the coefficients of either to three . 
linear conditions. There is not then, in general, a correlation apolar to each of 

_ three given collineations. The condition for such is the vanishing of the deter- 
minant of the nine equations expressing the three apolarities. This invariant, 
the explicit form of which does not concern us, has been called A.t It is a 
combinant symmetrical in the coefficients of the three collineations, and of the 
third degree in each. i 


We will now consider the peculiarities of a aem of three collineations 
for which A vanishes. In the net 


8 = P, 8, + Po S2 + Pa S3 l m (24) 


there are a single infinity of singular collineations. The singular points lie, on 
a cubic that we may call C; the singular. lines envelop a cubic that we may 
call T. It.is well known that the adjoined form of a singular collineation 
consists of the product of singular line and singular point. And we have seen 
that a correlation apolar to a collineation is apolar to its adjunct. Therefore, 
if a correlation is apolar to the collineations s,, S, and Sz, the singular lines 
and.-points of (24) are correspondents in that correlation, and consequently 
the cubics T and C are reciprocal through it. l 


` With a point of C is associated in two ways a line of T. i the first mines 
the point a appears as singular point in a definite collineation of (24) which 
has a singular line 8. Secondly, it-is transformed by those collineations into 
the points of a definite line y. 


To say that a corr elation i is apolar to each of three sollinen Gens, amounts 
to saying that those collineations operating on the inverse of that correlation 
give polarities. Such a transformation of the collineations does not affect the 
cubic T, which is therefore the Cayleyan of the three polarities. We saw above, 

‘however, that the line B passes by the inverse of the apolar correlation into 
the point a. Therefore, B passes by the three polarities into points of- y, and 
conned iouly G-and y are corresponding lines of T. .. 





* Muth, loc. cit., p. 87. : - 7 Rosanes, Crelle, Bd. 95, p. 254. 


s 
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- Conversely, suppose with-each point of C are associated:a pair of corre- 
sponding lines of [. Two collinéations of (24).whose common polar triangles 
are not singular may be written ee f 

= Ay bi a, + de ba Oy + 2s bs Os 5 
Sg = My Dy Oy + le Dy Oy + fg Dg tg -_ 





Frc. 2. 


The lines @; are singular in the collineations whose singular points-are a,. 
The points a,, a, a, pass by the net of collineations respectively into points of 
Yı» Ya) Yz, Where y; is incident to b;. By supposition B,y,; Bzy: and @,7, are 
three pairs of corresponding lines with respect to the curve. If we should start 
with b,, we could construct a complete 4-point, all of whose lines touch the curve. 
It would contain those three pairs of lines as diagonal pairs, and therefore 
Yı, Yas Ya pass through a point (Fig. 2). The triad a,, then, passes by two of 
the collineations into the triad b, and by the third. into one perspective to b,. 
According to Art. 15, the three collineations, therefore, have a common apolor 


correlation. 

The vanishing of the invariant A is the necessary and sufficient condition 
that with any point of C should.bé- associated (in the above way) a pair of 
corresponding lines of T, and, dually, with any line of T should be associated 
a pair of corresponding points of C. 
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The similarity of a set of collineations for which A vanishes to a net of 
polarities is noticeable. It is due to the fact that a set of polarities are apolar 
to the identical collineation, or, what amounts to the same thing, that a net of 
collineations with vanishing A may be transformed into a net of polarities in 
such a way as to have either the initial or the resultant field invariant. 


‘Part ITI. Tuer ALTERNANT. 


iL. Introduction. 
18. In contrast with the symmetrical forms just considered are a series 
of combinants that we will call alternants. The alternant of n collineations s; 
is defined by the equation í ' 


8, 8, Sı 
So 8p 11s. S ” 

[sie sd S (25) 
Sn Sn Sa 


where the determinant is supposed to be developed in the order of its rows; 
i. e in each term of the development the first letter is taken from the first 
column, the second from the second column, etc. This determinant is readily 
seen to follow the ordinary rules so far as its rows are concerned. If, for 
example, a linear relation exists between the collineations s,,...., 8,, the 
alternant is zero. Using the ordinary rule of signs, the determinant may be 
developed as the sum of products by their minors of determinants of r-th order - 
in the first rcolumns. The alternant can not, however, in general be developed 
in terms of minors taken from its first r rows. 

Obviously, there will be a marked difference according as the order of the 
alternant is odd or even. If the order n is even, for every term of the form 
8; .... 8,8, there will be a term —5,8;.... Sj, Where the intervening letters in 


è 8; ? 
both are the same. The linear invariant is therefore 


E (Si. oo « SGS) — (Sks es) f. 
The alternant of an even number of collineations is therefore normal. 
Again, if n is even, the alternant can be written in the form 
| = (Ps.Q—Qs,P), (26) 
where P and Q are products not containing s,. This is antl with s,, since 
= | (s;Ps,Q)—(8,98,P){ = 

The alternant of an even number of PA A is alea havent 
with each of them. : 





. * See Art. 9, foot-note. 
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From (26), if s, is the identical collineation, we see that the alternant of 
an even number of collineations varishes when one of those is the identical 
collineation. f 

In case of an odd alternant, since the members of a cyclic group are all of 
the same sign, we have 

CTS; Acne. Sa] ) = nEs he cee Seles (27) 
If, then, the alternant of an odd number of collineations is normal, each colline- 
ation is harmonic with the alternant of the remaining n—1. 
Write the alternant in the form 


[S.O Sa] = ES; S; 


. where S; is the minor of s, in the first column of the alternant. If n is odd 


and one of the collineations, s, for example, is the identical collineation, since 
the first minors are even, all those containing s, vanish and the.alternant takes 
the form 
l CEE A E A a eye 
The alternant of an odd number of collineations containing the identical colline- 
ation is then equal (except for algebraic sign) to the alternant of the remaining 
n— i. , Ea 
II. The Alternant of Two Ternary Collineations. 
19. We shall usually write the collineations in the form 
S = aa, S, = bB. 
The alternant is then 
; [S183] = S1 S2 — 8,8, = (ab) aß — (Ba) ba, (28) 

The covariant collineations of a collineation s are linear functions of s,, $ 
and s*, where s, is the identical collineation. Since each of these is commu- 
tative with s, it follows that the alternant of a collineation and any of its 
covariants vanishes identically. 

The invariant relations of the alternant and covariants of s, and s, may be 
summed up in two general theorems. 

(i) The alternant is apolar to all the covariants of s, or sz. 

For, let cy be any covariant of s,. The condition of apolarity with the 
alternant is i 

0 = (ab) (ay) (8c) — (Ba) (by) (ac) =b - [(ay) ae —(ac)ya], 

where the dot is used to represent the process of forming the double product, 
or bilinear invariant. Since the expression in brackets is the alternant of aa 
and a covariant cy, the function vanishes as was required. 
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(ii) The alternant is apolar to.the intermediate of one of the collineations 
and any covariant of the other. 
For, let cy again be a covariant of aa. The intermediate of this with b3 is 


bc By. 
The naina of apolarity with the alternant is 


0 = (ab’) (abe) (B'By)— (p'a) (b'be) (aBy), 
where b’3’ is a new symbol for b8. Interchanging bß and b'8' and adding, 
the last expression becomes 


11 (P By) (ba ca) — (bbe) (PBa-ya) |= 49860 [ya ca— a yac]. 
The expression in brackets expands.into - 
(1a)yce—(ac)ya—(aa)yc + (ay)ac =(ay)ac—(ac)ya, 
which is zero, since it is the alternant of aa and a covariant. 
20. Since all covariants of s are expressible linearly in terms of s, S, $°, 
the alvermant is found to be-apolar to the eight collineations 
Ui Oh Cay Oy, BS, 8, a . ` (29) 
stiches as in Art. 9, s,s; is the intermediate of s, and s, and ø is the same | 
connex as s but considered reciprocally, If the eight collineations are linearly 
independent, the eight apolarity conditions are sufficient uniquely to ‘determine 
the alternant. It is our purpose, in the next place, to see whether or when such 
is the case. 
By the formula (17) we have 
3, 84 = (878%) + 0202 + 0o20? — (s?) of — (82) of. | 
Since the alternant [s,s,] is apolar to o,, oj and of, we see that the condition 
of apolarity of [s, s,] and s? s? is the vanishing of the linear invariant of the 
collineation 
(8, S2 — Sa S1) (S182 + 887). , 
. Hence, by direct expansion of this last-named invariant, we obtain 
[81 S2]: sist = (8, 8, S182) + (8,83 St) — (S2 S182) — (8, 8, 8384) 
= (s; S281 82) — (Sp 81 828i), . (30) 
since by Art. 9 (s,s3s?) and (s, sis) are equal, both passing by a cyclic per- 
mutation into (sjs}). 
Again, we have 


338, = = (3? s,) + ojo,+ 6, o — (s})o, — (S,) a7. 


Since [s}s,] is apolar to o,, c, and of, by the same argument as before, the 
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apolarity condition of [s3 s] and sis, is found to be the vanishing of the linear 
invariant of the collineation — 
(8§ 8,—8, 83) (si 8, + 5,8). 
Expanding and making use of tke cyclic permutation, we then obtain 
[s 8,]° 8,55 S3 = (828192) + (82 8, 8,87) — (81828182) — (885 s?) 
= (8,84883) — (s18: 938). (31) 
In like manner, making use of the identity 
8,8, S = (8, 8 Sq) +0,0, + 6,0, — (81) 62 — (s2) 01, 
we obtain the apolarity condition of [s?s2] and 185 s, as the linear invariant of 
l (s183 — 8281) (Sı Se + S281) 
under the form 
[si si]: nS Sq = (8, 8 si Sz) — la: s182 251). (32) 
Since [s, s,] is a normal collineation, the adjoined form is given by (17) as 
l [s So] Ls, L] = ( [s, So] [S, S2] ) +2[o, 0,]*. 
The discriminant of [s,s,] is then a, 
An = $15, 55] [s188] [5182] = 405, 80] * [010]? = 4 ([5, 521°) 
= 4 { (5,8, 8, 558, 82) — (8, Sa 8, 83 8,) — (81 83 S? 83) — (Sa 87 Se S1 S2) | 
(Sq 81 S2 S1 S2 81) + (Sq S1 S2 S3 S2) + (s, 818381) + (8; $38, S281) } 

. = (8, Sa 8182) — (825, S381), |. p . (33) 
in which the notation A,, is used to show that it is the discriminant of an 
alternant involving s, and s, each to the first degree. 

A comparison of (30), (31) and (32) with (33) shows that the various 
invariants there considered are equal to each other and to the discriminant 
of [s,s,]. 

Now suppose that A, aoa not vanish and that there exists a linear 
‘relation of the form l 

Po % + P101 + p201 + Py Te F P403 H ps 81 S2 + po S1 Sa + Pr 8; $3 F pe 8183 = 3. (34)- 
Since, according to (29), [s,s,] is apolar to the first eight collineations in that 
sequence, but by (30) and (33) is not apolar to the last, it follows that p, is 


Zero. Likewise, operating in turn with [si Sol, [s38,] and [st se], we find that - 
Pr = Po = Ps = 0. Hence the relation (34) must be of the form 


è l : Podo + P10, + P20? + p30, + p02 = 0. (35) 
Replacing 9; by s; and forming the alternant with s, we obtain l 
Ps [5182] + pa [8183] =0. a (36) 


41 
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Forming the bilinear invariant with s?s?, this gives 

pA „n = 0. 
Hence, pe; = 0. Likewise on operating with s?5,, it is seen that p= 0. Simi- 
larly, p, = p= = Po = =0,  — 

Hence, if the discriminant A, is different from zero, no linear relation of 
the type (34) can exist. If, however, the discriminant is zero, since the nine 
collineations are apolar to [s,s,]; they must satisfy a linear relation. There- 

‘fore, the vanishing of the discriminant of the alternant is the necessary and 
sufficient condition for the existence of a linear relation of the type (34). 

Since, in the usual case, the discriminant of the alternant is not zero, it 
follows that in general the apolarity conditions of (29) are independent and | 
give an invariant determination of the alternant. When the discriminant is 
Zero, all the collineations of the net l 

[si $2] + Ze lsi sa] + A, 215; 8 j +A [s2 s3] (37) 
satisfy those conditions and thə determination is not unique. 
‘21. When the discriminant vanishes, there is always a collineation of (37) 
that vanishes identically; i. e., the four alternants satisfy a linear relation. 
For, since all the collineations of (37) are apolar to all those in (34), it follows 
that the two’ sets must contain four linear relations. If one of these belongs 
to (37), the point at issue is settled. If not, there must. be four equations of 
the type (34): Either one of those is of the form (35), and the collineation in 
question is (36); or it is possible to solve for one of the intermediates, and so 
obtain an equation . i : 
ak Sy S2 = Ag Oo + d0, H Ag? + Ag dy + Ay OF. 
Developing s,s, by (17), inverting, and forming the alternant with s,, gives 
i [s? So] aes (s; j [s, S2] = Ag [sy Sa] +A, [si s], 
which is the relation desired. l 
Suppose, conversely, that the four alternants satisfy a linear relation 
Ay [8182] + Ag [s882] + As [s182] + 2 [s383] = 0. 
In this equation there must be at least one coefficient, for instance A,, that is 
different from zero. Operating on the equation with s?52, we see that A, must 
then vanish. Therefore, the vanishing of the discriminant is the necessary and 
sufficient condition for a linear relation between the four alternants. , 

22. The symmetry resulting when A,, vanishes suggests that it is an 

invariant common to the four alternants. In order to prove that such is the 
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case, take in the first instance the alternant [s? s,]. According to (83), the ` 
discriminant has the form f ; : 


sa Sts si). i 





“An = = (sês sis? 
From the characteristic equation for s we have >` 
ae E EN +., 8, + Aai: 
Substituting this value for „Si » we have . a oe ee ee Ee 
eee ks o Dy = Ñ; { (st Sy S, 83) —(S_ 8} $38,)} = —A, Ay. ou. (88) 
esate use 2a l i E 
kaa = My ty Set la SÈ ; 
a (ctiowins out the same argument, we obtain: the discriminants of ats 2] 
and [s?s?] inthe form , i e Bree Se 
% E Ae? = = ee Ain } Ea A ; l (39) 
C Ban = Ay te Ane F 7 
If a, is zero, the characteristic equation for Si is k 
1 a = Ay + ae sie l ae 
The equation is quadratic, and ienas the collinėation i isa perspectivity. There- 
fore, A; and į u, are respectively the ‘invariants ‘whose vanishing expresses that 
si and So are perspectivities. From (38) and (39) we see, mee that the ‘alter- 
nant of a perspectivity and any collineation +8 singui ar, 
“AE my and ta are not zero, A,, is a combinant of the two systems l 
ar Keay ay s, +A s? and toS + fy Sa + He 83. . 
It must, then, express a property of: the fixed nee of those systems, What 
that property is, we shall see later. , 
23. The alternant [s,s,] isa combinant of the sat : 
l ASg + US FP Si o _ (40) 
In forming it any two independent collineations may then be chosen. “Let-s be 
a singular collineation, x its singular point, and ¢ its singular line. The alter- 
nant can þe written l l 
2 $8, — 8,5, 
where s, is some other collineation of the ret. Since sæ is zero, the corre- 
spondent of æ with respect to. the alternant is 
i L = SST f ; , 
Sow, s transforms. every point (and in’ rE s 2) into a point on &. 
Therėfore,. the. alternant transforms the singular point of any collineation 
-of (40) into a.point of the associated singular line. For varying A, the 
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singular points and lines obtained are the fixed points and associated fixed 
lines in the collineation us,+s,. Therefore, the fixed triangles of all the 
collineations of the pencil us; + vs,-are Pasch triangles of the alternant. 

The significance of the apolarity relations satisfied by the alternant is here 
suggested. In fact, two collineations (one in points, the other in lines) that 
send a triangle into a pair of incident triangles are apolar. Now, if s is any 

. collineation in (40), the triangle that s leaves fixed is sent, by the alternant 
into an inscribed triangle. Therefore, the alternant is apolar to s and to all 
of its covariants. ve 

. Two collineations have in general a common pair of polar triangles In 
terms of these they may be written ~ > 


Sı = A, By % Ag bg, + Ag Dg Gg, - 
= fh b, Oy + Mobo ty + lg Dg ag. 
Their adjoined forms and eae are respectively 
88, = 2 [Ay Az Ba ag + Ay Àg Bia, + 2 A,B, af 
8,8 = = 2 {tes Me Bg de + Ma te BiG, + Ma ber Bo Ge}, 
. S153 = (Ay My + As br) By ag + (Ag beg + As bla) -Bi Oy + (Ag ber + 2i tla) Be Oy 


Hence, S, S1, $8, and s,s, have a common pair of polar triangles, i e , the 
common pair of s, and „S, considered contragrediently.. Since [s,s,] is apolar 
to each of those collineations, according to Art. 10, it transforms the triad a, 
into one incident to 8,. Taking any two collineations and the associated inter- 
mediate belonging to (29), we obtain a pair of polar triangles such that the 
points of the first pass by the alternant into a triad incident to the second. 
These relations are therefore the geometric equivalent ‘of the eight apolaniy 
conditions. 

24. In Arts, 20—22 the entire theory seemed to hinge on the vanishing or 
non-vanishing of the discriminant of the alternant. It is our purpose, in: the 
next place, to consider the geometrical interpretation of that invariant, . 

For that purpose suppose a polarity c? to be apolar to s, and Sy ‘ Desig- 
nating the collineations respectively by aa and b$, the corditions required are-. 

l “Ge (ac) = Be (Bc) = 0. (41) 
There are six equations in all, three of them linear in the coefficients of au, 
three linear in the coefficients of b8, and all linear in tae coefficients of c?. 
Therefore, if we eliminate the coefficients of c? from these equations, we get an? 
invariant of the third degree in the coefficients of aa and bB whose vanishing 
is the necessary and sufficient condition for the equations (41). 
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Now, we have seen that a polarity apolar to a collineation is apolar to all 
of its covariants, and that a correlation apolar to two collineations is apolar 
to their intermediate. Therefore, c? is apolar to the following nine collineations: 

| Oos O1, Of, Oss O, S1Sps ESpr 8,83, SISE. (42) 

Since the nine collineations are apolar to the same polarity, they must 
satisfy a linear relation; in fact, must satisfy three linear relations. There- 
fore, according to Art. 20, the discriminant of the alternant is zero. But the 
discriminant is of the third degree in the coefficients of aa and bp. Therefore, | 
the vanishing of the discriminant of the alternant is tle necessary and sufficient 
condition for two collineations to have a common apolar polarity. 


- If a polarity is apolar to a collineation, there are two cases to be considered, 
according as the polarity is singular or is not. 

If the polarity is singular, either it consists of the square of a point or its 
adjoined form consists of the square of a lire. In both cases, if-the polarity 
is apolar to a collineation,.its fixed triangle contains the double element. 
Hence, if a singular polarity is polar to each of two collineations, their fixéd 
triangles have an element in common. In that case all’ the collineations of (42) 
have a fixed point or line in common. 


In general, however, if a polarity is apolar to a collineation, the fixed 
triangle (or, a fixed triangle) of the collineaticn is self-conjugate with respect 
to the polarity. If two triangles are self-conjugate with respect to the same 
polarity, they lie on.a conic. -And, conversely, if two fixed triangles lie on a 
conic, they are self-conjugate with respect to a polarity, which is consequently 
apolar to their associated collineations. Therefore, we see that the vanishing 
of the discriminant of the alternant is the necessary and sufficient condition 
for any two collineations formed linearly from those of (42) to have fixed 
triangles lying on a conic. f 
E 25. As we have seen, the conditions for a polarity c? apolar to aa and b 

` are l 
(ac) ac = (Be) be = 0. 
Multiplying these equations by b3 and aa and writing in the variables to avoid 
confusion, we have 
(ac) { (8c) (aE) — (Ba) (cE) i (bn) =0, 
(Bc) | (ac) (bE)— (ab) (cE) i (an) =0. 


If € and y are equal, by subtraction we get . 


i (ab) (Bc) (a&)— (Ba) (ae) (BE) i (cg) =0. (48) 
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Comparing this with the form 


 {(ab) a8 — (Ga) bale ¢ 

we see that in the present case the product of the an with c? is a corre- 
lation having no particular coincidence conic, 7. e., a null-system or line. 

Suppose for the mement we designate the alternant by dé. The equation ` 
(43) is then , 
(dE) (8c) (ck) =0, . (44) 
where £-is any line whatever. Let y be a fixed line of the alternant. We 
then have 

(dn) 8=An, 
which, gubstinuted: in the preceding equation, gives 
(dn) (Èc) (on) =à (20)? =0. 

Hence, the fixed lines of the alternant touch the conic of e, 

If again we follow out the argument of this article with YA the donnie 
product of ¢? with itself, we obtain, as correlative to (44), 


as (yd) (28) (wy) =0, (45) 

where x is any point whatever. Taking x as a fixed point of tke alternant, 
it follows as before that the fixed lines of the alternant touch y?. 
. Now, we have found that when c? is apolar to s, and s,, itis apolar to a set . 
of nine.covariants. Therefore, all the alternants that can be formed of those © 
covariants are singular, all their as lines are tangent ie and all their fined 
points ke on, c°. 

It was shown by Study that the fixed points of the alternant of two binary . 
collineations consist in the common harmonic pair of the fixed points of those 
collineations. The fixed triangles of two ternary collineations are not in general 
polar with respect to a conic. If such is, however, the case, we have just seen 
that the fixed lines of the alternant are tangent to, and the fixed points lie ai 
that conie. 


A Geometrical Application of the Theory of the 
Binary Quintic. 


By Fruorence P. Lewis. 


Introduction. 


If five points on a non-degenerate conic are given, certain curves arise 
from the polarization of the binary quintic determined by them. These are 
covariant curves of the five points. It is the object of this paper to discuss 
certain of these curves, and sets of points and lines associated wita them. 
‘Similar processes may be applied to the quintic of five points on the cubic norm 
curve in space. A brief treatment of the covariant forms of the binary quintic , 
from this standpoint is given in $7, and the results are correlated as far as 
possible with those already obtained in the plane. 

For the algebraic theory of the quintic, reference is made to Salmon’s 
* “Higher Algebra” and to “Algebra of Invariants ” by Grace and Young. The 
notations of both works are used. 


“§1. A Pencil of Giles: 

Let the quintic be represented on the base conic N, and let the reference 
triangle be formed by the tangents to N at the points given by the canonizant 
C;,,=0. The quintic may then be written in Salmon’s canonical form, 

. feat i+a,(1—t)®—a,, (1) 
and the conic in the form l 

O n=, = (14), =l.. (2) 
Any point of the plane, in terms of the parameters of points of contact of 
tangents from it to N, is 


Ly= byte, g= (1—t,) (1—#,), v=]; (3) 
` and any line of the plane, in terms of its intersections with N, is 
£,=t,+4,—2, E= (thtt), E,=t,+1,—2t,t,. (4) 


“The point (1,1,1) is given oy the Hessian of the canonizant, the Ces 
s=apaia;it?+ (1—t)?+1} of f. Every quadratic determines at once a point and 
a line of the plane, these being pole and polar with respect to N. 

l 42 oa 


` 334 Lewis: A Geometrical Application of 


If the quintic be polarized thus: 
Agb tots + ay (1—t,) (a) 3)°-—a,=0, (5) 
the locus of the intersection of tangents at t, and t, for a fixed ¢, is a conic 
whose equation is 





Qt tot a, (1—t,) £i — aa == 0. (6) 
By varying t, we obtain a pencil of conics apolar to N (in lines) and on the four 
points + Va’, + Va, +Va;. These four points are a set orthic to N. 


When ¢,=2,, the conic ¢, meets N, and the points of intersection are given by 
the quartic polar of t asto f. +, is a root of f=0 when, and only when, point 
t, of N is on conic é, of the pencil. If ¢, is a root of the canonizant (i. e., 
t,=0,1, 2 ), the corresponding conic degenerates into lines meeting at a refer- 
ence point; hence, the reference triangle ABC (Fig. 1) is the diagonal triangle 





of the base-points of the pencil. Since the roots of the Hessian of f are 
double points of quartic polars, there are six members of the pencil tangent to 
N, and their points of contact are the points H=0. No member has double 
contact unless an invariant of f vanishes. Two values of ¢, (given by C,,.=0) 
have quartic polars which are self-apolar; the corresponding conics are apolar 
to N both in points and in lines.* 

Conics of the pencil and points of N are in one-to-one correspondence. 
We can construct geometrically the point corresponding to a given conic, and 
vice versa. The point (1,1,1) is given by the quadratic C,,=0; its polar . 
lines as to all conics of the pencil pass through the point Q(aq’, az", ay') given 
by the quadratic C, ,=a,a,(1—t) +4,a,t—a,a,t(1—t)=0. The polar of Q as to 
any member of the pencil therefore passes through (1, 1,1), and its coordi- 
nates are 





* W., F. Meyer, “Apolarität und rationale Curven,” p. 150. 
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. m=i, ‘m=1—-t,, m=. l ` (7) 
If the conic ¢, is given, we construct this line y and take its polar point with 
respect to the triangle DEF whose vertices are the canonizant points on N. 
This point is t,. The proof follows at once from consideration of the degen- 
erate members. For, it has been seen that the t,’s of the degenerate conics 
are 0, 1, œ, which give the points D, E, F on N; and the polar of Q as to the 
degenerate conic on A is the line A—(1, 1, 1)—D, whose polar point as to the 
triangle DEF is D. By the fundamental theorem on projective correspond- 
ences, since the construction holds for three members of the pencil it holds 
for all. It is obviously reversible. The points C, ,=0 and C,,=0 are mutually 
related to the pencil. 
. The above correspondence of point and conic is easily verified analytically. 


$2. Rational Quartic K of Class 3. 


Let f be polarized thus: l 
a,tt? + a, (1—#,)?(1—t)?—a,=0, (8) 
and consider the locus of the line joining the roots of the quadratic in t=. We 
obtain a rational line cubic K whose equations are 
E= lti, E,=a,(1—1,)%, E,=—@,. (9) 
E passes through a given point 2,=1,t,, æ= (1—t,) (1—t,), £,=1, provided ¢, 
satisfies 
at tat,+ a,(1—t)*(1—#,) (1—i,) —a,=0. (10) 
This is the cubic polar of t,t, as to f, and cubic polars are all cubics apolar to 
the canonizant. Hence, the necessary and sufficient condition that three t’s be 
parameters of lines on a point is that they be apolar to Cy. The curve has 
three cusps; for, if t,, t be taken as two roots of C, ,=0, the cubic polar becomes 
a perfect cube, the cube of the third root. Hence the points A, B, C are the 
cusps. Since C;,, is the cubic polar of C, +, the cusp tangents meet at C, 0 
.or Q of §1. For a given ¢, the line & is identical with the polar of point 
t, on N as to the corresponding member of the pencil (6). 
By differentiating the functions ë of (9) we obtain the equations of K as 
a point quartic: 


X= 4,4,(1—t)*, D= Mht, T = ma t (1—t)* (11) 
The line equations of N are l i 
, E= (1—t), E,=1, = —t(1—t). (12) : 
*Hence, the quadratic of points of contact of tangents from a given point t, of 
K to N is: ý 


"aa (1—4) (1—t) +a it — aa tt) (1—t) =0. (13) 
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This is the Hessian of the cubic polar of t, as to f; namely, 
a,tit? + a,(1—#,)?(1—t)3— 

The curve K may therefore bz regarded as produced from N by a transforma- 
_ tion T which sends the point t of N into the intersection of tangants at the 

Hessian of the cubic polar of t as to f. Hence, to find the parameters of the 
intersections of K and N, we ask for a point t, such that the Hessian of its cubic 
polar is a perfect square; that is, we look for tt, such that #22 is a quartic 
apolar to f. If f be written symbolically, this covariant is found by elimination 
of t, between (at,)*(at)?=0 and (at,)?{at)’=0. f factors out of the eliminant, 
‘and the remaining factor is a C,,. Now the Hessian of the cubic polar 
(at)? (at)? is |aB|*(at,)?(Bt,)?(at) (Bt). Equated to zero, this function gives © 
a convenient representation o= the curve, t, being the parameter and a point 
of the curve being given by the two values of t. K cuts N when the two. ?’s 
are equal. This gives : 


C, =| aß |*|y81 lay] |88] (at)? (8t)? (yt)? (dt)? =0, (14) 
where all of the symbols refer to the quintic.. The roots of C, a oceur in four 
pairs, and the square of each pair is a quartic apolar to f. Taking t, and t 
of (5) as a pair, it is evident that the points of the plane determined by these 
four quadratics are the base-points of the pencil (6). 

The common lines of K and N have as parameters the six Hessian points 
of f, and their points of contact with N are the roots of the Steinerian. This 
_ follows at once from the fact that the lines of K are cut. out by quadratic polars 
of points tas tof. To find the double line of K, we recall that parameters of 
lines on a point form cubics apolar to C;,,; hence, the parameters of the double 
` line are given by the Hessian of. Cz; Èe., C,.=ajaiai(—t+1)=0. A root 
of this is —a, and the corresponding line of K is the line (a, @,, a). Hence, 
the double line of K is the polar line of C, x as to the triangle ABC. 

K in x coordinates is 


Salajeta}—23ala,a,2%2,%=0. (15) 
$3. The Involutory Quadratic UAT T. 


Mention was made in the preceding section of a point transformation T 
which transforms N into the quartic K. This transformation may be arrived 
at in three ways. It is: 

(a) The transformation which sends any point x of the plane into the. 
point y given by the Hessian of the cubic polar (as to f) of the quadratic of a. 

(b) The transformation which sends x into a point y such that the 
quadratics of z and y from a quartic apolar to f. 
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(c) The transformation which sends z into the intersection of its polar 
lines as to the pencil (6) of §1. 
That (a) and (b) are equivalent follows from the fact that a quadratic 
and the Hessian of its cubic polar as to f obviously form a quartic apolar to f, 
and that when two roots of an apolar quartic (which are not roots of C} ,=0) 
are given, the remaining two are uniquely determined. The matter may be 
stated thus: If, of two quadratics Q, and @,, Q, is the Hessian of the cubic 
` polar of Q, as to.a quintic f, then Q, is a factor of the Hessian of the cubic polar 
of Q,. As an instance, we note that the cubic polar of C,, is C}, s, whose 
Hessian is Ce. The cubic polar of C,. is C,,,, whose Hessian must therefore 
contain C,, as a factor. 
To show that (a) and (c) are equivalent, we derive a formula for (c).. 
The conic (6), when polarized, gives 
Qot Loot a, (1—t,) £,Y,—Ay%ey,=9. (16) 
If y be given, this line for all ¢,’s passes through (a,y,)—1, i=0,1, 2. Hence, 
(c) is the transformation 
a=(ay),  i=0,1, 2. (17) 
Now let tt, be roots of the quadratic of- æ, and form the cubic polar 
attt + a, (1—t,) (1—?,) (1—t)*—a, and its Hessian aa, (1—t,) (1—#,), (1—t) 
+ Ay Gqt,t,t—a,a,t,t,t (1—t,) (1—i,) (1—t). If the roots of this quadratic in t 
are t, and t,, we find as the corresponding point of the plane 
- Yo=tt,=4,0,(1—t,) (1—#,), 
Y= (1—#,) (1—t,) =a,apt,t,, 
Y= 4,0,t,t,(1—t,) (1—i,). 
Using (3), this reduces to-.yy=@,0,%,0, , Y= ApG_% Vp» Y2 =l LL, Which is iden- 
‘tical with the form (17). 
From (c), the fixed points of T are the tase-points of pencil (6). ` From 
(b), a fixed point determines a quadratic t,t, such that ¿3 is apolar to f. It 
was shown in § 2 that ¢,, ¢, are then intersections of X with N ; that is, K cuts N at 
the points of contact of tangents to N from the fixed points of T. That A, B,C 
are the singular points of T is obvious from the fact that C, , (whose roots 
taken in pairs give A, B,C) is apolar tof. For, if ¢,, ¢,, t, are roots of O, ,=0, 
t,t.tgt is apolar to f for an arbitrary t; that is, the point A transforms into 
any point of the line BC. From (c), it may be seen that corresponding points 
. æ, y as to T are base-points of the involution cut on the line Zy by the conics (6). 


$4. Rational Quintic O and a Theorem Concerning its Double Points. 


If we polarize f as follows: 
atit + a, (1—t,)*(1—t) —a,=0, (18) 
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and consider the locus of the intersection of tangénts to N at t, and ¢, we obtain 
a rational curve with parameter t, of order 5 and class §& This quintie O is 
the locus of the intersection of the tangent to N at t, with the corresponding 
line of K; for, the ¢, and ¢ which satisfy (at,)*(at) =0, (18), are apolar to the 
quadratic (at,)*(at)? (8) which determines the line i, of K. When t, is a root 
of f=0, the equations (at,)+(at) =0 and (at,) (at)*=0 are both satisfied by ¢,; 
hence, two points of O on the tangent to N at t have come into coincidence at 
t,, and O is therefore five times tangent to N at the points f=0. This accounts 
for ten intersections and ten common lines. To find the remaining six common 
‘lines, let h and s be a pair of corresponding roots of Hessian and Steinerian 
of f, and let the tangents at these points on N meet at R. Since the quartic 
polar of s as to f has a double root at h, Rs is tangent to O at R, and the six 
lines are accounted for. Moreover, since Ws is a quartic apolar to f, the point 
h is transformed into R by T (using §3,(b)), and E is a point of K. It has 
been seen (§2) that Rs is the tangent to K at R. O and K are therefore sia 
times tangent at the points R, and their common tangents at these points are 
tangent to N. 

O has six double points with parameters which are pairs of solutions of 
(at,)*(at} =O and (at,) ( at)‘=0. Elimination of t, gives a C; ıy which obvi- 
- ously contains f as a factor. The remaining factor C, is the product of the 
six quadratics which determine the points. Since the number of constants used 
to determine them is not twelve but ten, this set of six points are subject 
to two invariant conditions. Concerning them we will prove the following 
theorem: a , 

If P is a double point of O, there exists a point y on N and on line PQ, 
such that the conic C, of (6) is tangent to PQ at P, and the line ny (7) passes 
through P. y is the polar of the two parameters of P as to C, , and satisfies 
a certain Ces™=0. (Qis point C,,=0, as in § 1.) (19) 

To prove this, let t,t, be the parameters of P, and let y be determined as 
the polar of t,t, with respect to C,,. Since ?, and t, are a pair of solutions of 
(at,)*(at,) =0 and (at,)4(at,) =0, the cubic polar of t,t, as to f is tiy; that is, 
the lines of K having parameters t., t, y pass through P. Since the cubic tty 
is apolar to itself, we have t,t,t,t,y apolar to f, or (at,)?(at,)?(at)=0 when 
t=y. But this is the condition that the conic C, should pass through P. 
From the fact that the cubic polar tty is apolar to Cs, it follows that n, « 
(which is the polar line of y as to triangle DEF) passes through P. Now ny 
is the polar of Q as to conic C,; and line K, (which has been shown to pass 
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through P) is the polar of y as to C, ($ 2). Hence, the points Q and y are on 

the tangent to C, at P, which establishes the theorem.* ; 
The six parameters y are roots of a covariant C, .=C;,,C,,;—C3,,. This 

follows immediately from the theorem, as will be shown in the following section. 


$5. Curves on the Double Points of O: Cubic Q and Rational Cubic P. 


The theorem (19) of the preceding section gives certain curves on the 


_ double points P of O and. having interesting relations to the system of covari- 


ants of f. 

` Since the points P are points of contact of tangents from C,,, to members 
of pencil (6), consider the locus of such points. This is a non-rational cubic 
curve Q on the four base-points of the pencil and tangent at these points to 
the lines joining them to C,,, which latter point is on the curve.t Q is apolar 
to N and cuts it in C, =[f, Css)". Its equation is 


Saya (2, — 1) =0. (20) 
The curve passes through 4, B, C; the tangents at these points and the tangent 
at C,, meet at C,, on the curve. On any line through C, , there are two 
points of the curve which by the transformation 7’ are interchanged (§3,(c)) ; 
hence, Q is by T transformed into itself. %,, and C,, are symmetrically 
related to the pencil. Interchanging their réles, we have a second cubic on 
A, B, C, Cy,., Cy. and the four base-points; these nine points are therefore the 
base-points of a pencil of cubics each of which transforms into itself by T. 
For convenience, the coordinates of certain lines which are readily ex- 
pressed in terms of the parameter ¢ of a point S on N are given here: 








(1) Tangent to N: 1—t, t, —t(1—t). 
oteto dt 1 e e  (1—t)? 
a A, a,’ a,” a, a * 21 
(3) Line x: t,- 1—t, —1. ah) 
: (4) Line t of K: at, '  a,(1—t)', —A,. 
(5) Line č: ./ aot, a,(1—t), —Ay. 


n, it will be recalled, is the polar of S as to triangle DEF, and the polar of C, 
as to conic ¢ of pencil (6); ¢ is the polar of C,. as to the same conic. The 





* In the above discussion we considered a pencil of zonics correlated to points of a conic N. Join- 
ing points of N to Q (02,2=0). we have a (1, 2) correspondeace of conics of the pencil and lines on Co, 2. 
When a conic touches its line, the point of contact is one of the six points P. When 02,2 is replaced by 
an arbitrary fixed point A of the plane, the six points of contact are (presumably) a general sct of six, 
since the number of their coordinates is now 12. Placing A at C2,2 produces the specialization peculiar 
to the double points of O. ; 

+ Salmon-Fiedler, “Geometrie der héheren ebenen Kurven,” p. 269. 
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equation of Q is obtained by eliminating ¢ between the equation of y and that 
of conic ¢ of (6). 

Any two of the above lines intersect in a point whose locus is a rational 
curve. The following combinations are noteworthy: 

(a) (1)(2): Conic N. 

(b) (1)(4): Quintic O. 

(e) (2)(8): Cubic ¥ with double point at Ce, s. 

(d) (2) (4): .A quintic with triple point at C,,. 

(e) (3)(4): Quartic © with triple point at Cez. 

(f) (8) (5): Conic F on A, B, C, Cp: and Ce s- 
That (c}, (d) and (e) pass through the double points P of O follows at 
once from the theorem (19). When i is y of the theorem, the lines (2), (3) 
and (4) meet at P; hence, the determinant of the coordinates (2), (3) and 
(4) is the sextic whose roots are the six ae This sextic is zednaible to 
Cs, o=G,, 101,35 —C3, s- 

The cubic ¥ is defined by lines (2) and (3), from which its parametric 
equations are at once obtained. Elimination of ¢ gives 


Sarja, (2—2)? m7 (4 —2,)*| =0. (22) 
Since 7 always passes through C,,, and line (2) passes through this point 
when t satisfies [Ce 2; C,,,]’=C,.=0, # has a double point at Ce with the 
parameters C,,=0. It cut N in C,;=0 (the points D, E, F) and in C,, 
= [Caa Cs,,]'=0. n passes through C,, when t satisfies [C,., C,,3]?=C;,=0. 
Hence, ¥ passes through C,, with C,, as parameter. Q and ® have three 
intersections at Co and C,,, and their remaining intersections are the six 
points P. Q and a given point C, on it determine these points, since Ce,, and 
A, B,C are thereby given; varying the position of C, , on the curve gives œ! 
such sets. 





*Let f be represented by C1, 5 = (at)®= (et)®= (6f)* = (¢t)*. Then Co,2=|ad|‘(at) (t). Let the 
canonizant be represented by (ft)*. Then. (6t)’= C3, 3= [C2, 2, C1, 5]°= að lagi löt] (¢¢)*. C5, 1==[C3,8, 
Co, a]2= [ (841%, Jaat (at) (8t) ] = ]ad|*]ap| [ep] (et). Also let (yt) =y + rt, =0, y being real. The three 
lines n, K and 8072, 2 cut from N the three quadratics (8t,) (8t)*=0, (at,)*(at)?=0 and |aa|*(at,) (5t) (yt) 
==0 respectively. The three lines meet in a point when the three quadratics are in involution; i. e., when 
the determinant of the coefficients of ¢ vanishes. The condition to be satisfied by t, is 

(Bt;) Bè 288: BY 
(at,)? a, Qaar a: =. 
|s3]* (8t) koyo torit Ns 
Since (yt) =0, [8y|== (Bt) and |ay|= (at). Expanding the determinant and dropping the subscript 
from t. g ‘ 
a |s8|*(at)* (at) (6¢) lapl {]8vllta] + lavlizel} =0- 
Using the identity |ap| (t) = |aa| (6t) — |f3| (at), 
]8]4(at)7] ad] | fa] (86)? + | £8]*|a5] | 38] (ae) * (Bt)? — [g5]* 183] |sa| (at) * (pt)? — |g] |88| tB] (Bt) (at)*=0. 


Since ¢== ô, the second and third terms cancel. The first and last terms give C’s,3-— C5, 1 C1, 5== 0. 


a 
Rar 
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The locus of points of contact of tangents from S to the advtecponaine 
gonic of (6) is a septimic on the points P. Its equation is 


Sam (i—i, z)? =0, j 
gotten by eliminating ¢ from (6) of $ 1 and line (4) of the present section. 


$6. Quartic © with Triple Point. 


The locus of the intersection of lines (3) and (4) of §5 (21) is a rational 
quartic ©. It has certain. projective peculiarities which will be discussed. 
The parametric equations of © are: 
x= (1—t) [a (1—#)*—a,], 
x,=t[a,—a,l"], (23) 
; a,==t(1—t) [a,(1—t)?—a,#?]. . 
: Elimination of ¢ gives the ae 


San (%4—2,)! =). (24) 
To obtain a symbolic expression, we recall thas line y cuts N in the quadratic 
polar of ¢ as to C,,,; line K cuts from N the quadratic polar of ¢ as to f ($2). 
If we write C, .=(¢t)® and f= (at)'= (8!) *= (yt) = (ôt), the point x of the 
curve is given by the Jacobian of the quadratics in t’, (Ct) (Čt)? and (8t) (8t')?; 
that is, [fd] (Zt) (8t) (4t) (dt’) =0. Since C, -=|a28|flay| | By] (yt)?, this be- 
comes |aB|*/ay| | By| | dy | (8t) (yt) (čt) (yt’) =0, where ż is the parameter and 
the two ¢’’s are points on N whose tangents meet at point t of the quartic. 
n always passes through C;,,.; line K passes through this point when [C,,, f]? 

-==C,,—0. Hence, the curve has a triple point at Ce,» with parameters C, =O. : 
The tangents at the triple point are the lines y having these parameters. 

The vertices of the reference triangle ABC are on the curve, and its sides 
make sections which break into harmonic pairs.* This is seen at once from 
the equations (23). It is natural to ask for the number of triangles thus related 
to the curve. The contravariant of the general ternary quartic (ax)* which, 

’ when equated to zero, gives the locus of lines making sections such that g,—0, 
is [a@E|?|ByE|?|yak|?=0.t When the quartic has a triple point, this breaks 
into a cubic ® and the triple point counted three times. In the present case, 
the question asked above is most conveniently treated by the use of the polar 
conic of a point on the curve, as will now be shown. 

The necessary and sufficient condition that a binary quartic with distinct 
roots have g,=—0, is that it contain as a factor the quadratic polar of each of 





- *The four points on a line section of a rational quartie are not in general projective with the 
binary quartic of their parameters; but when the curve has a triple point, the parameters are projective 
with lines on the triple point, which are again projective with the points of a line section. 

+ Clebsch, “ Vorlesungen tiber Geometrie,” p. 280. Gs in Salmon’s notation is the C3, o of the quartic, 


43 
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its roots. To prove this, let the quartic be written (at) (8t) (y#)®, where a and 
@ are real and y symbolic. For the quadratic polar of (at) we have 

[ (at) (Bt) (yt)*, (at)?] =2| Ba| |ya| (at) (yt) + |ya|?(at) (BE) 

= (at) {2|Ba| | ya] (yt) +|ya] (8t) }. 

Since |a| £0, (Bt) becomes a factor when, and only when, |yva| |78|=0; i. e., 
when (at) (8t) is harmonic to (yt). Hence, the polar conic of'a point ¢ on the 
curve cuts it in points whose joins with t make harmonie line sections. This 
holds for the general rational quartic. If the curve has a triple point, three 
intersections of conic and curve are at the triple point (which proves that the 
contravariant of the preceding paragraph contains the-triple point three times) ; 
two are at ¢ and are to be disregarded, since the line section made by the tan- 
gent has a double root; the remaining three, when joined to ¢, give the lines of 
the cubic ® on that point. We ask that a point ¢, with two of these points, say 
t, and ¢,, form a mutually related set; i.e.) if ¢, gives t, and é, tą shall in the 
same way give ¢, and f,, etc. Now the polar conic of a point y as to © is 


3 3 
ZA Yo(Ys—Y1) (2—2) + 20,2 (8—8) (Y— y) =0. _ (26) 
Let the functions (23) of ż and ¢ be substituted for y and œ respectively. 
After cancellation of the triple-point parameters and a factor (¢—t,)* corre- 
sponding to the point of contact of conic and curve, the result factors thus: 
[aot,t(¢+¢,—tt,) +a,(1—t,) (1—t) (¢,¢—1) +a, (1 —i—t)] : 
* [aa (t Ht —2)—aa (t+) +a, (t+ —2tt)]=0. (27) 


Let these factors in order be denoted by., and ¢,. 9, is recognized'as the 


‘quadratic polar of t as to 
Cia, a= LOr ss C, ,]'= oaia} at? (t—2) +a, (1—t): (1+) +a (2t—1) |; (28) 

which is a self-apolar quartic. For the binary quartic (at)‘==(@t)*=(yt)', 
the condition that (at,)?(at,)?=0, (at,)*(at,)*=0 and (at,)?(at,)?=0 be simul- 
taneously true is |a@|*(yt,)*=0;* hence, the necessary and sufficient condition 
that t, and the roots of its quadratic polar be mutually related for every t is 
that (at)‘ be self-apolar, : (29) 

Since C,, is self-apolar, we have proved a characteristic property of ©: 

Through any point of the curve are two lines making harmonic sections 
with the curve and such that the line joining two of their further intersections 
also makes a harmonic section. 

There are thus æ! triangles of the kind sought. These will be called ® 
triangles. On each side of such a triangle are two further intersections whose | 





ay" (at,)? __ 7 2doa, (at,)? ai 
aan th= aay O Pim 
inate t, and t, from (at)? (at)? = [Bètts + Bop: (ta + t) +8] =0. The result is [Ba!*|Sy|* (ats)? (yt)°=0, 
which must be |af]‘(yt,)* since (at)* has no other (3, 4. 





* Since t, and t are roots of (at,)?(at)?—0, we have t,t;— 
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parameters must satisfy ¢,=0: 9, is the polarized form of C,,=a,a,(1—t) 
-+-d)4,t—a,a,t(1—t). For each ¢ this factor gives a unique line of ® and 
could be used to obtain a parametric representation of ®. l 
We consider next the involution on © cut cut by conies on its triple point.* 
The base-points of this involution are given by a quintic covariant of f which 


we call f and whose covariants are indicated in like manner. ‘The points f=0 


are cut out by a covariant conic on the triple point. Since.a conic consisting 
of two lines on the triple point cuts out two arbitrary points, C, , is the canoni- 
zant of f. (Invariant factors are neglected waen the function is to be equated 
to zero.) Line sections of © are quartics apolar to f. Since a root of the 
Hessian of a quintic is a triple root of an apolar quartic, H=0 gives the 
parameters of the flex-points, and S=0 (the Steinerian of f) the further inter- 
sections of the inflexional tangents with the curve. When a line section for 
which g,—0 has a double root, it has a triple root, and the line is a flex-line. 
We therefore obtain the flex-parameters by putting t=t, in 9, and @,. It 
follows that H is PCa, oCio,4, Where p is an invariant function or numerical. We 
now have these relations between the covariants of f and of f: 


Cr, =P C333 Ca 2 =P Co, 2> Ca, C10, =p H. ; 
Since C, is the Hessian of C,, ($38), f is such that its Hessian contains its 
Cs, as a factor. Referring to the syzygy 
6HC'—9it?— j (4jB+5Tra) =0 

derived by Dr. A. E. Landry,t it is evident that when j (the canonizant) does 
not contain 7 (Cs) as a factor, i.e., when the discriminant of the canonizant - 
does not vanish, B=0 is the necessary and sufficient condition that H contain 
t. Hence, B=0. (This B is the invariant of degree 8.) 

It may be verified at once that the section made by the line (1, 1,1), which 
is the polar of the triple point as to the triangle ABC, is C,,,=0. We have 
thus four points of inflexion on a line. The remaining flexes are given by 
C,,.==0. We wish now to show that the flex-tangents at these points meet on 
the curve. Recurring to the expression ¢$;, (27), it can be shown that t, with 
the roots t, and ¢, forms a cubic apolar to both C, and C,,. It is necessary 
first to prove a theorem on apolar cubics. 

When two binary cubics are apolar, their Jacobian is a self-apolar quartic, 
and triads apolar to both cubics are made up of a point and its quadratic polar 
as to the Jacobian. 








* Clebsch, “ Vorlesungen,” p. 461. 
+“A Geometrical Application of Binary Syzygies,” Transactions of the American Mathematical 
Society, Vol. I (1909), p. 106. 
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Let the cubics bé (at)? and (@#)’, where |a8|*=0. Their Jacobian is 
|aB| (át)? (8t)? If t is a root of a cubic apolar to (at)? and (@t)*, the other 
two roots are given by the Jacobian of the quadratics (at,) (at)? and (8t) (@t)*; 
namely, |a@| (at,) (Bt) (at) (Gt). “We wish to prove that this quadratic is 
the same as the quadratic polar of t as to |aB|(at)?(8t)?. Polarizing 
|aß| (ai)? (8t)? twice, we have 

(1) jaß | {4 (at) (at,) (Bt) (Bt) + (at)? (Bt)? + (at)? (Bt)? } =0. 

We have identically: 

(2) (at) (Gt,)==|aB| |tt] + (Bt) (at,), 

(3) (at,) (Gt) =| a8 | |t| + (Bt) (at). ` 
Substitute in the second and third terms of (1) after multiplying (2) and (3) 


by (at) (8t) and (at,) (Bt) respectively: The result, after simple reductions, is . 


(4) ` 6|aB| (at) (at,) (Bt) (Bt,) + ]aB|®| t,t |2=0. 
Since |a@|*=0, this reduces to its first term, and the second part of the 
theorem is proved. To see that the Jacobian is a self-apolar quartic, it is 
sufficient to note that the roots of a cubic apolar to two cubics are in an involu- 
tion and to apply’ (29). 
Now C; and C,, are apolar, and C,,,, is their J abua We have thus 


proved that the œt cubics which give vertices of ® triangles are the self-apolar ` 


pencil Cz, HAC; s. oe 

The product C, Cs, is a member of this pencil; for, [Cz ss Cy el==C, . 
and [C,5, C,,.|*==0. Hence, the triangle C, Cs, is a ® triangle. Since the 
polar conic of a point of inflexion is the flex-tangent and a line on the triple 
point, two ® lines through a flex-point coincide with the flex-tangent, which is 
therefore a side of the ® triangle. Hence, when two flex-points are vertices, 
the flex-lines must meet at the third vertex, which is a point of the curve. We 
have now proved a second important property of ©: 

The six inflexions break up into sets of four and two; the four are on a 
line, and the tangents at the remaining two meet on the curve. The param, 
eters of the two sets are given by Cy, ,==0 and C, 2=0 respectively. 

The intersection of the two flex-lines, the point C, , on ©, is on the line join- 
ing C, and C,, as points determined by quadratics on N; for, [C,.C,,]°=C;,,, 
which says that the line y of C,, passes through point C,,. Lines through 
C;,, on © cut the curve in three further points which form a pencil C+ac’, 
where C is a cubic and C’ its cubic covariant. 

. We consider now tangents to © at vertices of a ẹ triangle, Tangents at tie 
reference points are easily seen to meet at point C, s; tangents at the vertices 
Ca 25,1 meet at C,,; and tangents at the triple point C,, (a ® triangle with 
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coincident vertices) meet there. It will be shone that the tangents at vertices of 
each ® triangle meet at a point, and that the locus of such points is the straight 
line joining C,, and C,,. Beginning from the converse standpoint, we find 
the sextic of points of contact of tangents from a point x of the plane. - The 
tangent at y on the curve is 


3 3 
BEAY (Y2—Y,)* (Lo — 2) HEak (Yay) = 

Substituting for y the functions (23), the result reduces to 
3 Cg, 3p, 200010, [2t + 2, (1—t) —2] +C;, latata (1—t) w — at] =0, (81) 
which gives the points of contact of tangents from’z. When is on the join 
of Cea (or1,1,1) and C,, (ao", ay", a2"), we have w,=a;"+p, i=0, 1, 2. Bub- © 
stituting these values of v in (31), the sextic becomes 

t 1—t 1 j 
3440;0,04,sCr,| F a = toeta] 
1 2 


Qo 
+ uC, 3[aot?-+-a,(1—t)’—a,] =0. 





‘In terms of covariants this is 
3C, s LC, 205, 1 Crs] +u (oG) "C3, g=0. 

Since C, (Cs, 3=C3, 205,1 C7 s; we obtain 

3 [C3 205,1 t Crs] LCa, 205,1 Crs] +u (a00) C, o3, 3=0, 
or i ; 

3C, 205,1 — [3 — (ada) UT, 9] C7, g=0. 

The factors of this are of the form C,,C;,,+AC,,, which is identical with the 
pencil (30) giving the vertices of ® triangles. Hence: 

The six points of contact of tangents drawa from a point of the line o, 202,2 
break into two sets of three, and each set forms a ® triangle. 

It is interesting to note that @ triangles may be obtained by drawing the. 
lines of K ($2) from a point on the line C, ,C,, and taking their intersections 
with the corresponding lines 7 ($5, (21)). For, if the line K is made to pass 
through 2,=a;'+4y, the resulting cubic is 3a,a,0,C, ,—uC;,,, which is again the 
pencil (30). Triads of this pencil on N are points of contact of triangles cir- 
cumscribed about N and inscribed in the conic F on the five points A, B, C, Cy, 
and Ce. For, the conic on the vertices of triangles whose sides touch N at 
C,,3==0 and C,,—0 is on the Hessian point of each cubic. The conic F cuts N 
in Cio, 4=[Cs,3, Crs]? 

The triangle C,,.C, , on © (formed by the two flex;lines which meet on the 
curve and the line joining their flex-poinits) is a natural triangle of reference 
for the curve. Let the triple point be the unizy point as before, and take the 
line joining the flexes as #,—0. The curve may be generated by the inter- 
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` gection of a line on (1,1,1) with a correlated line on (0,1, 0), the intersection 
of the flex-lines. The coordinates of the variable lines may be taken as 


% t, ict, at 
E a a2) 

The curve is then written : 
%=b(1—t), v= a—bt, t= al? (1—t), } (33) 

Ally (La — )°-+ ba, (2,0) =0. 


The reference scheme uses eight coordinates, and the ratio a:b gives the nine 
necessary to determine the curve. Since three line sections are known, the 
fundamental quintie to which all line sections are apolar is readily found: 
f =a(®—D5t!+10¢) —b (10—5t+1), 
from which B=1,=0 is verified. The conic on the points f=0 is 
xo+62i+a34+3x,(%+2,) —14¢,0,=0. 
The parameters of the four flexes on a line were given by the Jacobian of 
‘cubics of any two ® triangles. We now have Cs s =0,, s—ah—b and C, 051 
=t(1—i). The Jacobian is b—2łt-4+-2at°— att, which ‘is again cut out by the 
lime (1,1,1). This verifies (what could be seen otherwise) : 

The line on four flexes is the polar of the triple point as to all ® triangles. 
Moreover, the conic on f =0 is tangent to this line. 

@ is now Ak(E,+&,)?— bE, (Eo +8,)?=0, and the locus of self- apolar. line 
sections is 4£,¢,— (&,+&,) (E,+&,)=0. Parametric equations of ® are obtained 
by making use of the fact that when ¢, is a vertex of a ® triangle the quadratic 
of intersections other than vertices on thé opposite side is the quadratic polar 
of t, as to C,,. This is proved by consideration of the values ¢,=0, 1, 0. 
The quadratic is at,?’—b=—0. Using (33), the line joining the two points on 
-© given by this quadratic is found to have coordinates 

g=—b(1—t), &=t(at—b),  ț=—at(1—t), 
the subseript having been dropped from ¢t,. These equations express a side of 
a ® triangle in terms of the parameter ¢ of the opposite vertex. _ 

- We can now prove a property of the six points of the curve other than 
vertices on the sides of a ® triangle.” It has been seen that the two points 
on one side of the triangle are given by the quadratic at,t?—b=0. Calling the 
roots tand —t, we write in line coordinates the points t and —t of O given by 
(33). The product of these points is rational in #. Eliminating # by means | 
of at?—b =0, we have, for the points on the side opposite t, 





* This property is made the basis of the discussion of the curve by R. A. Roberts (Proccedings of 
the London Mathematical Society, Vol. XVI). 
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akiti (at,—b) —ab&it, (1—t,)*—b&} (at,—b) 
+ 2E,€ abti (1—t) —2£,£,abt, (1—t,) =0. (84) 

We wish to show that three such degenerate line conics are members of a 
pencil when /,, t, and t, are vertices of a @ triangle. t, t, and ¢, must satisfy 
an equation of the form C,,C,,+4C,,,=0. In the present notation this is 
a?—2?--At—b=0. The conditions are therefore (the s’s being the symmetric 
functions of the three t’s) s,=s, and s,=b/a. The second condition is used to. 
- eliminate b from (34). After division by a%, the result is 


boti (t;—8,) —Eit, (1—#,)°—E3 (4, 83) + 266,81 (1—t,) —2E,£,t, (1—t,) =0. 
The matrix of three such conics, when s,=s,, vanishes identically, and the 
conics therefore belong to a pencil. Hence: 

The sia further points of the curve on the sides of a ® triangle are six 
points on four lines. 

$7. The Binary Quintic Represented on a Rational Cubic in Space. 


Let the p° in space be written in points: 


. =t, o =8t, v= őt, @,=1, (35) 
and in planes: PEEN i 
E,=1, =t, E= k= t. (36) 
Any point of space in terms of parameters of planes from it to the curve is 
To= $3 X= Sy 5 ,=8,  =1; (37) 
and any plane in terms of its intersections with the curve is 
£=1, E = — 4s, E= gS = — S, (38) 


where s,, S$ and s, are the elementary symmetric functions of three ?’s. 

Let the quintic be written in canonical form as before (§ 1, (1)), and let 
the canonizant points A, B, C (¢=0,1, œ ) determine a plane a and a point p. 
From (37) and (88) it is seen that the condition that two cubics be apolar is 
the same as the condition that the point of each lie on the plane of the other. 
Since a cubic is self-apolar, p is on æ. 2 is the plane s, =s,, and p has coordi- 
nates (0, 1,1, 0). 

From any point of x are three planes of p* whose intersections with 7 are 
lines of a rational plane cubic. At A, B and C the three planes coincide; hence, 
the curve has three cusps and the intersection of the cusp-tangents is p. It 
is a rational quartic in points. Since the intersection of two consecutive planes 
Of p* is the tangent line, the same curve is the locus of the intersection of tan- 
gent lines of p° with æ. It is obviously the section of the developable quartic 
surface which p? determines, and is independent of the ratios a,:a@,:a,. To 

find its double line, we look for a line of æ which contains two planes of p°, 
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The bisecant line from p meets p* in the Hessian of the canonizant cubic. 
Since these two ?’s and any ¢ are apolar to C, ,, the planes of these points and 
any plane of p® meet on 2; that is, the two planes meet on x and give the 
` double line. The points of contact are cut out by the two tangent Imes to 9’. 
The parameters are given by C,.=0. 

A transformation of the plane is determined by quartics on p° apolar to f, 
as follows: let ¢,é,t,¢, be apolar to f, and let lines ġġ, and tt, meet x in P and 
Q, respectively; then P and Q are corresponding points of the transformation. 
That this transformation is one-to-one and involutory is clear from the fact 
that from a point of the plane but one bisecant line can be drawn, and that the 
two values of ¢ thus found ‘uniquely determine the second pair in the apolar 
quartic. It is the same transformation as is gotten by taking the cubic polar 
of t,t, as to f and finding the intersection of planes of p° at these points. Since 
cubic polars are apolar to C,,, the point so found will lie in æ. To express 
analytically this transformation, we take as reference triangle the triangle 
ABC, and as unity point the transform of p. If the bisecant line from P of x 
meets p° at t, and ¢,, the transformed point Q is given by the cubic , 

. attt ta (1—t) (1—t,) (1—#,) —a,=0. 
The coordinates of Q are therefore i 
% == s= — t (1—t) (1—4) +4, |, 


©, == Hy = S= —3a,(1--t,) (1—#,), , (39) 


L= Apt ty — a (1—t,) (1—#,). 
Now the bisecant from p gives points Ce =0 on 9°; i. e., ¢, and t, satisfy #—t 
+1=0. Using these values in (39), we find 7, =a,—a,, %,=%,=34,, %3=A,—dy. 
This is the transform of p, and is to be taken as the unity point y,=y,=y, in 
the plane. Since the space coordinates of A, B, and C are known from (35), 
the transformation from space to plane is readily found: 


Ig == AY, —ApYo , Y= (21—323), 
w =t =Y, aY 5 T, Hy =e» (40) 
Ug = AY; — Ago » AY = (L,—3X,). 
Applying this substitution to the equations (39), we find for Q: 
Yor byte y y= (1—4) (1—7,), Yy,=1. (41) 


It is thus proved that if the bisecant line from P meets p° in tita, the trans- 
formed point Q is at the intersection of tangents t,t, to the conic y=t, 
y, = (1—t)*, y=1. The position of the conic is determined by the reference 
scheme as described above. The coordinates of P in terms of t,t, are found 
from the equations of two planes on the chord t,t, of o°. Changing to y coor- 
dinates by (40), we find for the intersection of the chord with n: 
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Yor [Att O yi=[a,(1—t,)(1—#)174, y= La] (42) 
Comparison with (41) shows that P and Q satisfy (17). Hence, the transfor- 
mation of the present paragraph is identical with the quadratic transformation 
T of $3. l 

When t4 =t,, P traces the quartic K and Q the conic N (see § 2, following 
(13)). Point p named by its tangent to N is C, ,=0, and its transform (1,1,1) 
is Ce, =0 as before. If from the fixed points of T in x the bisecants are drawn 
to pë, the four quadratics (at,)?(at)?=0, (ct)*(at,)?=0, or C,,=0 (14), are 
obtained. The quadric cone formed by projecting p° from a point ¢ on it cuts 
z in a conic on ABC which is the transform of line ¢ on N. 

The rational plane quintic O (§ 4) was defined as the locus of the inter- 
section of a tangent to N with the corresponding line of K (§ 2). For this we 
may now substitute the following: Given p* and a plane cutting it, inscribe any 


eo 





Fie. 2, 


conic in the triangle ABC of the three points im the plane; correlate points of 
conic and cubic in such a way that the point of contact of the conic with the side 
BC corresponds to A on p°, etc.; the plane ¢ of p° and the tangent to the conic at 
the corresponding point ¢ meet at a point whose locus is O. The number of 
coordinates used in the plane is 8 for the triangle and p, and 2 for the conic. 
The binary quintic is not mentioned, but it is at once recovered through the fact 
that p gives Co on N, and (1,1,1) gives (by its bisecant) Caa On p”. 

Certain relations between the points given by the Hessian and Steinerian 
covariants on p* and N are of interest. (a) Let h and s bea pair of corre- 
sponding roots of the Hessian and Steinerian of f on N, and h’ and s’ the 

*points having the same parameters on p°.. (See Fig. 2.) By the definition of 

K ($2) the line of K having h as parameter is tangent to N at S; and it has 

‘been shown in the present section that a line ¢ of K is the intersection of x 
44 
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with the`plane ¢ of poè. Hence, the six planes of p° at the points H=0 cut the 
plane of the canonizant in six lines of a conic, and the points of contact are the 
points S=0 of a correlated quintic on the conic. (B) The tangent to p* at W 
meets x at R, the point with parameter hon K. This point has been shown to 
be the intersection of tangents to N at s and h (44, first paragraph). If we 
join s’ to a variable point t on p°, the line meets 2 in a conic whose transform 
by T is the line Rs, as was shown above; this is in accord with the fact that 
the cubic polar of s’t’ always has a root at W. When t’=h’, the cubic polar has 
a second root at h’, and the point determined on z by this cubic is on the inter- 
section of two consecutive planes at h’; that is, the point is R. Now the chord 
s't meets x in the transform by T of the point given by the cubic polar of sv. 
Since h's is a quartic apolar to f, the transform of R is h on N. Hence, chord 
s‘h’ contains h. If the points h on N were given, we should obtain the pairs 
s'h by drawing bisecants to è from them; the planes of p at points W will then 
determine points s on N.- (y) Since Rs is tangent to N and K, the conic into 
which Rs transforms by T is tangent to K and N: to N at h, and to K at the 
transform of s. Therefore, six conics on ABC are tangent to K and N; the 
points of contact on N are at H=0, and the points of contact on K are cut out 
by tangents to œ at S=0. 

Two parameters ¢,, t, on p? give a cubic polar whose plane (named by t , t+) 
passes through p. The locus of the intersection of chord #,¢, with plane tč, is 
a surface Q whose points are in one-to-one correspondence with the points of 
a, the point tt, of the surface being made to correspond to the point y of (41). 
(It will be recalled that this y is the transform by T of the intersection of 
chord té, with 2.) Let 


t,—t,=0,, tt =o. (43) 
Equations (41) are equivalent to 
Y=), Y,=1—0,+0, Yy.=1. (44) 
Two planes on the chord are 
384,—0 7,0, +00. =0 
0 wm ak 22 3 i (45) 
—2%,+0,%,—0,0,=0. 


Using (10) with change of subscripts and (38), the plane tt, is found to be 

atta (1—0, +02) (~tt 1—2 + Ly) —0 0 =. (46) 
Elimination of c, and o, from (45) and (46) gives the equation of the surface. 
To express aņalytically the above-mentioned correspondence between points of 
Q and x, we eliminate o, and o, between (44), (45) and (46). Or, eliminating» 
æ from the equations (45) and (46) and (xé) =0, then using (44), we find as 
the equation of the point of Q corresponding to y: 
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BY. —(Yo—Y, + Ys) Yo 0 


0 — y: Yo— Yit Y: —8Yy 
4 (47) 
Yo BY, aY TAY, CYT Yoo 
Ey -h 2 És 


The coefficients of the £’s in this equation are the coordinates of æ; that is, we 
have 7,=f;(Yo, Yı Y2); Where f; are homogeneous cubic functions of `y. The 
transformation from plane to surface is then such that a plane section (æE) =0 
is the map of the plane cubic (fE) =0. 

‘The four cubies f; (4%, Y1, Yo) = 9 have six points in common; they are in 
fact cubic adjoints of O ($4). To see this, we recall that the parameters of a 
double point of O are subject to the conditions (at,)*(ai,) =0 and (at,)*(at,) =0. 
I£ ¢, and t, are roots of (8t)?=0, this is equivalent to the requirement that 
(Bt)? be contained as a factor in its cubic polar |aĝ|?(at)?. In Salmon’s nota- 
tion this becomes 


gt tyt® +a, (1—t,) (1—t,) (1—t)®—a,—=p (b,-+2b,t + Bal”) (at ct). 


Eliminating c,, c, and p from the four equations to which this identity gives 
rise, and substituting for the b’s their equivalenis in terms of the point y 
determined by the quadratic, we obtain four equations in y which a double 
point must satisfy. These are precisely the four cubies found above. 

The surface Q contains p*, and this curve is the map of O; for, if ¢, and ¢ 
satisfy (at,)‘(at) =0, the cubic polar of the quadratic tt, contains t as a fac- 
tor, and the intersection of chord żł, with plane tz, is the point ¢, on p’. The 
corresponding point tt, of æ is on O by definition of the curve. 

Surface Q meets x when chord t,t, meets plane t,f, on æ. Let chord t,t, 
meet z at P as before. The plane t,t, (i.¢., the plane cutting p° in the cubic 
polar of ¢,t,) contains Q, the transform of P by T, and p. Therefore, the sur- 
face meets z when P and Q are in line with p. The locus of such points is the 
plane cubic Q. (See § 5. Point C,, of §5is p.) Making 2;=a, in the equa- 
‘tion of the surface and using the transformation (40) gives equation (20) of 
§5. That A, B and C, the fixed points of T, and p are on this curve is seen at 
once from the present standpoint. The double points of O were given by quad- 
ratics which are factors in their cubic polars. If ż t, is such a quadratic on 9%, 
the plane of the cubic polar contains the line ¢,t,; P and Q are then on the sec- 
tion of the plane with x, which says that the double points Q are on curve Q. 
Since the line tt, just referred to lies in its plane, it is a line of the surface Q. 
Six lines of the surface are thus accounted for. The six conics and fifteen 
lines determined by the double points of O map into the remaining twenty-one 
lines. 
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A theorem proved by Stahl* states that adjoint cubics of a rational quintic 
which are on two fixed points ¢, and t, of the curve meet further at the inter- 
section of tangents to the perspective conic with the same parameters. In the 
above mapping process, the point of æ whose parameters with respect to the 
conic N are- t, and ¢,, was made to correspond to the third intersection with Q 
of the chord ¢,¢, on p°. Stalls theorem follows at once from the fact that 
cubics on two fixed points of O map into plane sections on a fixed chord of 9° 
which have necessarily the same third intersection with Q. 


§ 8. Further Consideration of Rational Quintic O of § 4.. 


. The quintic O was defined as the locus of the intersection of tangents to 
N at points ¢ and t when (at)‘(at’)=0. It was seen that the parameters of 
its double points satisfy (at)*(at’)=0 and (at’)*(at) =0, from which, by elimi- 
nation of i’, we obtain C,,-C,,.=0. The first factor is accounted for by the 
fact that O is five times tangent to N at the points f=0 ($ 4). The parameters 
of the double points then satisfy a C, ,.=0. 
To express this C, ,. in terms of the irreducible system, we let 0 and co be 
two of its roots. Then f takes the form 


feat? + 10a, 410a +0. . (48) 
C, 12 must be of the form C3 e tAC, 2C} 5. We determine % so that this shall 
have roots 0, cœ when a,=a,=0. In symbols, 
Ca e= jaß |? (at)? (Bt)*, C,, 25 aß |* (at) (8t), C, s= (at)®. 
Putting t=0 gives for the determination of 2: 
[laß |*a6 Bs]? +A| a8 | 40.58, ( (ag)? =0, 
whence, when aja,=aja,=0, 7=—%. Hence, - 
C, w= C3, 6 $Cy, 2 Ci, 5s (49) 
The above form (48) of f isolates one of the six double points by giving 
- it the parameters (0,00). Certain properties of the curve are easily discussed 
from this standpoint. We take N in the form — 
` i =Ë, n=, | ®=1. ` (50) 
The triangle of reference is now formed by two tangents from a double point 
to N and the line joining their points of contact. The equation of the conic. 
on the remaining five points is found as follows: The adjoint cubiés, found by 
the method of § 7 (paragraph following (47)), now take the form 


\ 
Alot ail, B(A LF ag) B(A tH at) Alot Ass 


Ly —h, Dy 0 Sa 
0 thy Se 2, J=0. (51)» 
i Ho : kal No a Ng 











*« Zur Erzeugung der ebenen rationalen Curven,” Mathematische Annalen, Vol. XXXVIII (1891). 
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By proper choice of the z’s, this will break into a conic and a line on the double 
point (0,1,0); for convenience, we make it contain a as a factor. The result- 
ing equations for the 7’s are 
i 4an — asn =), asns — as =Ù, m=0, 
from which is obtained the conic 
Saagi (aas —16 0,05} 22+ Gaast — 24.050.2, 
— 2405 % 2, — (20505 + Os) Boy = 0. (52) 
The product of the tangents from (0,1,0) to conic (52) is found to be ` 
XG ne (4516 a,0,) —14405] +23 [6a.0; (a2;—16a,0,) —14405] 
+ 0, [32a%a2—a2a2—4a,0,0,0;]=0. (53) 
To find the cubic adjoints with double point at (0,1,0), we make the polar 
conic of this point, as to cubic (51), degenerate into two lines of the form 
. a+ bam, +c =0. The resulting two conditions on 7, give m,=7,;=0. The l 
pencil of rational cubics is 
M [20 ( gp — 2a to) —2, N, (tagt Hast) ] 
ng [3 (Asle — 2a; 2o (7) (ato tat) ] = (54) 
Two enee of the pencil have a cusp at (¢,1,0). To find T cusp tangents, 
we require that the polar conic 
bg g%— AN Tz — (4an — 4ang) Tol, =O 
‘be a perfect square. Elimination of n, and 4, between this quadratic and its- 
discriminant gives for the cusp-lines : l 
2AA La H AAE H 20,0,73=0. (55) 
There is a simple relation between these lines, the tangents to O at the same 
point, and the tangents to N. The equations for O are now: 
L= tat + 6a, t tast, 
g = — aut — 2a t + 2a,t+a,, i (56)* 
Ly = —a,t*—6a,t°— tagt. 
The line equations are found from these by differentiation, and the values t=0, 
œ give for the tangents to O at its double point: 
(4a 2o +050.) (Ato H 40Q%_) = (57) 
The -same pair of lines are obtained by feo ie (55) partially with 
respect to x, and z,. Hence, the tangents to O are the harmonic conjugates of 
the tangents to N with respect to the cusp-tines of cubic adjoints, all six lines 
being drawn from the same double point of O. 
From the standpoint of the space cubic p” (§ 7), the aboye result is inter- 
preted as follows: The six double points (1, 2,....,6) of O map into six lines 








*This is found as the intersection cf line t of N with the corresponding line t of K. See §4. The 
coordinates of the lines are respectively (1, — t, t?) and (ac? tat)", asa, fat)”, a,?(at)*). 
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of the surface Q; and the conics C,, ...., C on five of the six points map into 
six lines, the two sets forming a double six. Let point 1 give line a, , meeting p° 
at t,t,, and let the corresponding conic C, give line b, (which does not meet p°). 
The cusp-directions (55), being the double lines of the involution of tangents 
to cubic adjoints, transform into the points of a, on the parabolic curve of Q. 
Any line on point 1, in particular the tangent ¢, to N, transforms into a plane 
section on b,. Since the transform of N ‘is the section of Q with the. develop- 
able surface determined by p°, the point of contact #, on N becomés the third 
intersection of tangent ¢, to p? with Q. Hence, interpreting f on 1 p? without 
regard to N: 

If t,t, are a pair of associated roots of C, x, (49), and give chord a, of 9°, 
and if b, is the corresponding line of the double six on Q, the line t, of œ meets 
Q in a further point P such that the plane b P cuts a, in the harmonic con- 
jugate of t, as to the parabolic points of Q on a,. 

The five lines from (0, 1, 0) to the remaining double points are found by 
elimination of x, from the cubics in the brackets of (54). The result is 

afi + 2a Ake 8am + Baen — aa twaa. (58) 
The lines to the five points f=0 on N are found by ehiminehing t between f=0 
and =t, %,=1: 
ai + 20 a, a,%40.-+ 100azaia— 100ajx2a3 —20a,0,0,05—a208—0. (59) 
Quintics (58) and (59) are apolar. That is, the six points have the property 
that lines joining one to the other five are apolar to lines joining the same 
point to a set of five fixed points in the plane. l 

We now have C, p= 83a? + (ayas+2a,a3t) +3a3. The point C,, therefore 

has coordinates 
T=8a3, a = — (agt -FH 200s), y= 3a « 

The cubic polar of the quadratic (0, œ ) as to f is 3a,/?+3a,t. Two roots of 
this are (0, œ ), and the third is the y of §4. The point y on N is therefore 
Uy == 5 Ly = — 2G As , t =a}. 

Comparison with the coordinates of C,, shows that these points are in line 
with the double point (0, 1,0), which agrees with the theorem of §4. We have 

also the coordinates of the following lines: 

Polar of C, as to N: Gaz, (aa;+2a,0;), bal. 
Polar of (0, 1, 0) as to conic (52): 1203, (—a,a,+16a,a,), 1202. 
These lines meet on 2,0, the polar of (0,1, 0) as to N. Now the line C,, is * 
determined by a covariant of f and is therefore independent of the choice of 

the double point to be used as (0,1,0). Hence: 
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The intersections of the polars of each double point as to N, and as to the 
conics on the other five, are six points on a line. 

The line on which the above six points lie (ù. e., the polar of C,, as to N) 
is a covariant line of O which appears also in the case of the general rational 
plane quintic. It makes the unique line section apolar to all line sections.* 
Since O is defined (at)*(at’) =0, a point of the curve falls on the line C,,=0 
when quadratic tt’ is apolar to C,,. Hence, the parameters of points on this 
line satisfy Tf, C,,,.]=C;,,=0. In the present notation we have 

Cy, =a, (aoa +H 2a,a,) +6 (a,03—403)}t4+ 20, (agas — 16a) t 

—2a, (a,a;—16a,a,) ?—6 (aza; — taz) t—as; (ats +2003). 
The apolarity of this with the line sections x,=0, (56), is easily verified. 

Parametric equations for the conic C, on double points 2, 3, 4,5,6 may 
be found by use of a corollary to Stahl’s theorem on the rational quintic (see 
end of §7). The corollary states that C, and the perspective conic N are in 
triangular relation. Consider triangles with vertices on C, and sides touching 
N. We name a point of C, by the ¢ of the point cf contact on the opposite 
side of the triangle. C, is given by equation (52). Line %,=0 cuts C, in points 
whose equation is —— 
Jy a (a9a;—16a,05) + Gayasti—24£,2,—0. 

To find points of contact of tangents from these points to N, write £,=1, 
£,=—t,&=. The resulting quadratic gives the parameters of the points of 
C, on %=0. The quadratic ,=0 is found similarly. The tangent to N at 
t=1 is %—2,+%,=0. The tangent at a variable point t, x,—,t-+4,t?=0, 
meets this at y=t, ,=1+t,%,=1. Substitution of these values in (52) gives 
the quadratic of the section x,—#,+,=0 with C1. From this, using quadratics 
%,==0 and #,=0 already found, the section x,=) is determined. The equations 
for C, thus found are l l 

m= (4,4;—16a,a,) ?—2403¢ + 6a, 

s =24a3t?+ (52au, —aoas) t+ 2405, = (60) 

, Ly = ba tgl?—24a3t + (aa; — 16a). ' 

That these quadratics are not to be multiplied by factors independent of ¢ is 
verified by substitution in (52). 

The polar of the sixth double point (0,1,0) as to C, is 12 (afm, +aŝe,) 
— (agas — lba) £, =0, whence the quadratic of points of contact of tangents 
from this point is ; 








*If the general rational quintie is represented by m; =f;(t), a line section & apolar to all line 
sections must satisfy [f;, bfo+&f:+é&f,j°—0. The conditions on £, namely & (fo, fa)? + &(fo» fa) =O, 
bof, fot + Efi, fD 0 and foife, fo) + & (fe, f) =0 give &:&:6:—= (fi, fa)": (fas fo)": (fos fa)“, which is 


unique when the f’s are general. 
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é°[1202(a,0,—16a,0,) —6 - 120,03] 
+t[ (aas —15a,a;) (5200; — aoas) + (24) a303] 
+ [1203 (apas —160,0,) —6 - 12a80,] = 

The discriminant of this quadratic is the function those vanishing is the con- 
dition that the six points lie on a conte. 

T'o find the quintic of the five double points on C,,.we find the intersections 

of C, with any two adjoint cubics. The two sextics in ¢ will have a quintic 

` factor in common, which is the required quintic. This is found ty be 

F a =o (aas + 8a) +12 (aa?— 8a?) t#+-160, (acas —19a,0;) t 

, +16a, (aas — 190,03) #412 (asa3—8a5) t +a; (aga, a 

F TE is apolar to f=at + 10a 410a t+ as. 

The six double points of O are completely determined as the fixed points 

of a certain (3,1) correspondence. Let f be written a,t°+a,(1—t)’~—a,, and 
-take N in the form 2,=#, æ= (1—t)*, n=l, asin §1. Let tt, on N give point 
y, and let t,,t,,¢, be roots of the cubic polar of t,t, as to f. Lines of N at points 
tz, t, is form a triangle whose vertices are three points xcorresponding toy. If 
t, and ¢, were given, we should find y as the intersection of the quadratic polars 
of these points as to f; hence, one x gives one y, and the correspondence is 
(8, 1). From the fact that a double point of O belongs to a quadratic which 
is a factor in its cubic polar, « and y coincide at the six double points and only 
there. The coordinates’'y must be rational functions of the coordinates a. 
Let x belong to the quadratic t;t,. The lines cutting out the quadratic polars 
(i.e, the lines of K (§2) having these parameters) are 
l Acts, a, (1—t,)', — 0; 
- Qobi, a (1—#,)°, — hs 
whence 
AYo= (teti) ht +3 [1— (tt h)], 
E (ttt )”—t; te, 
= (t,4-t,)?—tgt st 3tsti— 3tik, (ta +t). 
‘Since V= tt, V= R (1—t,), %=1, and tye —g, + 2=t;+t,, the transfor- 
mation takes the form 
ayo = (tot 2H 2) — 2d, 
aY = (Lo— 2H Wy)? — LT y 
7 QY = (Ly +H Ly — 0g)? — TT - 

The conics y;=0 are on the point (1,1,1). Sets of three points x correspond- e 
ing to one y are three variable intersections of this net. 


The Quartic Curve and its Inscribed Configurations. 


By H. BATEMAN. 


§ 1. Introduction. 


Whereas the geometry of a planar cubic 2urve can be regarded as fairly 
complete, that of the quartic is far from being so. It is true that the present 
knowledge of the properties of the curve is very extensive, as may be seen 
from the admirable article by G. Kolm and G. Loria in the “Encyklopidie der 
Mathematischen Wissenschaften”;* but there are several important questions 
which have still to be answered. Some of these are mentioned in Ciani’s recent 
report.+ At present the most useful form for the equation of a general quartic 
is that obtained by regarding the curve as the envelope of a family of conics $ 


WS, +228, +5,=0, 


where å is a variable parameter. This form, however, is unsuitable for a dis- 
cussion of the invariants and covariants of the curve. A canonical form con- 
sisting of the sum of the fourth powers of five linear functions can not be used 
for this purpose, for Clebsch § has shown that the equation of a quartic curve 
can be thrown into this form only when the invariant B (the catalecticant) 
vanishes. The sum of six fourth powers is a possible form, || but the equation 
of. the general quartic can be reduced to this form in œ? ways. It is easy to 
deduce from this equation that three corners of the hexagon given by the six 
linear forms form an apolar triad with regard to the quartic, and that the sides 
of two such hexagons touch a curve of the third class; but the equation is not 
adapted to a simple discussion of other geometrical properties of the curve. 
It has been found by experience that it is convenient to have a number of 
typical forms for the equation of the curve, each form being appropriate for 
the study of the properties of the curve relative to some inscribed configuration. 





* Bi. III 2, Heft 4 (1909), pp. 517-370. 

+ “Le curve piane di quart’ ordine,” Giornale di Matematiche, t. 48 (1910), pp. 259-304. 

t G. Salmon, “Higher Plane Curves,” Dublin (1852), p. 196. 

§ Orelle’s Journal, Bd. 59 (1861), p. 125. 

|| Rosanes, Crelles Journal, Bd. 76 (1373), p. 329. Scherrer, “Progr. Frauenfeld,” p. I7. Scorza 
Annali di Matematica (3), t. 2 (1899), p. 329. 3 
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In some cases the existence of the configuration implies that the quartie curve 
is not general. Such cases are studied here in detail so as to prepare the way 
for the determination of the relations between the invariants which correspond 
to each particular case. A complete system of rational invariants of the general 
quartic curve has not yet been obtained in a form which is easy to use; but, 
thanks to the labors of Salmon,* Clebsch,+ Maisano,t Gordan, § Caporali, || 
Pascal f and Emmy Noether,** considerable progress has been made. In par- 
ticular, Pascal has obtained criteria for certain types of degeneration, and 
Noether has constructed a relatively complete set of forms. Drs. Morley and 
Conner +t have found the relation which connects the invariants A and B when 
the curve.contains oo! configurations of fifteen points lying by threes on, twenty. 
lines, while Caporali has obtained some of the relations which are characteristic 
of certain other special types of curves. oe : 
A result of considerable importance for the invariant theory has been ob- 
tained by writers on Abelian functions of genus 3.{¢ It follows from the’ 
- work of Riemann and Schottky that the invariants of a quartic curve can be ex- 
. pressed rationally in terms of six fundamental quantities which can be regarded 
as irrational invariants of the curve. In particular, the twenty-eight bitangents 
ean be represented by equations in which the coefficients are rational functions 
of the six fundamental quantities.§§ Cayley has shown that the quartic curve 
possesses a double point when the irrational invariants are connected by a 
certain relation. The Abelian theory has been further developed by Klein, |||| 
Wirtinger,{{ H.F. Baker*** and J. E. Wright.ttt Frobeniust{{ has obtained 
similar results by algebraic methods. In his second memoir he starts with 





* “Higher Plane Curves.” 
_ t Loo. cit. $ ‘ 
t Giornale di Matematiche, t. 19 (1881), p. 198. 
', § Math. Ann., Bd. 20 (1882), p. 487. 
|| “ Memorie di Geometria,” Naples (1888). 
T Napoli Atti (2), t. 12 (1905), p. 1. 
** Orelle’a Journal, Bd. 134 (1908). 
. Ff} AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXI (1909), p. 263. 
it B. Riemann, “ Werke,” 2d edition, p. 487. H. Weber, “Theorie der Abel’schen Functionen vom Ge- 
schlecht drei,” Berlin (1876}. F. Schottky, “Abriss einer Theorie der Abel’schen Functionen von drei | 
Variabeln,” Leipzig (1880); also Acta Mathematica, t. 27 (1903). Berlin Berichte (1910). 
§§ See also A. Cayley, “Collected Papers,” Vol. XI, p. 221; Vol. XII, p. 74. R. de Paolis, Mem. 
Lincei (3), 2 (1878). : 
iil] Math. Ann., Bd. 10 (1876). 
TT “Untersuchungen über Thetafunktionen,” Leipzig (1895). Math. Ann., Bd. 40. 
*** Multiply Periodic Functions,” Cambridge (1907). 
++} AMERICAN JOURNAL OF MATHEMATIOS, Vol. XXXI (1909), p- 271. 
Itt Crelle’s Journal, Bd. 99 (1886); Bd. 103 (1888). 
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Hesse’s method* of deriving a general quartic curve from a net of quadric 
surfaces touching eight associated planes. He uses the symbol, fays to denote 
the determinant formed from tke homogeneous coordinates of four of these 
‘planes, and shows that the thirty-five ratios fernur : fogg Can be expressed 
rationally in terms of the sixteen ratios fiare t fonga: (A = 4,5, 6,7), in which 
the suffixes 8, y, can denote any three of the numbers 0, 1, 2,3, and the 
numbers 0,1,2,....,7 are used to denote the eight associated planes. Now, 
these sixteen ratios form an orthogonal matrix, on account of the existence of 
relations of the type 


> fray fre pry’ = 0, (2 = 4, 5, 6,7; a$ a’, 8 + B, yEy), i 
and can consequently be expressed rationally in terms of six fundamental 
quantities with the aid of Cayley’s formule for the coefficients of an orthogonal 
linear transformation.t Frobenius remarks, however, that it is more con- 


freys 


venient to retain the quantities =“, in spite of the relations between them, 


0123 
and to regard these as the fundamental irrational invariants of the quartic. 


‘He shows in particular that, if £as, (a, 8 = 0,1, . .. ., 7), are twenty-eight linear 
forms which, when equated to zero, give equations of the bitangents, we have 
relations of the type & fg,s, an= 0, connecting the forms belonging to four 

A 


bitangents of an Aronhold system. The summation extends over the values 
of à which differ from a, £, y, ò. l 


An important consequence cf this result is that, if we know the equations, 


of seven bitangents of an Aronhold system, we can determine a set of irrational 
invariants. - Now, the properties of a quartie 2urve in relation to an Aronhold 
system of bitangents may be discussed very conveniently with the aid of a 
(1, 2) transformation ¢ in which the lines of a plane X’ correspond to a net of 
cubics through seven fixed points in a plane X. A point P’ in X’ consequently 
corresponds to a pair of points P,,.P, in X,.and when these come together, 
P’ lies on a quartic curve$ which is called the limiting curve (Grenzkurve, 
Uebergangskurve) || of the transformation. The seven base points in the plane X 
correspond to seven bitangents of the limiting curve L, and these bitangents 


form an Aronhold system, It is important to notice that in many cases these 





* Crelle’s Journal, Bd. 49 (1855). 
f Orelle’s Journal, Bd. 32 (1846), p. 119. ‘Collected Papers,” Vel. II, p. 133. 
$ A. Clebsch, Math. Ann., Bd. 3 (1871). M. Noether, Erlangen Berichte, 10 (1878). München Abh. 
° (1889). R.de Paolis, loc. cit. G. Frobenius, loc. cit. L. Cremona and G. Battaglini, Atti R. Ace. d. Linc. 
(3), II, p. 152. i 
§ S. Aronhold, Berlin Berichte (1864). i ; 
j| Also called the synoptic curve. Miss C. A. Scott, Querterly Journal, Vol. XXIX. 
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bitangents can be derived from the seven base points by a correlation between 
the two planes, and so the work of calculating Frobenius’s irrational invariants 
is much simplified. 

In this memoir we shall endeavor to prepare the way for a discussion of 
the conditions that a quartic curve may be of a particular type by looking for 
a (1,2) transformation which has the species of quartie curve as limiting curve. 
The appropriate transformation has already been found in a number of cases. 
It is known, for instance, that the quartic curve L has a double point when 
three of the base points lie on a line or when six lie on a conic.* L consists 
of two conics when six of the base points are at the corners of a complete 
quadrilateral; it consists of four straight lines when six of the base points 
are consecutive in pairs and the lines joining the three pairs mect at the 
seventh base point. The conditions on the seven points usually take two or 
' more alternative forms, for it should be noticed that the limiting curve L is 
unaltered when the net of cubics in the plane X is transformed into another 
by a quadratic Cremona transformation with base points at three of the seven 
points. 

We shall prove in this memoir that the Liiroth quartic arises ‘from a 
(1, 2) transformation in which the seven base points have the same polar lines 
with regard to a conic and a cubic. When the cubie breaks up into three 
straight lines, the desmic quartic is obtained; this gives a simple verification 
of Schur’s theorem + that the desmic quartic is a particular case of Ltiroth’s 
quartic. 

The known fact that Liiroth’s quartic can be derived from eight asso- 
ciated points which are the poles of a plane with regard to a cubic surface, t 
is next used to obtain a construction for seven points which have the same 
polar lines with regard to a conic and a cubic. The desmic ee arises when 
the plane meets the cubie surface in three lines. : 

A (1, 2) transformation is next set up by mapping the- Neer of a twisted 
cubic in space on the points of a plane. The two points: in which a chord meets 
a fixed quadric then correspond to the point in the plane which is associated 
with the chord. The (1,2) transformation between two planes is finally ob- 
tained by mapping the quadric surface on a plane by stereographic projection, 
using one of the points in which the quadric is met by the twisted cubic as 
vertex of projection. 





* Also when two of the points come together, 
+ Crelles Journal, Bd. 95 (1883). 
-4 W. Frahm, Wath. Ann., Bd. 7 (1874). E. Toplita, Math, Ann., Bdy 11 (1877).s 
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A transformation which gives rise to a desmic quartic is obtained in this 
way. The representation also leads to a notaole property of a quadratic com- 
plex of lines which contains all the lines joining five points on a twisted cubic. 
It also leads to the consideration of a type of uninodal quartic containing ot 
configurations of ten points lying by threes on ten lines, and to’a new proof of 
the theorem* that a plane section of Weddle’s surface contains œ: configura- 
tions of fifteen points lying by threes on twenty lines. 

The method, due to E. Godt + and E. Timerding,}{ of deriving a quartic 
curve, and in fact a (1, 2) transformation, from a general Cremona quadratic 
transformation between the lines of a plane is next studied; and quadratic 
transformations are found which give rise tc the Liiroth and desmic quartic | 
respectively. i 

Klein’s quartic is next obtained as thə limiting curve of a (1, 2) trans- 
formation; and a set of eight associated points in space, from‘ which the curve 
can be derived, is deduced from this result. The known equations of the 
twenty-eight bitangents of Klein’s quartic are obtained by a simple method. 

Dr. Coble§ has extended the known reduction of the equations of a point 
conic ahd line conic to the sums of three squares. His extension relates to a 
point quartic and a line quartic. Two sets of six conics take the places of the 
sides and vertices of the common self-polar triangle, and each quartic is conse- 
quently represented as the sum of the squares of six quadratic forms. Now, 
it seems natural to try to extend other simplified forms of the equation of a 
conic to a quartic curve. An extension of the equation of a conic referred to 
a circumscribed triangle leads to the known form 


Vai, t, + VY Yz + VE, 2 =0 
of the equation of the general quartic curve. The corresponding generalization 


of the equation of ‘a conic referred tc an inscribed triangle leads to the problem 
of reducing the equation of the general quartic to the form ` 


Yr Yo Zo T By Zg Ly Le + Lı Vo Yy Ya = O. 
This problem is shown to be equivalent to tkat of finding a triangle which is 
inscribed in a given cubic and circumscribed to a given conic; and, in general, 
this problem possesses a limited number of solutions. In a special case, how- 
ever, 01 quadrilaterals can be circumscribed to the conic and completely in- 








* H. Bateman, Proc. London Math. Soc., Ser. 2, Vol. III (1905). Morley and Conner, lac. cit. 
+ © Dissertation,” Gottingen (1873). Clebech-Lindemarn, “ Vorlesungen,” p. 1007: 

+ Math. Ann., Bd. 53 (1900), p. 193. 

§ Trans. Am. Math. Soc., Vol. IV (1803). 


362 BATEMAN: The Quartic Curve and its Inscribed Configurations. 


scribed in the cubic. I have shown that in this case the corresponding quartic 
curve is a desmic quartic. ` 
It is known that Caporali’s quartic possesses œ% t sets of twenty-four points 
with the property that each set can be divided into a group of three quartets 
such that any two quartets belonging to different groups lie on a pair of lines. 
Now, I have discovered a second type of quartic curve containing œ! sets of 
twenty-four points possessing the same property, but these configurations of 
twenty-four points have other properties which differ from those possessed 
"py the configurations inscribed in Caporali’s quartic. 
The parts of the thesis which have been reserved for later publication 
are devoted to the following topics: — 
1) The analytical study of Hesse’s configuration. 
2) Discussion of the case “D” with the aid of elliptic functions. 
3) A set of eleven points in a space of four dimensions with the property 
that each point is the vertex of a quadric cone passing through the 
other ten. i 
4) A new property of the fournodal cubic surface. 
5) A diagram showing the twenty-eight bitangents of a quartic curve, 
with their symbols in Hesse’s notation. 


§ 2. Litiroth’s Quartic. 


Liiroth* has shown that a quartic curve which passes through all the 
intersections of five lines is not general, for it is the covariant S of a quartic 
of Clebsch’s type, i. e., a quartic whose equation can be expressed as the sum 
-of five fourth powers; and since this type of quartic depends on only thirteen 
constants, it follows that the equation of Ltiroth’s quartic involves only thirteen 
independent constants. Lüroth has shown, moreover, that when one pentagon + 
is known to be completely inscribed in a given quartic curve, there are oo! pen- 
tagons with the same property, and their sides.all touch a conic. } 

A particular (1,2) transformation which has the Ltiroth quartic as limiting 
curve may be obtained as follows: 

Let a point P correspond to the two points Q, Q’ in which the polar of P 
with regard to a conic C, meets the polar conic of P with respect to a cubic C,. 
There is evidently a (1,2) correspondence between P and Q; for when Q is 
given, P is the point of intersection of the polar lines of Q with regard to the | 








* Math. Ann., Bd. 1 (1869), Bd. 13 (1878). 

+ I use the word “pentagon” here to mean the figure formed by five lines; it has ten vertices. 

$ See also Darboux, “Sur une classe remarquable de courbes et de surfaces algébriques,” Paris 
(1896), p. 166. W. K. Clifford, “ Math. Papers,” p. 205. 


Bateman: The Quartic Curve and iis Inscribed Configurations. 363 


conic and the cubic. - To find the locus of P when Q and Q’ come together, we 
take the equations of the cubic and the conic in the forms * 
(aa) =0, (62°) =0, (£) =0, 
where the symbol (ax?) is used to denote the sum of four terms with different 
suffixes. The four lines z, 2, £4, %,==0 are the common tangents of the o! 
conics apolar to C, and C,; they form a quadrilateral whose six corners lie on 
the Hessian of C,. Let (41, Y2, Yz, Y4) be the coordinates of P. Its polar with 
regard to C, is (byw) = 0, and its polar conic with regard to C, is (ayx?) =0. 
When Q and Q’ come together, the line QQ’ touches this polar conic at the 
point Q (215 225 Zas 2)s and so its equation must be equivalent to (ayes) = 0. 
Since (x) =0, we must have a set of relations of the type 
4,Y,2,=4b,y,+u, (r=1,2,3,4). 
- Using me relations (2) =0, (byz) =0, we find that 


C) EDC 
H-O 


2 2 l : 
Putting (A 4- (È) a;y,;=0, and using the symbol [c] to denote the sum of 


Hence, 


five terms with different suffixes, we see that the locus of P, when @ and Q’ 


come together, is the Liiroth quartic [5] = 0. Since the equation of the 


Hessian of C; is a = 0, it appears that the Hessian H, touches the Liiroth 


quartic L at the six corners of the quadrilateral. 

This indicates a method by which a suitable C, can be determined when L 
is given. Since there are œ pentagons completely inscribed in L, it appears 
that there are œ suitable C,’s. 

Returning to the transformation, we notice that, if P describes a straight 
line (Ey) =0, the two corresponding’ points Q describe a cubic curve whose 
equation is obtained by eliminating y,, y., Yz, Yı from the four equations 


(y)=0, (y)=0, (by%)=0, (ays) =0. 
It is easy to see-that the equation of the cubic can be derived from that of the 
eline by writing 











, * A reduction to these forms is given by R. A. Roberts, Proc. London Math. Koc., Ser. 1, Vol. XXI 
(1889), p. 62. 
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Y, = Gg by My U5 — A, bz U5 Dy + Ay by 23 Hy — a, bat, U4 + A, ba L 84 — Az b, 03 04, 

Yo = A by Bg BI — Ag b, 138, + agba 03 By — A bg £a 04 + a,b. ©, Dy — 4, b, i D, 

Yz = z b, £, 23 — A; by Bim, + a,b, 2ta, — ab, 0, 03+ Oy bo yi — Oy b, 25 Wy, 

Y, = Ue Dg L3 Ly — A, b, La 0% + Azbi x3 a, — a,b, 0,207 + a,b, wi x, — a,b, x, 23 ; 
and these are the equations of the transformation. 

The cubic curve corresponding to a given line ¢ can be generated by the 
points of intersection of corresponding members of a pencil’ of conics and a 
pencil of lines. The conics are the polar conics of points on ¢ with regard to 
C,, and so pass through the four poles of t with regard to C}. The lines are 
the polars of points on ¢ with respect to C,; they all pass through T, the pole 
of ¢ with respect to C,. This point T evidently lies on the cubic t, corre- 
sponding to ¢, and the four tangents from T to 7, are the polars with respect 
to C, of the four points in which ¢ meets L. Hence, the invariant of Tz, i. e., 
the cross ratio of the four tangents which can be drawn to it from any point 
of the curve, is equal to the cross ratio of the four points in which t meets L. 

The four cubics y, = 0, y, =0, ys =0, y, =0 all pass through the seven 
points which have the same polar lines with regard to C, and C,. These 
seven points are the base points of the (1, 2) transformation; and their corre-. 
sponding lines, i. e., their polars with regard to C,, are by a well-known 
theorem bitangents of the limiting curve L. Hence, we have tke following 
theorem: 

The seven points which have the same polar lines with regard to a conic O, 
and a cubic C, are such that these polar lines form an Aronhold set of bitangents 
of a Liroth quartic. 

It appears from this result that the seven points can not be chosen arbi- 
trarily; they depend on thirteen independent constants instead of fourteen. 
This would not be expected à priori, because an arbitrary cubic and conic give 
fourteen arbitrary constants. 

It is not easy to find the relation between the seven base points, At Prof. 
Morley’s suggestion I have considered the cubic C, and two points as given, 
and found the locus of the other five. 

Take the two given points and the intersection of their polar lines with 
regard to C, as corners of the triangle of reference. The equations'of C, and 
C, then take the forms 

p=ax +by +e +3 fyer +3 gyl +3kzr + 3le°y+b6nxayz2=0), 
p= + bgy + efe +2fgyz=0, OEE. 
where à is arbitrary. The possible conics C, all have double contact at two 
points on the line z = 0. 


. 
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A point (x, y, 2) has the same polar line with regard to C, and C,, if the 
three derivatives of @ are proportional to the three derivatives of ~; hence, 
it lies on the two cubic curves l 


flgy + cz) (le +by+ge+2fyz2+ 2nen) 
=g(by + fz) (ke + fy +e +2gye + onoy); 
ac(letbytge2+2fye+2nzx) 
=g (by + fe) laz + 2nyz+2kes-+2ley). 
The first equation does not contain à, and so represents the required locus 
when two points and C, are given. The locus is a cubic curve which circum- 
scribes the triangle of reference and passes through the four poles of «= 0 
with regard to C,. It also passes through the two points in which the polar 
conic of one of the given points meets its polar line. Since the term in vyz 
is absent from the equation, it appears that the corners of the triangle of 
reference form a conjugate triad; i. e., the mixed pclar of two points passes 
through the third. It is clear that this cubic locus is the cubic r, corresponding 
to the line x =0 in the transformation. The associated point T is the point 
y=0, 2=0, and this point is coresidual to the seven base points of the trans- 
formation. 

If in the previous notation the equation of C, is (ax*)=0, where (%)=0, 
and (Yi, Yo. Yas Us)> (21) Zas £3, 24) are the two given points, the equation of the 
locus is 

(aay?) (aaz) (aye?) = (axe) (ary) (ay*z). 
This equation was obtained by Professor Morley. = 

Returning to the previous work, we notice that as 4 varies the second 
equation represents a pencil of cubics which pass through four fixed points on 
Tz, Viz., the two given points and the two points in which the polar conic of one 
of pigs points meets its polar line. It appears, then, that the different possible 
sets of five points associated with the two given ones and C, are cut out by a 
pencil of cubics through four fixed points on T}, and so form an involution on t}. 


§ 3. Derivation of the Desmic Quartic from a (1,2) Transformation. 

Let us now consider the case when the cubic C, consists of three straight 
lines. Taking these lines as sides of the reference triangle and using the . 
equation of the conic in the form 

. F = (a,b, 6, f, 9, ha, y, 2)? =0, 
we find that the polar conic of a point P (X, ¥, Z) with regard to the cubic is 
Xye+Y¥ent+Zay=0, 
46 
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while the polar line of P with regard to the conic is Va+Vy+We=0, 
where U=aX+h¥ + 924, V=hAX4+b6Y4+fZ, W=g9X+fY+c0Z. 
The line touches the conic if 


VXU+ VYV+ VZW =0. (1) 
This, however, is Humbert’s equation fora desmic quartic curve.* It evidently 
represenis a quartic curve having the lines X = 0, Y=0, Z=0, U =0, V=0, 
W =0 as bitangents. Now, when X=0, we have bY?=cZ?; hence, it appears 
that the points of contact of the three bitangents X = 0, Y=0, Z =0 are the 
corners of a complete quadrilateral whose sides are the lines 

XVa+¥Vb4ZVc=0. 

Humbert has shown that there are altogether six triads of bitangents of the 
curve which possess this property. The lines U =0, N= =0, W=0 form 
another of these triads. 

It should be mentioned that since a, b, c, f, g, h are quite ‘arbitrary, the 
equation we have obtained represents the general desmic quartic, and so we 
have the result that the desmic quartic may be derived from a transformation 
associated with a conic C, and a cubic C, which consists of three straight lines. 
This gives a simple verification of Schur’s theorem that the desmic quartic is 
a particular case of Liroth’s quartic. This result may also be deduced from ' 
Humbert’s remark that the sides of the quadrilateral formed by the lines (1) 
meet the quartic again in collinear points. This remark also enables us to prove 
that there are more than one system of pentagons completely inscribed in the 
desmic quartic; for, if we can show that the quadrilaterals belonging to two 
triads of bitangents do not touch a conic, we can be sure that the pentagons 
‘derived from these quadrilaterals by adding an associated line, belong to 
different systems. Now, in'the case of the two triads of bitangents whose 
equations have already been obtained, the sides of the two quadrilaterals are 
given by 

XVa+=¥Vb4zZVc=0, UVbe—f?+V Veca—g? +W Vab—h?=0. 
Conies touching the sides of these quadrilaterals have equations of the types 
1X?+mY¥?+nZ?=0, aU? +uV?+r7W?=0, 
respectively. 
These equations are the same only if 
Agh+ubf+vrfe=Agat+ufh+veg=Aaah+uhb vre 0; 
ie, if 
gh? (f?—be) +abfg (ch—fg) +cahf (bg—hf) =0. 


* Liouvilles Journal, t. € (1890), p. 423. 
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Since this equation is not generally satisfied, we must infer that there are 
different systems of pentagons associated with the two triads of bitangents. 
Now, Humbert has shown that there is an equation of the form (1) associated 
with any two of the six triads of bitangents; hence, wə are led to the conclusion 
that there are at least six different systems of pentagons completely inscribed 
in the desmic quartic. 

To determine the nature of the involution on the conic touching the sides 
of all the pentagons of one system we us2 Darboux’s method. Let y? = «xz be 
the equation of the conic; then the equations of the five sides of a circumscribed 
pentagon may be written in the form l 

as + 2ay+e=0, (s =0,1,...., 4). 
If now we put 
_a@at2ay+e as 
. | a Fla) $ (e=1,...., 4), 
where f(a) =(a—a,) (a—-a,) (a — a) (a—a,), the condition (x) =0 is satisfied. 
‘The equation of a desmic quartic derived from a cubic C, consisting of the 
three lines (£?) = 0 and the conic C, whose oie is (bæ?) =0, is easily found 


to be 
| (bt) £) N 


Taking (b?2) = 0 to be the line a, and noticing that (b) is arbitrary since any 
multiple of (x) can be added to (b’x) without altering the equation of the 
quartic, we find that this equation takes the form 


$f (a) a 
astay tz avt+2nqy+eZ 
Introducing Darboux’s coordinates 7:2y:2=1:0+ 6:66, we find thet the 


equation may be written in the form 


T 





=0. 








Hence, the pencil of quintics giving the parameters of sets of five, tangents 
which intersect on a desmic quartic is of the form 


$ f (a,) ; 2 = i 
(ao z 9) f (0) [2 EM A +n] =0, 
where u is a variable parameter. 


The desmic quartic is also obtained when the cubic C, and the conic C, 
are represented by. the equations 


P+ y+ + meye = 0, oat + byt +02" =0, 
respectively. 
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The polar conic and polar line of (X, Y, Z) are now 
xX (a? + 2mye) +Y (yy +2 mes) + Z (e +2mey) = 9, 
aXæ+bYy+cYz=0, 
respectively. The conic touches the line if 
a? X* (YZ — m X?) + bF? (2X — m Y?) + c? Z* (XY — mZ?) 
+2b¢eVYZ (mY Z—mX*) + 2¢aZX (m’?ZX— mY?) ~ 
+2abXY (m’?X¥—mZ’) =0, 
= [(a@®—2mbc)X + (b2 —2mca)Y + (CP? —2mab)Z\ XYZ 
= m? [a Xt + 6? Y*+ e Z*—2beY’?Z*—2¢caZ*? xX? —2ab X Ye]. 


This, however, is one of Humbert’s equations for a desmic quartic. ‘The lines 


X=0, Y=0, Z=0 are bitangents whose points of contacts lie at the corners 
of the quadrilateral formed by the four lines 


VaX+ VOY + VceZ=0. 

It appears, then, that if we want the (1,2) transformation to give rise to a 
desmic quartic, it is not necessary for the cubic C, to break up into three lines. 
§ 4. Derivation of the (1, 2) Transformation from Hight Associated Points 

and vice versa.” 


Let a point P hope coordinates are (X, Y, Z) relative to a fixed triangle 
in a plane E be made to correspond to a quadric surface whose equation is 


XS,+¥YS,+Z8,=0, (1) 
where S., S,, S, are of the second degree in the homogeneous coordinates 


‘g, y, 2,t. As P varies, the quadric always passes through a set of eight 


associated points Ao, 4,,...., Age 

‘Let the two generators through A, of the quadric corresponding to P > 
meet a fixed plane M in two points Q, Q’ and consider the (1,2) transformation _ 
by which P is derived from Q. As P describes a straight line, Q and Q’ describe , : 
a cubic curve; viz., the projection of the biquadratic common to a pencil’ of 
quadrics through A,, A,,...., Ap. If a,,~...., @, are the projections of 
A,,.-+.+,A, on the plane M when A, is taken as vertex of projection, the net _ 
of cubics through a,,...., @, is the image of the net of lines in the plane E. 
The points Q and Q’ come together when the quadric corresponding to P is a 
cone, and then by Hesse’s theorem the locus of P isa quartic curve which is 
the limiting curve L of the (1, 2) transformation, 





. * The leading ideas of this section are due to Hesse, Clebsch and Frobenius. See the memoirs 
cited above. 
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If the quadric (1) is always the polar quadric of P with regard to'a cubic 
surface S,, the eight associated points are the poles of the plane E with regard. 
to S,, and L is a plane section of the Hessian. H, of the cubic surface. Now, 
when the equation of S, is written in Sylvester’s canonical form (as)? = 0 of 
the sum of five cubes, the equation of H, is (1/axz) =-0, and it appears that 
any plane section is a Ltiroth quartic. 

The Liiroth quartic can be derived by Hesse’s method from eight associated 
points which are the poles of a piane with regard to a cubic surface.* 

The condition to be satisfied in order that three quadrics through eight 
associated points. may be polar quadrics of three points with regard to a cubic 
surface is discussed by Téplitz.t ‘The invariant A must vanish. 4 It appears 
that neither the cubic surface nor the three poles are uniquely determined 
when A=:0. The plane of the three poles and the five planes associated with 
the canonical form of S, osculate a twisted cubic.4 Dr. Coble has shown, with 
the aid of Téplitz’s invariant, that when six of the eight points are given, the 
other two lie on a quartic surface. 

To deduce an equation for Liiroth’s quartic from Frahm’s result, we take 
four poles of the plane E as vertices of the tetrahedron of reference. If, now, 
the equation of the cubic surface. is 


(a, b, c, d, f, 9, h, k, l, m, u, ay V, B, w, 70,4, T, s{x, y, 2, t)® = 0, 
the polar planes of the corners of the reference tetrahedron coincide with the 
. plane X+ Y+Z+T=0, if l 7 l 
a=l=k=u m=b=f=v, h=-g=e=w, a=ß=y=d. 

The equation of the polar quadric of an arbitrary point (X, Y, Z, T) of this 
plane is now found to be 

X[(s—p)yz+ (a—q)zx+ (a—r}sy+ (a—d)æt-+ (r—d) yt + (q—d) zt] 
» +¥[(b—p)ye+ (s—q)ex+ (b—r) xy + (r—djat+(b—d)yt+ (p—d)at] 
- tZ[(e—p)ye+ (c—q)ex+ (s—r)xy+ (q—d)} at + (p—d)yt+ (c—d) zt] = 0. 
This represents a cone if 

[X(s—p) +¥ (b—p) +Z (c—p) ]* [X (a—d) + ¥ (r—d) +Z (4—4) ]}* 
+ [X(a—q)+¥(s—q) +Z (c—q) ]* [X(r—d) +Y (b—d) +Z (p—d)}]* . 
+ [X(a—r) +Y (b—r) +Z (s—r) ]? [X(q—d) +Y (p—d) +Z (cd) J+ = 0. 








* W. Frahm, Math. Ann., Bd. 7 (1874). i 

} Math. Ann., Bd.11. See also H. S. White and Miss K. GQ. Miller, Bull. Amer. Math. Soc., Vol. XV 
* (1209), p. 347, 

} Cf. Salmon’s “Geometry of Three Dimensions,” 4th edition, pp. 209-210. 

§ A. C. Dixon, Proc. London Math. Soc., Ser. 2, Vol. VII (1909), p. 150, -Téplitz, loc. cit. 
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Hence, this is an equation for a Liiroth quartic. The six lines obtained by 
. equating the square brackets to zero are bitangents of the curve. 
The tangent plane to the quadric (2) at the point X =Y=2Z=0 or A, 


etl E+ =o, where F=(a—d)a"+ (0—d)y? 


+ (c—d) 2+2(p—d)yz+2(q—d)ex+2(r—d)xy=0; and this is the polar 
plane of (X, Y, Z, T) with regard to the quadric cone F = 0. 

Hence, if we make the plane M the same as E, it appears that the point P 
corresponds to the two points Q, Q’ in which its polar plane with regard to the ` 
cone meets the section of its polar quadric with regard to S,. 

Let C, be the section of the quadric cone and C, that of the cubic surface S; 
by the plane E; then the tranformation is clearly derived from C, and C, by the 
method of § 2. The seven base points @,, d,,..... , @, consequently have the same 
polar lines with regard to C, and C,; hence, we have the following theorem: 

If we project from one of the eight poles of a plane with regard to a cubic 
sur face, the other seven poles project into seven points which have the same 
polar lines with regard to a conic and a cubic. 7 

Taking each of the eight poles in turn, we find that there are eight en 
hold systems of bitangents of a Liiroth quartic which possess the property of 
being the polar lines of seven points with regard to a conic and a cubic. Weare 


is easily found to be X 





not justified yet in asserting that every Aronhold system of bitangents possesses ` 


this property. 

To obtain a set of aishi associated points A,,...., A, When Qj, ..:., Qr 
are given, we proceed as follows: It is known, that eight associated points are 
the vertices of two tetrahedra which are self-polar with regard to a quadric.* 
Consequently, if one of these tetrahedra be chosen as tetrahedron of reference, 
the coordinates of the vertices of the other can be represented: by 

(is Yas Zis i)o (Bas Yas Zos ba), (Bas Yas Zas by), (Las Yas Zarba) 
where the relations of the type l 
. UL, L HVY Y HWZ +Hkt t =0, . (rs), 
are satisfied. By using the known properties of an orthogonal matrix, we may 
‘deduce a these six zona of the type 


Soris E E AA E AE È 0,2, = Sa, LY, a |e 
1 1 1 1 f d 


Now let t=0 be the plane containing the seven points a,, ...., a,, and let 
three of these points be at the corners of the reference tetrahedron. Thee 
coordinates of the other four may then be represented by _ 








* Hesse, “ Analytische Geometrie des Raumes” (1861), 3d edition, Leipzig (1876), p.-214. 
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(21, Yis 2159), (T25 Yor 2, 9), (£s, Yas 23,0), (T3, Yas Zas 9). 


When these are given, our six equations determine the ratios of (a4, as, 3, &4) 


and of (ti, ta, tz, t,) uniquely. Hence, when a,,...., a, are given, we can 
calculate Frobenius’ irrational invariants for the associated quartic curve, and 
if we know the relation between a,,...., a, for a particular type of quartic, 


we can (theoretically) find the corresponding relation between the eight 
associated points. 


§5. Derivation of a (1, 2) Transformation by Mapping the Chords 
of a Twisted Cubic on a Plane. 


Let the polar planes of a point P with regard to a pencil of quadrics meet | 
` jinalinel. This line meets a given quadric S in two points Q, Q’ which may 
be said to correspond to P. If, moreover, P is restricted to lie in a certain 
plane X, there is generally only one position of P for a given position of Q, 
for the polar planes of Q with regard to the quadrics of the pencil intersect in 
a line J] which meets X in P. There is consequently a (1, 2) transformation 
between the points of the plane X and the-points of the quadric S. If P moves 
along a straight line, the corresponding line / generates a quadric surface which 
meets S in a biquadratic C,. This curve C, passes through six fixed points 
A,,...., Ag on S, viz. the points in which S is, met by the twisted cubic K, 
which is the locus of the poles of X with regard to the quadrics of the pencil. 
If now we project the points of S on a plane Y, taking A, as vertex of 
projection, the biquadratics C, project into cubics through seven fixed points, 
viz., the projections of A,,...., A, and the two points where the generators 
through A, meet F. te 
The two points Q, Q’, and consequently their projections on the plane Y, 
come together when the line / touches S; anc then the locus of P is a quartic 
curve L, the limiting curve of the (1,2) transformation between the two planes 
X and Y, or between X and S. The twenty-eight bitangents of L are derived 
from the six points A,,....,-4,, the twelve generators through these points and 
the ten pairs of plane sections of S which pass through the six points. The curve : 
on S which corresponds to L is the intersection of S with the Weddle surface 
which is the locus of the vertex of a quadric cone through 4,,....,A,; for Geiser* 
has shown that this surface is also the locus of a point Q such that A,,...., 
- As, Q, Q’ form a set of eight associated points. Now, this is what happens in 
the present case; for when Q ang Q’ coincide, the oo! lines through P correspond 











* Crelle’s Journal, Bd. 67 (1867). 
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to œ! quadrics through A,,...., dg, Q, Q’, and since S also passes through | 
these points, it follows that the eight points form an associated set. 

. To find the equation of L, we shall suppose that the pencil of quadrics is 
. given by the equation 


(a+ A)a?+ (b+A)y*+ (C+ Aart (d+A)t=0, | 


where à is a variable parameter. If (X,Y,Z,7) are the ‘coordinates of P, 
the line common to the polar planes of P has coordinates proportional to 


(b—c)¥Z, (c—a)ZX, (a—b)XY, (a—d)XT, (b—4)YT, (c—d)ZT . 


and generates a tetrahedral complex. The condition that this line should touch 
the quadric § is of the fourth degree in X, Y, Z, T. If, in particular, the 
‘ equation of S is 
la? +my?+nz2?+ pt? =0, 
the condition is i 
Lp(b—e)? ¥? Z? + mp(c—a)? ZX + np (a—b)? X? Y? 

+ mn(a—d)? X? T? + nl(b—d)? YT? + lm(c—d)* ZT? = 0. 
If l ' i l 
l = (a—b) (a—c) (a—d), m=(b—a) (b—c) (b—d),` 
n= (c—a) (c—b) (c—d4), p= (d—a)(d—b)(d—c), 
the equation becomes 

(b—c) (a—d) (Y? Z? + X? T?) + (e—a) (b—d) (Z1 X + Y? T?) 

+ (a—b) (c—d) (X? Y? + Ze T?) = 0, 
and represents a desmic quartic surface. The curve L, being a plane section 
of this surface, is a desmic quartic curve. 
If in the general case the equation of the plane X is 
Ea+ny+fz+rt=0, 

the equations of the twisted cubic K, are 


peer meee ere eee AE 
ee Se ea ere. eae 
where à is a variable parameter. Taking two points on the cubic with 
parameters 4 and u, we see that the coordinates of the line joining them are 
proportional to six quantities of the type 
TRE i (d—a) ër 
= (a+a) (a+) (d+a)(d+e)° 
Comparing these with the coordinates of the line /, we see that this chord of K, 
is the line / corresponding to a point P with coordinates (X, Y,Z,7') of type 
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xy _  (a+à)(a—u) 
£ (a—b) (a—ci(a—d)’ 

and this point lies in the plane X. Hence, a point P in the plane X corresponds 
to a chord of the twisted cubic K,. A tangert of the twisted eubie corresponds 
to a point P, of a certain conic C, obtained by putting 2 = ų in the above 
equations. If a point P moves along a tangent to C,, the corresponding chord 
l always passes through a fixed point on K}. Hence, a point on A, is associated 
with a tangent to C,, the chord joining two points on E, with the point of inter- 
section of the two associated tangents. 

It is now evident that the sia bitangents of L which correspond to the 
points A,, A,,...., A, are tangents to the conic C,; they therefore form a 
Brianchon set. . l a 

It should be noticed that the polar planes of a point on K, with regard to 
the pencil of quadrics meet in a line which lies in the plane X and touches the 
conic C,, this is why A, corresponds to a line and not to a single point. An 
interesting theorem may be obtained by considering the case when the chords 
joining five points on K, all belong to & quadratic complex 'R,. It is clear 
from the expressions for the coordinates cf a line J that the points in the 
plane X corresponding to these chords all lie on a quartic curve C,. Now, 
these points are the ten points of intersection of five tangents to C,; hence, it 
follows that the curve C, is a Liiroth quartis: Making use of the fact that 
there are «©! pentagons circumscribed to C, and inscribed in C,, we obtain the 
following theorem: 

If a quadratic complex R, and a twisted cubic KE, are such that a set of 
five points can be found on K, whose joining lines all belong to R,, then wo} 
such sets of five points on K, can be found. l 

There is a similar theorem for a complex of degree n and sets of 2n + 1 
points on a twisted cubic. It should be remarked that the quadratic complex R, 
can not degenerate into the complex of tangents to a quadric surface; for 
a quadric surface can not touch the ten Enes joining five distinct points. We 
have no reason io believe, however, that the complex is of a special type, for 
I have not yet succeeded in finding a relation between its invariants.* It is 
clear that, if one set of five distinct points can be found whose joins belong to 
a quadratic complex, there are at least œ? others; for we may take any one of 
` the œ? twisted cubics on the five points, and there wili be co? sets of five points 
“situated thereon. We can expect that there are œ such sets of five points. 








_ *In the dissertation I suggested that the quadratic complex may be of a special type and contain 
_o sete of five points whose joins belong to the complex. 
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If we reciprocate with regard to one of the fundamental linear complexes 
of R,, we find that when sets of five points exist whose joins belong to R,, 
there are also sets of five planes whose lines of intersection belong to R,, and 
the sets of points and planes are equally numerous. 

It is evident, from what has gone before, that if we reciprocate with regard 
to one cf the quadrics of our pencil, the points on the Liiroth quartic C, corre- 
spond to the planes joining some point on K, to the lines joining the different 
pentads of points on K,. Now, these lines generate a ruled surface R, having 
K, as a fourfold curve, and our theorem tells us that the tangent cone to R, 
from any point of K, is the reciprocal of the Liiroth quartic C, with regard to 
some quadric of the pencil. It can also be shown that any plane section of R, 
can be derived from C, by a suitable quadratic transformation. Let Y be the 
plane of the section; then the transformation under consideration is obtained 
by finding where the line 7 corresponding to a point P in X meets Y. Now, if 
S, 8’ are two quadries of the pencil, there is a correlation between P and the 
line p in which its polar plane with regard to S meets Y; similarly, there is a 
-correlation between P and the line p’ in which the polar plane with regard to S’ 
meets Y. If p and p’ meet in Q, there is a quadratic transformation” which 
` sends P into Q. The base porte in the. plane Y are the points where this 
plane meets K,. 

We shall now make further use of this quadratic E E EA Let 
A,, A,,..-., Ag be six arbitrary points on K,. The lines joining them corre- 
spond in X to the points of intersection of six tangents to the conie C,, while 


~ they meet the plane Y in fifteen points lying on the section of the Weddle sur- 


face having 4,,...., 4, as nodes. This section is a quartic curve which also 
passes through the three base points in which K, meets Y. The quadratic 
transformation consequently sends it into a quintic curve C, with three nodes, 
and this quintic passes through the fifteen intersections of the six tangents to 
C,. New, Darboux has shown that when a quintic C, and a conic C, are such 
that a set of six tangents to C, intersect in fifteen points lying on C,, there are 
oo! such sets. Transforming this theorem, we are led to the conclusion that 
there are œt sets of points B,,...., B, on K; whose joining lines cut out 
a configuration of fifteen points on a a plane section of the Weddle surface 
having 4,,...., A, as nodes. This result has been known for some time.t 

It should: be noticed that the correspondence between a point P of the 
plane X and a chord / of the twisted cubic K, enables us to map the Weddle 








* T. Reye, Zeitschr, fiir Math. u. Phys., Bd. 11. “Geometrie der Lage,” 3d edition, Part II, § 25. 
+ H. Bateman, Proc. London Math. Soc., Ser.2, Vol. III (1205), p.288. F. Morley and J. R. Conner, 
AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXI (1908), p. 263. 
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surface W ona plane by making P correspond to the pair of points in which 
I meets W. The œ? plane sections of W are then represented by trinodal 
quintics which pass through the fifteen intersections of six nee to the 
conic C,. 

The result that there are œ? trinodal quintics through the fifteen points 
is unexpected, as the method of counting constants suggests only 0”. ‘The 
result may, however, be verified as follows: Let a:y:2=1:6:6? be the 
parametric representation of the conic C,; then, if a, da, .-.; % are the 
parameters of the points of contact of the six tangents, and B, Bz, B; are 
three arbitrary parece the equalen 


T (6—a,) ng i@ -— a,) 
(6— 8,)° TAA CETA Te B) Ge b)? ($ — B)? - 


in Darboux coordinates (6,@) represents a quintic curve* which passes through 
the fifteen intersections of the tangents to C, at the points a,,...., a, and has 
double points at the points of interseztion of the tangents at the points 
Bi» Bos Beet 

The theorem can evidently be peaieralived as follows: 

There are œ” curves of degree 2u—1 which pass through the n(2n—1) 
intersections of 2n tangents to'a conic, and have double points at the $n(n—1) 
intersections of n tangents to the conic. 

Let us next consider a set of five points B,, B,,...., B; on the curve K,. 
If 7 is any chord of K,, the twisted cubics that pass through B,, b,,...., Bs 
and meet / generate a surface of the fifth degree S, having K, as double curve. 
This surface has been discussed by Clebsch,t who shows that it can be repre- 
sented on a plane in such a way that the images of the plane sections are 
Liiroth quartics passing through a fixec point T and the ten intersections of 
five lines. The surface S, meets a plan2 Y in a quintie with double points at 
the three base points in which K, meets Y. This quintic F, contains a configu- 
ration of ten points which lie by threes on ten lines, viz., the points where the 
joins of B,,...., B; meet Y; for, since B,,...., B; are triple points of S,, 
the lines joining them lie entirely on the surface, 

The quintic F, is transformed by our quadratic transformation into a Liiroth 
quartic C, passing through the intersections of five tangents§ to the conic C,. 








* Cf. Darboux, loc. cit. 

+ Cf. A. C. Dixon, Quarterly Journai, Vol. XXVI (1893), p. 212. 

Math. Ann., Bd. 1 (1869), p. 253; Bd. 4, p. 249. “See also Sturm, Geometrischen Verwandischaften, 
Bd. 4, p. 315. 

§ The fact that the ten points in which the joins of tive points in space meet an arbitrary plane 
can be transformed by a quadratic transformation into the ten intersections of five lines, has been known 
to Dr. Morley for some time. : 
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Now, since there are œ T E of ten points on C, which lie by fours 
on five tangents to C,, it follows that there are likewise x! configurations of 
ten. points on I, lying by threes on ten lines. Hence, any plane section of S; 
contains «1 configurations of ten points lying by threes on ten lines. 

`- . If the. plane Y passes through the line /, the curve T, breaks up into the - 
line } and a quartic with a double point. Hence, we are led to the conclusion 
that a quartic with a double point can sometimes contain œ% ! confizurations of 
ten points lying by threes on ten lines. The corresponding Liiroth quartic has 
a double point, 

The skew cubic which generates ©, cuts out a series of triads of points on 
T, which, together with the three base points cut out by K,, are all conjugate 
triads* with regard to a certain conic T,. Hence, any such triad of points 
lies on a conic through the three base points, and so transforms into a set of 
three collinear points on C,. These points are, moreover, collinear with a 
fixed point on C,, viz., the point corresponding to the line l. To see this, we 
have only to remark that any generating cubic of S, lies on a quadric through 
Ky, and this quadric contains the line J, since it is met by it in three points. 
The conic through the base points which contains the triad of points cut out 
by this generating cubic consequently passes through the point in which 1 
intersects Y, and so transforms into a line passing through a fiaen point T 
of the Lüroth quartie C,. 

When the generating cubic touches the plane Y, the associated line will 
touch the Lüroth quartic. , Hence, the ten tangents from T to C, are derived 
from the ten generating cubics which touch the plane Y. Now it is clear that 
the ten points of contact of these cubics lie on the conic T,, and are in fact the 
ten points in which T, meets T,. Transforming this result, we find that the 
points of contact of the ten tangents from T to C, lie on a quartic curve with 
three bifleenodes which lie on C,. It follows from the plane representation of 
the surface S, that the point T can be regarded as an arbitrary point on the 
Liiroth quartic C,; hence, we have the following theorem; 


If tangents are drawn to the curve from an arbitrary point T on a Liiroth 
quartic, the ten points of contact lie on a quartic curve with three biflecnodes 
situated on the Liiroth quartic. The lines joining these nodes touch the conic C,, 
and form with the two tangents frum T to C, a set of five lines inter secting in 
ten points on the Lüroth quartic. 





* T. Reye, “ Geometrie der Lage,” Vol. I (1886), p.225. A.C. Dixon, Quarterly Journal, Vol. XXIII 
(1889). G. Humbert, Journal de P École Polytechnique, Cah. 64 (1894). 
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It is clear that the three bifleenodes zan be found at once when T, C, and C, 
are known. The second part of the theorem follows at once when we consider 
the set of five points on K, consisting of the two points in which it is met by / 
and the three points in which it is met by F. 


$6. Derivation of a Quartie Curve from a Quadratic Transformation 
between the Lines of .a Plane. 

E. Godt * and E. Timerding + have shewn that the general quartic curve 
can be derived from a quadratic transformation between the lines of a plane 
by considering the locus of points which lie on their corresponding conics. $ 
Let A,B,C; A’, B’,C’ be the two sets of fundamental points of the trans- 
formation, (č, n, č), (&, 7’, ¢’) the coordinates of a line referred to these . 
triangles; then a point whose equation is 

. Ex+ynyt+tlz=0 
corresponds to a conic whose a equation is 
P a +5 z a =0. 
The point equation of this conic is 
Vas + Vyy ee =, 
Let 

w= 40+by¥+2, yYoat+bhytGz, 2 = aw + byy + Cig 
be the relations connecting the two systems of point coordinates; then the point 
(x, y, 2) lies on its corresponding conic if 


Va (aw + biy +62) + Vy (aw + bay + 0,2) + V2 (a£ + bzy + ¢,2) = 0. 
Comparing this equation with the equations obtained in §§ 3 and 4 for the 


quartics of Liiroth and Humbert, we can easily find the equations of quadratic 
transformations. which lead: to these quartics. 











$7. Klein’s Quartic Considered as the Limiting Curve of a (1,2) Transformation. 
The general equation of a cubic throvgh the seven points P, with coordinates 
Y= 8, Y=, g =e, (v=1,2,...., T), 
where e" = 1, is 
E (a — ye) +n (y — zr) + ¢ (e — ay’) =0. 





* « Dissertation,” Göttingen (1873). Clebsch-Liademanı, “ Vorlesungen,” p. 1007. 
+ Math. Ann., Bd. 53 (1900), p. 193. 


t This method of generation and a number of cthers are included in a general scheme studied by 
Caporali, Memorie di Geometria (1888), anc Segre, Annali di Mat. (2), t. 20 (1892). 
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Consider the transformation 

x Y à — ° Z 
aye yè — er 2— gy?’ (1) 
which makes a line X +Y +ťZ=0 correspond to a cubic curve siok 
the seven points P,. It is evidently a (1,2) transformation whose J acobian 
is the sextic curve J = a y + yž e + a — 3 ay? 2=0. 

To find the limiting curve of the transformation, we must eliminate (2, y, 2). 

from this last equation and the equations (1). We easily find that 


Xe+Y¥a+Zy=0, ` l (2) 








? 








and J =0 is equivalent to Xey + Yy z+ Zegs=0; consequently 
X p Y = Z eee. ee E 2 
z (£z — y) a(ry?— e) y (y2e*— a)’ 2Y sZ yX“ 


- Hence, i 

= t p tT x3 3) 2: Y = 

yrgts 0, or XZ + ¥8X+ Z43¥ 0, 

the equation of Klein’s quartic.* Hence,.the limiting curve L is a Klein quartie., 
The line joining the two points (a, y, 2) corresponding to a given pomt 

(X, Y , 2) is Dani by the equation _ ‘ 


Xe e +Ys+Zy= 0. 


There is evidently a correlation connecting this line and the point (X, Y, Z i 


which will be denoted hereafter by Q. If Q lies on L, the two corresponding: 


points P are consecutive and the line joining them envelops the curve whose 
tangential equation is, 


EC 408 +n E=. 


If P, P: are the two consecutive points, P lies on the curve J, and the’line PP’ 


may be called the principal direction at P. A curve which crosses J at P ina. 


direction different from the principal one, corresponds to a curve which touches 
the limiting curve L at Q.t For instance, a line which meets J in six distinct 
points generally corresponds to a rational cubic touching L in six distinct points. 

To find the equation of this cubic, we take the equation of the line in the 
form 


Ett+ny+f2=0. (3) 





* Klein-Fricke, “ Vorlesungen über die Theorie der elliptischen Modulfunktionen,” Leipzig (1892), 
pp. 675, €78, 701. Bath. Ann., Bd. 14 (1879), p. 428. Haskell, AMERICAN JOURNAL OF MATHEMATICS, 
Vol. XIII (1890). H. F. Baker, “Multiply Periodic Functions,” p..269. E.M. Radford, Quarterly Journal, 
Vol. XXX, p. 263. 

+ De Paolis, lac, cit. 
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This equation and (2) give 
x y z 
nX— CZ ay E=-'x FZ- ay 
Now, Xy + Ye +Z = 0; therefore . 
X(C¥Y—EXP+V (EZ —nY) 4 Z (nk— Z) =0 

is the equation of this cubic. The coordinates of the double point are evidently 
X=, Y=, Z=n; this point is are neanoiaved with the line (3) in the 
correlation already mentioned. 

A line (3) which passes through one of the base, points P, corresponds to 
a rational cubic which breaks up into factors. One of the factors is the line 

eY +e Z+e"X=0, (4) 
associated with the base point P,; this line is a bitangent of L. The other 
factor is a conic 
ce $e Ye eZ? — (ght 2Ene) YZ 
— (7274+ 2yle&") ZX — (E+ 20 & 6) AY =, 
which touches the quartic L in four points. If the line passes through a second 
base point P,, the conic breaks up into a bitangent 
P+ eZ+e*X=0, 
corresponding to P, and a second bitangent 
Er R 4 en V 4 pace H. 








Since an 

Ee’ tye’ tle =0, getta + fe =0, 

the equation of this last bitangent may be written in the form ; . 
(e* — 8) X + (e — e) Y + ete (e — e) =. (5) 

The quartic curve L has seven bitangents with equations of type (4), and 
twenty-one with equations of type (5). Other equations for the bitangents 
and quadritangent conics have been obtained by Klein. It should be mentioned 
that many writers have aS a different system of coordinates in studying the 
properties of the curve.* 

A set of eight associated points in space froin which Klein’s quartic may 
be derived by Hesse’s method, is easily deduced from our set of seven points. 
If we take four of the points at the corners of the tetrahedron of reference, the 
other four points may be represented by 

(1, —0, 1+0, 2041), (1+0, 1,1, =I), (—8, —1, 0, 941), (6,146, 1, 9), 
where 9= e+ ¢ as æ and consequently -+ 0+2 =0. 








* See, for instance, A. Wiman, Stockholm Bihang till Handlingar 21 (1895), N. 3. A. B. Coble, 
AMERICAN JOURNAL OF MATHEMATICS, Vol, XXVIII (1906), p. 333. ‘ 
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§ 8. Reduction of the Equation of a General Quartic to g Special Form. 


Salmon” has remarked that the general quartie curve can be obtained as | 
the locus of the poles of the tangents to a conic C, with regard to a cubic C,, 
or as the envelope of the polar conics of points on C, with regard to C,. 

Let «= 6, y =20, 2=1 be the parametric equations of C,; then the 
equation of the polar conic with regard to C, of a point on C, with parameter 6 
is represented by - 
A=f (6) = 69, +268, +8,=0; 

_ and the envelope of the conic is the quartic curve Q=8,S,—Sj{=0. +. 

If we use.Darboux coordinates (0,p), where ~=09, y=0+9, z=1 are 
the coordinates of an arbitrary point P and (6, @) the parameters of the points 
of contact of the two tangents from P to C,, it follows that the polar conic 
of P, viz., 

N = f (0,0) =098,+ (0+ 9) Sı +5, =0, 
passes through the poles of the two tangents through P to C, with regard to C3, . 
and therefore the points of contact of the two conics f(#)=0, f(@) =0 with 
their envelope Q. 7 

The conic N consists of two straight lines if P lies on the Hessian H of Cy 
and then the two lines intersect in the correspoding point P’ on H. The con- 

_ dition for this is that H (a, y, 2) = 0, or HiO, 6+ 9,1] =0; where H is 
homogeneous and of the third degree, 

We are now led to ask the following question: Can we find three conics 


A=f()=0, B= f(9)'=0, C=f(¥) =0, 
Bich that the points of contact with Q of each of the three pows BC, CA, AB 
lie on two straight lines? — 
The question is evidently equivalent to the following: Can we find a de tangle 
which is inscribed in H and circumscribed to C,? l 
The answer-seems to be that we can generally find two proper tr iangles of 
the required type. For, if we eliminate } from the equations 
H04, 0+4, 1]=0, Hod, +4, 1] =0, 
by means of a determinant, using Sylvester’s method, we are led to an equation 
of the ninth degree in 0 and of the ninth degree ing. The first three rows of, 
the determinant contain only @; the last three rows contain only @. It is clear, 
then, that (@—@)® is a factor of the determinant. Rejecting this factor, we . 
are left with an equation of the sixth degree in 69, 6+ 9, 1, which, when , 
written in the form F(a, y, z) = 0, represents a curve of the sixth degree. 





* “Higher Plane Curves.” See also Gerbaldi, Rend. Palermo (1898) ; Ciani, Rend. Lombardo (1895).. 
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The curves F =0, H —0 intersect in eighteen points, but these do not all 
give rise to proper triangles. If RS is a common tangent of F and C,, 
R being on F, and T is a point in which the other tangent from R to C, meets 
C,;, RRT must be regarded as a degenerate triangle fulfilling the conditions,* 
and so R is one of the points of intersection of F and H. Since C, and H 
generally have twelve common tangents, there are generally twelve points of 
type R. 
' The points of intersection of C, ard H do not give rise to degenerate 
solutions in this case (cf. Clifford, loc. cit.). Since we have only accounted for 
twelve intersections by means of degenerate cases, we must conclude that there 
are six other intersections which give rise to two proper triangles fulfilling 
the conditions. This number agrees with the well-known result for the case 
when the cubic H consists of three straight lines.t Our argument is not quite 
conclusive; it would be more satisfactory if the algebraic work could be-carried 
out in detail. 

There is an important exceptional case in which œ 1 complete quadrilaterals 
can be inscribed in H and circumscriked to C}. Darboux{ and Clifford§ have 
shown, in fact, that if one complete quadrilateral is circumscribed to C, and 
completely inscribed in H, then œt such quadrilaterals can be found. This is 
to be expected, because a quadrilateral inscribed in H and circumscribed to C, 
gives four triangles fulfilling the conditions, and this is more. than the proper 
number ;, consequently there must be an infinity of triangles. 

It will be convenient to call this exceptional case the case “D,” and to refer 
to the special type of quartic which arises from it as a “D” quartic, It will be 
shown presently that this quartic is a desmic quartic. 

In the general case the result we have ‘just obtained may be used to reduce 
the equation of the general quartic curve to the form 


L- AA n 


Dilo YPY Ba ` 
Let us write xix, =f (ẹ, 4), yy: =f (4,0), 22, =f (0, ¢); we can then find 
constants a, 8, y such that . 
Y Ya 2y 2a + B 2i B®, C + Y L, La Yı Yo = s S, — Sj. 
To see this, let us put S,= 1, S,=t, S =t; then the above identity holds if ` 














* Cf. Clifford’s proof of Poncelet’s theorem, “Math. Papers,” p. 17. Clifford makes a few remarks 
* on the present problem, but arrives at a slightly different result. ; 

+ Salmon’s “Conic Sections,” p. 273. The reciprocal theorem is given. 

+ Loe. cit. 

§ “Math. Papers,” p. 205. 
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a(¢-+9)* (+9) (+0) +8 (+e) (+4) (+0) ty (t+y)" (E+9) OO) =0. 

Now, this equation can be satisfied by putting 
a 78, = an 
p—} 4—0 I=’ 
and it is easy to verify that we have eres 
(P—W) Y Yo% e+ (4 — 8) 2, 2,0, % + (O — P) Li 2o Yı Yo 
= (p — 4) (Y — 0) (0— p) (SeS — S$). 
Hence, the equation of the general quartic curve can be expressed in the form 
(p — 4) Yr Yo 21 Za + (H — 0) 2, 23 2, La + + (@—9) Lı Ly YY, = 0. 
If we change the arbitrary constants in 2, y,2,, the equation may be written 
ViY,2,2,+ 2,2,%,3,+2%,4%,7,Y,=0. 


It is clear that the quartic curve passes through the four points of intersection 
of two pairs of lines such as X,X,=0, Y,¥,=0, and that the three pairs of 
lines give rise to twelve points. 
The conics A, B, C now have the simple equations 
Y,Y,+2,2,=0, 2,Z,+X,X,=0, X,X,+¥,¥,=0, 
and it is easy to verify that each of these conics touches @ in four points. 
It should be noticed that the four points in which A cuts X,X,=0, the 


four points in which B cuts Y,Y,=0, and the four porne in which C cuts 
Z, Z, = 0, all lie on the conic 


XX, +Y, F, + ZZ, =0. 
This may be written in the alternative forms 


KAKA 


YY 
t- ap + fe yt git 





=0 
$ , 


(03 — 30,06) Sa — 20,8, + (of —3 6,) S = 0, 


` where 


6,=9+o+%, o=} +40 +09, o =00. 
$9. Configurations of Sixteen Points Inscribed in a Quartic Curve of Type D. 


If, in the case D, 6, 9, +, y are the parameters of tke. points of contact 
with C, of the sides of one of the quadrilaterals, we have six pairs of straight 
lines: 

vw =f ($, 4) =0, yy=f(¥,0)=0, 22, “= f (6, $) =0, 
u U, = f (9, %) = 0, 0, 0,=f (p, x) =0, w,w, =f (b,x) =0. 
The equation of the quartic curve may be thrown into the forms 
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(p— 4) yY 21% + (b—4) 2,2, %,%, + (0—9) 2%, yy, =9, l 

(p — h) VVW, W + (P — YX) W W, T£ + (X — P) MH, VV =0, 

($ — 0) W, Wa U Uy + (0 — X) Uy Me 1Y + (y — 4) y Yz WW = 0, 

(0 — 4) uu, Vi Vs + ($ — x) V1 Vy Ero + (X — 9) 212g W te = 0, 
or into the form 

A Dy Ly Uy Uy + U Hr Ya Ci Vg + V Zy 2g W W = 0, 
where A, u,v are subject to the relation A+u+v=0, but are otherwise 
arbitrary. It should be noticed that 
(p—+}) (0—x) a, Vy Uy Ue + (4—0) (P— X) Y Yo V1 Ve + (0—9) (Y—Z) 2 2, W, w, = 0. 
It is clear that the quartic curve passes through the four tetrads of points 

in which the six pairs of, lines tuz, OUz, WW, Bilz, YiYo, ZZ intersect. 
From what has gone before it appears that the three diagonal points of each 
of these tetrads lie on the Hessian H of the cubic curve C,, while the six pairs 
of lines touch the Cayleyan T, of this eubie. It should be noticed that we have 
the identities ` - 
(p — 4) uu, + (4—0) vv, + (6— G) w, w, = 0, 
(p — X) uue — (P — X) YY + (P— x) 22 =O, 
(4—0) vv — ($ — y) 2&2, + (0 — y) wa, =0, 
(0 — Ẹ) w, w — (0 — x) Tit + (P — X) WY, =0. 
Consequently we may write 


(Y --0) viv, + (9-4) v= Ob — x) 2,2 — (0 — p) ww, = L, 

(p — 4y u u, + (0 — x) BT = (P — X) YY: — (4—0) Vv, =N, 

(0-— 9) Wy W + (4 — x) 42 = (0— x) Lı y — (@—)) uu, = M, 
and the equation of the quartic curve takes the form i 


C E °° 





u 72. T2 
Gong=p a 
(L — M°) =0, 





. v 
EEDE) 
or gL? + pM*?+cN?=0, where o+p+7=0. 
The conics L, M, N are so related that the equations 
M+=N=0, N+&L=0, L+M=0 
all represent pairs of straight lines; their equations’ must consequently be of 
é¢ne form ; 
L=RC+AD=0, M=CA+BD=0, N=AB+CD=0, 


where A, B, C, D are linear functions of the coordinates. 
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The equation of the quartic curve may now be written in the form 
o (B? 0? + A? D?) + p (C A? + B? D?) + 7 (A? B? + CD?) =0, 
which shows that it is a desmic quartic, i. e., a plane section cf the desmic 


` surface studied by Stephanos, * Humbert, + Schroeter { and others. 
It should be noticed that an equation of the form 


` P E, Ly Uy Uy + AY YV Va F T E 2, W W, = 9 


always represents a desmic quartic, for with the aid of the identical relation (1) 
we may reduce it to the Jorm (2); we may also reduce it to the form 


F D, To Uy Uy = GY, Yz V: Vas 


which indicates. that the curve passes through the sixteen points of the configu- 
ration. Hence, there.are œ! desmic quartics through these sixteen points. 


§10. A Quartic Curve with oo? Inscribed Configurations of Twenty-four Points. 


When the configuration of twelve lines touching. the curve T is discussed 
with the aid of the parametric representation of this curve in terms of elliptic 
functions, § it appears that the twelve lines can be divided into three tetrads 
such that the points of contact of the four lines of a tetrad lie on another 
tangent to T. The three new tangents obtained in. this way meet in a point T, 
and so it appears that the configuration of points and lines is identical with 
one whose reciprocal bas been studied by Hesse.|| As the point T moves along 
a straight line, the configuration of sixteen points derived from it with the aid 
of the curve T, describes a desmic quartic. . 

Caporali has-:shown that Hesse’s configuration of twelve points and ERA 
lines is associated with a second configuration of the same type and that each 
configuration is derived from the other ‘bythe same construction. He has 

‘shown, moreover, that the two sets of twelve points lie on a quartic curve f 
which contains œt configurations of a similar type. This quartic is usually 
known as Caporali’s quartic and depends on eleven arbitrary constants, 








* Darboun's Bulletin, sér. 2, t. 3 (1879), p. 424. i a 

+ Liouville’s Journal, sér. 4, t. 7 (1891), p. 353. 

$ Orelles Journal, Bd. 109 (1892), p. 341. : 

§ Humbert, loc. cit. i 

|| Crelle’s Journal, Bd. 36 (1848), p- 158. See also Durége, “Die ebene Curven dritter Ordnung,” 
Leipzig (1871) ; Caporali, “Memorie di Geometria,” p. 338; Schroeter, Crelles Journal, Bd. 108 (1891), 
p. 269; J. de Vries, Acta Math., t. 12 (1888), p. 63; Martinetti, Atti dell’ Accad. Catania, ser. 4a, t. 3 
(1891) p. 20; S. Nakagawa, Proc. Tokyo Math. Phys. Soc., April,. 1907. 

f Ace. di Napoli Rend., December, 1888, “Memorie di Geometria,” pp- 336, 340, 349. Ann. di Hate. 
matica (23, t. 20 (1892), p. 274. See also Ciani, Acc. di Napoli Rend. (8), t. 2 (1896), p. 126. The curve 
was first studied by Hesse as the J acobian of a line, a cubic curve and its Hessian. 
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The two conjugate sets of twelve points are such that any quartet of one. 
set and any quartet of the other set lie on a pair of lines. Two sets of twelve 
points which possess this property generally depend on twelve arbitrary con- 
stants. In Hesse’s configuration some other condition ‘is satisfied, and the nine 
pairs of lines through the quartets of points do not generally belong to a net 
of conics. 

- We shall now obtain a type of quartic “which contains 1! conjugate pairs 
of sets of twelve points with the above property and for which the nine pairs 
~ of lines do belong to a net. ` . . 

Going back to the leading ideas of § 8, we now A the analogue’ of 
_Darboux’s theorem that if the sides of a triangle A intersect the sides of a 
second triangle ‘A’ in nine points lying on ‘a given cubic curve H, and both 
‘triangles cireumscribe a conic C,, there are œ! pairs of: triangles circum- 
scribing C, whose sides intersect on H. The quartic curve generated by the 
poles of tangents to C, with regard to a cubic curve C, having H as Hessian, 
will possess oo! inscribed configurations of twenty-four points, viz., the poles of 
the sides of two triangles A, A’, and these twenty-four points can be arranged 
into two sets of three quartets possessing the property mentioned above.* 
The lines containing quartets of different sets touch the Cayleyan I, of the cubic 
and belong tothe net of conics which includes all the polar conics of C}. 
To obtain an-equation for our quartic curve, let us consider the case when 
one vertex of the triangle A’ lies on the conic; then two of the sides coalesce, 
and the sides of the triangle A touch H at points on a line. Now let (ag?) =0 


be the equation of the cubic. curve, (=) =0 the equation of its Hessian, the 
notation being the same as in $2: The line x, =0 meets the Hessian at points ` 
on the lines x, 2,, X = 0, and.the equations of the tangents at these points are 
respectively 

aT + a, 0, = 0; Gy a= 0, * az + a,%, = 0. 
Now, these tangents meet ibe Hessian again at points on the ae (ax) =0, 
and so may be taken as the sides of the triangle A, The four lines whose 


equations have just been given and the line ,=0 all touch the conic C,; also 
if (Y1, Yoo Ys, Ys) are the ape cate of any point P on the quartic, the polar line 





-~ * If we take two triangles whose sides intersect on H but do not touch a conic,. the poles of their 
sides with regard to C,-will form two sets of twelve points possessing the same property, but the twenty- 
four points do not generally lie on a quartic curve.: This configuration clearly depends on twelve con- 
stants. I am inclined to think that there are two distinet types of. configurations of twenty-four points 
with ‘the above property. 
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of P with regard to the cubic, viz., (ay?a) = 0, must also touch C,. Making 
use of the relation (x) ==0 to get rid of x, we find that the six lines touch 
a conic if E l 
OE Ay (Ag — Mg) (g agl, + a, ay Og — az A, Oy — A 004) Y1 — Az Q, (Ag — Q1) (Gg, Oy + A Oy Ag 
— Gy Qp Oy — Qg Qg By) Y2 + A3 Ay (4, — By) (4 Ag Ay F G, Ag Gg — Uy Qg Ay — Ay Gy) Y3 
+ Gy Gy Oy (A — ag) (Ag Qg Oy + A3 Qy Ay F y Ag Ag — Ay Gy Ag — 2 Q, 04) YT YS 
+ Gy Ag Bs (Ag — By) (a, Uy By F Ag A Qg F A My Ag — Ay Oy Ag — 2 Ay A4) Y3 YI 
+ G, Gy Qg (Qy — Oy) (Gy Gy Q + Óh G, Q4 F A, A, Ay — Qy Qg Gg — 2 g 03) YT YE 
. = a yi [OT YT (ag — ag) (Aj Oy Q, + A, lo Ag — Q, My by — Ay O, Ay) 
+ 3 yz (ag — Q) (Og Qy A; + A, Ay Ag — Oy Oy Oy =— Op Og a) 
+ a3 ys (a, — Ay) (Gy Ay Oa + Ay Ay Ag — My Ay A, — Qg A, G4) ]. 
It is-clear from this equation that the curve passes through the vertices of the 
triangle y, Y2Ys = 0, through the four points given by a, y? = a, yi = a, y and - 
through a second set of four points given by equations of the type c, y? = Cy y? 
= ¢,y3, the two sets of four points being situated on a conic whose equation 
is obtained by equating to zero the expression within the square brackets. 
It appears from the equation that a quartic of the present type depends on 
cleven arbitrary constants. l 
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On the Continuity of a Lebesgue Integral with Respect 
to a Parameter. 
By J. K. Lamonp. 


Introduction. 


Let f(x,y) be a function of two variables defined over a limited, two- 
dimensional, measurable point set which may be denoted by %. Let B be the 
projection of XN on the X-axis, and through each point 2 of B let an ordinate 
"be erected. Each ordinate cuts a section © (a) out of M. When no confusion 
can arise, we denote this section simply by ©. If each © is measurable, and 
f(x,y) is L-integrable in the sense of Professor Pierpont,* the resulting 
function . 
J (a) = fef (@, y)dy . 
is a function of the parameter æ. In the present paper I give sufficient con- 
ditions that f 
i lim J (x) = fea f (Ary) dy, 
and consequently that J (x) be a continuous function of x in B. am 
It is understood that the integral signs used denote L-integrals. In case 


a Riemann integral is used, the sign of integration will-be prefixed by the 
letter R. 


The upper measure of a point set X will be denoted by the symbol meas. Y 
or Ñ. If Wis measurable, its measure will be denoted by meas. YW or 2. + 


$ 1. Proper Integrals. 


Turorem 1.4} Let O<f<WN be L-integrable in measurable AX, and let %, 
be the points of A at which f>=x. Then 


Saf =R f? idx. (1) 
Effect a division of the interval (0, N) of norm d by interpolating the 
points xı, %),..-.,%,,;- For uniformity let x,—0Oandx,=—N. Corresponding 








` * “Lectures on the Theory of Functions of Real Variables,” Vol. II, §380. These will be referred 
to as “Lectures.” : - 

} This is the notation adopted in “ Lectures,” Vol. TI. 

$ This theorem is similar to one given by W. H. Young in a paper “On the General Theory of Inte- 
gration,” Phil, Trans., Vol. CCIV (1905). 
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to these points, we get the sets Ar, Wr, ...., Ux, each of which is measurable, by 
“Lectures,” Vol. IT, $$ a and 403,2, and each of which contains the following 


ones. The sets (2,,— Ae), a Wea) see ey (Ue, —Ue,) are all measurable ; 


and meas. (We —We,4.1) =A — Merger, (6= 0,1, 2, ....). mL) by PORA 
Vol. IL, § 352,2. 


But obviously any lower summation < the L-integral of f over X < any 


upper summation. Hence, 
0 - meas. (Xe, — Ar) + x, © meas. (Ae — Ae) +H- ©- © H Xn © meas. (Wre, — Me) 
< fa fS l a 


x,‘ meas. (Ae — Ae) +, : meas. (Me — Ar) +....-+%,* meas. (Ae, —We,). 

Hence, removing the parentheses, we have 

x, I, + (x, — z) SA +.... (Xna — Xn) V — ka I. 
< faf S 
, x She F + (x — %,) SA +....+ (%,—%,) T — X, I. : 
Noticing that 2 oe =0, this may be written | 
= (i41 =x, ) Bes S < fuf S = (S44 — x) S, . 
Let now d= o, and we have E o l 
RSFS, dz < fuf < RJY Î, dz. * (2) 


But since i, is a ‘limited, monotone function of'x in (0, N), it is integrable. 
_ Hence, (2) gives (1). 

Coronary 1. Let M <f <0 be L-integrable in measurable X, Let W, be 
the points of X at which f<x. Then A 

Saf =R fy Mi dx, 

Cornottary 2. Let f be an L-integrable function of both signs in measur- 
able X, such that M <f < N. Let X, be the points of X at which vee and W; 
` be the points of X at which f<x. Then 


faf = RSI dat RST, dx,. (£) 

= fo Ñ, d+ fF U, dx. (2) 

Let the points of X for which M <f<0 be A, for which O<f<N be B, 
and for which f=0 be C. By “Lectures,” Vol. IT, $§ 428 and 408, 1 and 2, 


A, B and C are all measurable. Hence, A—C is measurable. X= í A—C) +8 
and meas. X = meas. (A — C) + meas. B. Therefore, by “Lectures,” Vol. TI, 


§$§ 372 and 390, 2, 
Saf =Saof + Sof. 


® 
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But by “Lectures,” Vol. IL, $ 401, 
Sa-cf = Sal: 


These relations, with the results of theorem 1 and corollary 1, give (1). We 
get: (2) from (1) by referring to “Lecturas,” Vol. IL § 381, 2. 

Turorem 2. Leta be a proper limiting point of 8. Let M<f<N be L- ade: 
_grable in each ©, © measurable, in some V5(A). * and let g(y) be L-integrable 
in measurable © (à). Let the points of € (A) at which g(y) <x be Gy, and at 


which g (y) 2K be Dx. Let A converge uniformly t to ry an (M,0), and let ê, 
converge E to ĝ, in (0, N), along the section «= A, except possibly for 
the points of a null set N of values of x. Then 
lim Scmf dy = few g ly) dy. (1) 
: For by theorem 1, corollary 2, l . i 
Jof dy = Sh Ldr + S? Ĉ, dx, 
for æ in V,(A4). Pass to the limit x= à, and we have 
lim feo f dy = lim [fh 6, dx + S? 6, dx]. (2) 


Let D= JS? €,dx — fi o,dx, 


for. x in V;(4). For any x in V;(a) and for any x, C: and ds are both less 


than or equal to A, where A is the projection of 2% on the Y-axis. Choosing 
e > 0, small at pleasure, we may enclose the points cf “ N) belonging to K. 


in a set of non-overlapping intervals B, such that B < È. Let the remaining 
4A i 








* Va (A) denotes those points ‘of $ lying in the interval (a—9; A +5) and is read vicinity of M, 
cf norm 6. This is the notation used in “Lectures? - (See Vol. I, § 250.) 


+ See “Lectures,” Vol. I, §561. In this particular case, if, for each e>0, there exists a 5>0, 
such that a a 7 : 
1 x—oe]<e (1) 


for each w in Va(A), oul for every x in (Af, 0), we say that on ; converges to OK uniformly along the 
section @==n. 


If R is a null set of values of x lying in (M, D, , there exists a division of (M, 0) into two sets of 
intervals, A and B, such that A contains no points of N anc the sum of the lengths of the intervals B is 
as small as we please. If for each «>Ù, and for aay A, there exists a `> 0, such that (1) holds for each 


æ in F(A), and for every x m A, we say that @ 'x converges to P x uniformly along the section w==) 
CZCept for the points of R. If- & x converges to T x(à) uniformly along the section w=), except for the 
. points of N, we say that Ẹri is a uniformly continuous fenetion of æ aleng the section w= except for the 
points of R. UL Y « is a uniformly continuous function of # along each section a=) of B, except for the 


points of N, we say that 6’, is a uniformly continuous junctior. of @ in B except for the points of N. 
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parts of (0, N) be A. Then 
D = Sa [6,—9,] dx+ fs [€, —%,] ax. 


Hence, 
[D|<| fai +I Sel. , (3) 
But the second part of the right-hand member of (3) is less than g On the 
other hand, by hypothesis, 
| é, — >, | < 9 x 


for œ in V;(4) and x in A. Hence, the first part of the right-hand member 
of (3) is less than 3 Hence, | D |< e, for x in V;(A). Similarly, 


|D | = | S} Êd — f} idx | <e, 
for v in V;(4). These results, with (2), give 


lim Semi dy = fi dut fF Ê, dx= Sewg (y) dy, 


ie theorem 1. 
CoroLLaRry 1. Let f be L-integrable in each ©, © measurable, in B. Let 


€ and é, be uniformly continuous functions of x in B, except possibly for a 
null set N of values of x. Then 


| J (2) = fefdy 
is continuous in B. 


Example 1. Let f be defined over a set W, which lies in the rectangle 
0,0; 1,0; 0,2; 1,2, as follows: 


#% 


e 


N, =m 
ore for x ? 


P. 
n q’ 


='ey for s=”, 0<y#2<1, r 
n q 
=g P — 1) for « irrational, 1< y Æ 7 <2. 
Setting x = vy and solving for y, we have y = = Therefore, Ê, equals 1 — Sy l 


for x<a, and equals zero for x > v, where w is rational; that is, of the form 


z, Setting x =æ (y — 1) and solving for y, we have y =2—1. Hence, (oe 





* All fractions, here and elsewhere, are supposed to be irreducible. 
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_ equals 2—F—1= =1 —5, for x<a, and equals zero for x > x, where v is 


irrational. Thus Ê, is a uniformly continuous function of œ for any x, and 

hence, J (x) is continuous in Y = (0,1). l : 
Example 2. Let f be defined ‘as in example 1 for æ rational. For # 

2 : i 2 ; 

irrational, and SSyS5th let f= ry— 5- Let x = sy— 5" Then 

ya 4+?, ana & Ty (*% 4 *) 4 for ns 

y= ag , and ©, equals z t 1 (E+ 5) =l z? for x< xv, and equals 

zero for x >. Hence, J (æ) is continuous in ®, as in example 1. 


§2. Improper Integrals. 


Turorem 3. Let 2 be a proper limiting point of B. Let the improper 
‘L-integral* of f over each ©, © measurable, exist and converge uniformly t+ in 
some V,(A), and let g (y) be improperly L-integrable in measurable © (A). For 
any arbitrary but fixed values of a, B, suchas a, b, let the points of Cas (2) at which 


g(y) Sx be Pabx, and at which g (y) = >x be axe Let 6,,, Z converge uni- 
formly to Pa, x în (—a,0), and let Gz. x converge uniformly to Pab, x in (0, by, 


along the section æ = à, except possibly at the pointe of a null set N of values | 
of x. Then 


lim fer f y= Sew 9 (y) dy. 
For any v in V; (à), ©,, is measurable. Hence, by theorem 2, 
lim Sono f dy = fono g (y) GY. $ (2) 


By “Lectures,” Vol. II, § 146, passing to the limit a,b =œ in (2), we get (1). 

Corotuary 1. Let the improper L-integral. of f over measurable © con- 
verge uniformly i in 8. For an y arbitrary but fixed values of a, ß, such as a,b, 
let ©, x and ĝas, , be uniformly continuous functions of x in B, except possibly 
for a null set M of values of x. Then 


J (x) = fefdy 


is continuous in B. 


WESLEYAN UNIVERSITY, MIDDLETOWN, CONN., Hay, 1913. 





* The definition of an improper L-integra] given by Professor Pierpont in “Lectures,” Vol. II, § 425, 
is here used. The modification of the notation there 2mployed to mzet our present needs seems obvious. 

f The definition of uniform convergence for Pierpont improper integrals as given by me in my paper 
“Improper Multiple Integrals over Iterable Fields,” Transactions of the American Mathematical Society, 
Vol. XIII (1912), p. 436, applies equally well to improper L-integrals. ' 


Geometry on Ruled Surfaces. 
By S. Lerscuerz. 


1. The object of this paper is to prove a formula given by W. E. Story 
for the number of common points of two curves C, and C, of order a and b 
lying on a scroll S, of order u. He stated that. A 

[C,C,] =ba+aß—uap, i © (1) 

where [C,C,] designates the number of intersections of the two curves C, and C,, 
a and @ the number of intersections of C, and C, with an arbitrary generator 
S,. He gave the proof himself for u=2, 3, and F. B. Williams gave it for 
u=4, 5.* Of the two proofs here given, one is based upon a classical work of 
Severi,+ the other is of a very elementary character. | 

2. Before proceeding with our first proof, let us recall a few definitions 
introduced by Severi. Two curves C and D traced on a surface S will be called 
equivalent, and we shall write C =D, if there exists on 8 an algebraic system of 
curves containing them beth totally. From this definition it is easy to pass 
to the meaning of AC =4’D, a, X being both positive integers, and finally to the 
meaning of £A4,C,;=0, the %’s being integers. Severi proves that we can find 
on S, p curves such that between them and any other curve C on © there is 
always a relation of the type . 


2C + Sia, C=), 
L 


The numbers (A, ài, ....; àp) are the characters of C with respect to the base 
(Ci Carrann; Cp). He: alo gives the so-called Bezout Theorem for a surface 
by showing: that if for D we have 


2 


uD +3p, C,=0, 
1 
then 


ZN es 
[C D]= i O atl Cs Or- 


In particular he states this for a scroll p=2. We shall prove this here, by 








*« Curves on Quintic Scrolls,” AMERICAN JOURNAL or MATHEMATICS, Vol, XXXIV (1912), p. 421. 
A complete bitliography is given there. 
“Sulla totalita delle curve algebriche, Math. Ann., Vol. LXII, p. 124. 
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showing that, for S,, a base is found taxing for C, a eenceeits and for C, a 
plane section.” 

3. Let a=pv—h, h<u, and let k bea positive integer. A surface of order 
kv going through k curves infinitely near C,, that is to say, through kC,, has to 
satisfy at most k(aky+1) conditions; and if it has to go through kh arbitrary 
generators of S,, it must satisfy at most kh(ky—ka+1) conditions, so that the 
number of linearly independent surfaces of order kv going through kC,, 
kh generators, and not containing S, as a part, is not inferior to 


Np =(P 73- (P Et?) ial +1) —kh(kv—ka+1) 
= R] +ah]k?+ 


the unwritten terms containing k to a power lower than 2. The coefficient of 
k? is positive if u>2. Hence, when k is above a certain limit, kC, has kh gen- 
erators for residual intersection. Itis well known that for u=2, any curve is 
either a complete intersection or has a generator for residual intersection, so 
that the above is true without any restrictions. In the notation of paragraph 
2, we have, therefore, , ‘ 
l kC,+khC,—kvC, =0. 
As kC, and khC, are cut out by a surfac2 of order kr and two arbitrary gener- 
-ators have no common points, it follows thas the kv intersections of a generator 
with tig Sry will be on kC,, so that . 
© ka=hkv; .'. a=r, 
showing that the characters of C, with respect to the base Gs C,) are (k, kh, 
—ka). Similarly, C, will have characters (X, WW, —k’8), with a=au—h, 
=Gu—h’. We also have 
f [C C] =0, [C C,] =], [C, Ca] =; 
_ hence, by Bezout’s theorem for S,, 
[C,C,] =—hb—h'a +- ua b = (aon) B+ (b—8yp)a+puoB=aB+ba—paB, 
which was to be proved. 
4. The following proof is elementary. The coordinates of any point on a 
generator can be expressed thus: 
L=M Àn, (t=1, 2, 3, 4), 

where m,=m,(&,, E, &) and ,=7,(&,, É, &) are homogeneous functions of 
the &s of the same order p 4 is an-arkitrary parameter, while the ¢’s satisfy 
a relation f(&,, &, &;) =0, representing in their plane a curve of order m and 
same genus p as S,: If a curve C; meets an arbitrary generator in a points, 
- it will be represented by an equation of the type 


- Dy AT+O, AT 1+, 45° +... +6,=0, 


*In the paper previously cited, Severi refers the reader, for a proof, to his paper, “ Sulle corrispon- 
denze tra i punti,” Torino Memorie, Vol. LXIV. This being of. difficult access, we give below our very 
simple proof for the sake of completeness. 
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the @’s being all homogeneous polynomials of same order a’ in the &’s. The 
curves ĝ;=0 will have in the &-plane a certain number a’ of points in common 
with f=0. To find the order a of C,, we have to find the number of its inter- 
sections with a variable pine section: 


34, jm, ASA, a. 


The result of the elimination of x feton the equations of the two curves is: 


Salza, m) (X An) =0, 
of which we must find the number of variable intersections with f=0. If the 
curves f=0, m,=0, n,=0, im 2, 3, 4), have y commonspoints, we have 
= (a’+pa)m—ay. 
Do rPtap Art oo. t+ bg= 
where the Ws are of order b’ in the Ps, nes a second curve C, of 
order b, we have 


If the equation 


= (b iB m= By: 
We obtain [C, Gy) by ee 2 between the equations of. the two curves. 
This gives: 
Po Pi Po +s 
0 s p 
0 0 Pines ws 6 
7 00 Oats 
RE, Ess $) = aa di goann 
0 dpon 
0 0 aa AN? 
000... 


which represents in the -plané a curve of order (ab’ + 8a’) intersecting 
f=0 in m(ab’+ 8a’) points. From these we must deduce the points common 
to all the @’s or the ẹ4’s and f. A point of multiplicity 9 for all the ¢’s and 
multiplicity r for f will count for 9r points in the intersection of f and ¢,, 
and for 69r points in the intersection of f with R. A similar remark applies 
to the y’s, so that finally: 
[0,0] =m (Ba +ab’) —a'B—P'a 

= B(ma’—a’) +a(mb’—@’) 

=a8+ba—2(mp—y)aQ. ; 
In particular, if C, and.C, are two plane sections of S,, we have a=b=up, 
a=ß=1. ; l 

*, [0,0] =u=2u—2(mp—y); ©. 2(mp—y) =u; .°. (C,C,]=bat+a8—uaB, 

and the proof is complete. : l i 


LINCOLN, NEBR., October 26, 1912. 


Restricted Systems of Equations. 
(Second Paper.) 


By Arteur B. Cosis.* 


The following i$ a continuation of a previous paper in this Journal.t In 
§ 3 incomplete restricted systems of defect one and two are considered, with the 
-purpose of determining the index numbers of the residual M, and M,. The 
results suggest the formule for the index numbers of a composite spread made 
up of an M, and an M, with a common M,, where s <2, t<s. 

In § 4 the “relative incidence numbers” of an M,_,(y) on an M,(a) are 
defined. They are utilized to determine a new type of index number attached . 
to M,(a), called the “residual index numbers.” In case M,(a) in S, is regular 

- or in case M,(a) is an M,_,(a), the residual index numbers can be expressed 
by means of the ordinary index numbers «. The new index numbers are 
employed also to obtain the solution of some particular cases of the more gen- 

‘eral problems of the theory. 

Manifolds defined by matrices are considered in § 5. A simple proof of 
Salmon’s formula for the order of a matrix is given; the formula for the genus 
of the curve defined by a matrix is derived; the third index number of the 
two-way defined by à matrix is determined, and all the index numbers of the 

' manifold defined by the particular matrix with n rows and +1 columns are 

obtained. 


§3. The In ad Numbers of Residual Intersec Shona and of Composite 
Manifolds. Z 


1. Given an M (a) in S,, we have seen how the number, O,, of points out- 
side of M,(a) and common to n spreads on M (a) can be determined in terms 
of the orders of the spreads and the index numbers a. ` This number is merely 
the order or first index number of tie intersection residual to M,(a). Weare 
thus led to the following inquiry: Given n—s spreads on M,(a) in Sp, SXF, 








* Written under the auspices of the Carnegie Institution of Washington, D. C. 
t+ Vol. XXXVI (1914), No. 2, pp. 167-186; referred to hereafter as “R. S.” I. The numbering of 
sections and theorems in this paper is consecutive with “R. S.,” I. 
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which meet in a residual M,(@) which cuts M,(a) in M,,(y), how far can the 
index numbers ĝ and y, as well as the relative index numbers (ay) anc (8y), 
be determined in terms of the n—s given orders and the r+1 given index 
numbers x? For the particular case s=1 the answer to this is contained in . 
the following theorem: 

(42) If n—1 spreads in S, of orders a,,...., 2, _, on M,(a) weet ma 
residual M,(B) which cuts M,(a) in M,(y) points, then B o HA a=, 
B,=rC,=rA,. The index numbers of a composite spread consisting of an 
M,(a) and an M,(8) with M (y) common points are 

dos By ese ey Bay Oy tbo: %+8,—(r+1)%- 
Let us recall that the symbol A,; has been defined as follows:. 
A,;=a,+4,,0,+....+a,0,,+46,, 
the o’s being the elementary symmetric polynomials in the given orders à. 
The B, and C; are similarly defined for the index numbers # and y. The 
formals given above determine @,, 8,, and y,= (ay) = (By), in terms of the 
orders A and the index numbers a. vi 

According to [(24), “R. S.” I} the fiddren is true for r=1. Let.us 
assume it to be true for all values of the dimension up to the given r.” An 
n-th spread of order ” on M,(a) determines O, points outside of M,(a).. 
This number O, is AB,—y, or, from [(7), “R. S.” I], is E E ET E 
Equating coefficients of the arbitrary order à, we find that B,+.A,,=0,_, and 
' C,=4,. Again, a spread of order u on M,(8) cuts M,(a) in M,_;(a’), which 
meets M,(8) in M,(y) points. Then M,_,(x’) and M,(Q) together constitute 
a composite manifold M,_,(¢) which is a complete intersection, and O,_,=—0 
=po,,—H,,.—pvE,.. But according to (42), for the dimension r—1, E,_, 
=A +B, and E,,=A;.+B,—rC,. Furthermore, according to [(16), 
“R. 8,” I], Atituwdy.="¢4,,, whence 0=yo,,—yd,.—eB,—B,+rC). 
Hquating coefficients of u, we find again that o,_,=A,,+B,, and. further that 
B,=rC,, which proves the first part of (42). 

The M, (a) and M, (8) constitute a complete M „(ô) for which D,=0. We know 
that d=), <.. -s d,2, Aros Ò= ät o; let us assume that §,=a,+8,—2. 
Since D,=A,+B,—x=0, we see that s=4,+B,=C,+1rC,=(r+1)y%, which 
. for this case at least proves the second part of (42). ; 

A proof which applies generally can be formulated by the aid of the fol- 
lowing lemma: 

(48) If n—r+k spreads of orders A,,... +) Anp ON M,{a) in E, meet | 
ina residual M,_,(8) which cuts M,(a) in an Me (y), the relative index num- 
bers of M, (7) as to M,_,(8) are (By = ith (i=0,1,... th TA, 


a y a 
a ae 
¢ T 


thes 
. @ g 
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' Let r—k further spreads of orders r(,, . S -s (t,-,)* on M,(a) meet in O, 
points outside M,(a), where 
O, = prer Ti (A, FA, t+... FAn ty tAr T). 
Since the spreads (u) cut M,_,(8) in the same number of points outside 
M, (7); l 
0O, =T] (By) 1-1 (BY) Tit- + (BY) 1 Ter t (BY )oTr-im { . 
Noting that B, =6„—+y—4r, the lemma is proved by equating coefficients of r. ° 

We need also the further fact: 

(44) The theorem (42) applies also to the case where a, B, y are the 
relative index numbers of M, (a), M (8), and M, (y) with respect to a manifold 
M, containing them, provided o, is replaced by mo,_,, where mis the order of M,,. 

The proof of (44) parallels that of (42). Suppose, then, that the second . 
part of (42) and of (44) also has been established for values of the dimension 
up to the value r. Let spreads o(4,,....,4,-,) on M,(a) and M,(8) meet 
again in M,(a’), which contains M,(8) and which meets M,(a) in M,_,(a”). 
According to (43), (a’a”);=A,.,. According to [(38), “R. S.” I], the rela- 
tive index numbers of M,(8), on the composite spread M,(x) made up of M, (a) 
and M,(a’), are (x8),=6, and (x8),=8,+0,8;. These relative index numbers 
can be determined by cutting M,(x) by r spreads p(y) on M,(8) from the 
equation O,=p,(a,-+a) —(x8).p,—(x8),. The O, points are made up of 
Pr&o—yY, points on M,(a), and of p, ao—(a'B)opı (a'b), points on M,(a’). 
Since = (x8),=(a’B),, we find that (a B), =8, +80; —yo. For the dimen- 
sion r—1, we have assumed that the relative index numbers of M,,(a”) and 
M,(8) on M,(a’) are (a’a"), a+ (aB) Tyo, (x'a), 2+ (a'B)o, (a'a) 35 +0055 


whence spreads t(u,,...., “,) on the two meet M,(a’) in 
O;_,=T,49—[(a’a”),.+ (2B) TY) : 
—[(a'a”), a+ (B) ltr la'a”), g%—...-—(a’a”) ot, 


further points. This can be written as 
O02 % Fy LA, +B i + DY] 
—4,4.+By]t;—A,»%—....—A,t,_). 
Since this is also ‘the number O, of points outside of M,(a) and M(B) on the 
o(4)-and ¢(u) spreads containing’ them, we see that the last index number of 


e the composite spread must be a,+8,—(r+1)y,, which completes the proof of 
(42). <A similar argument completes the proof of (44). 





* This notation indicates that 7,, T2, «1.1 are the-elementarz symmetric functions of the given orders. 


~ 750 
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Further theorems of the following type: 


(45) The index numbers of a composite curve composed of three curves 
M,(a), 1,(8), M,(y), with respectively ĉo, 7,3, points common to two and 
with points common to the three of which §, have non-coplanar tangents 
and ò have coplanar tangents, are a,+By+y, and a,+8,+y,—20,—2%,—23, 
—4$,—65), 
might be given; but the number of particular cases increases rapidly with the 
dimension. 


2. Let us next consider the case where »—2 spreads o(%) on’ M,(a) in 
S, meet again in M,(8), which cuts M,(a) in M,(y). By taking a section and 
applying (42), we find that B,+A,=o,_, and B,=C,=A,. By applying the 
lemma (43), we find that (8y), =4,, and from the symmetry that (ay), =B,- 
A further spread of order u on M,{a) meets M,(8) in M,(y) and in M,(6), 
which has a, points in common with M,(y). Again applying (42), we find that 
D, +uD,=2e,. Considering M, (y) and M,(5) on the one hand as a complete 
intersection of M,(@), and on the other as a composite curve, we have, accord- 
ing to [(17), “R.S.,” I] and (42), the index numbers u8,=y,+6,, ubi — u’ bo 
=y,+d,—2e,. By adding (o,+y) times the first to the secend, we get 
wB,=C,+uC,+ D,+uD,—2e,, whence C,=0. Collecting the above equations, 
we have l 

(46) Bot+A,=6,., Bı=054,; B= (ay), A= (y), Ci=0. 
From these we derive l 

By, +Ay=0,-2, B,+A,—2C,=0, B,+A,—-20,—[ (By).+ (ay),] =0. 
The composite spread M,(a), M,(8) is regular, and these equations show, 
according to [(9), “R. S.,” I], that the index numbers of the composite spread 
are 


(47) aot Bo, a,+8,—2y,, do + B,—2y,—[ (ay), + (By), 1. 

(48) If n—2 spreads cn M,(a) in S, meet again in M,(8), which cuts 
M,(a) in M,(y), the index numbers B, y, (ay), (By), with the exception of 
either B, or (ay),, are determined in (46). The index numbers of the com- 
posite spread M,(a), M,(8) with common M, (y) are given in (47). - 

We have obtained (47) in the particular case of a composite regular inter- 
section. They are evaluated for the general case below. For the present they 
may be checked by thinking of the composite spread and of its parts as lying ° 
in an Sayi containing S,. According to [(13) and (34), “R.S.,” I] the same 
formule hold, as of course they should. 
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Next let us consider the residual intersection M,(8) when M,(a) is an 
M,(a«). Using the same method as above, we find that B,+A,=o,_,, B,=2C, 
=2A,, (By) =4;, %=A,+uA4,. But in this case D, +uD,=3e, so that 
. C,+A,;=0. If a spread of order v on M,(8) cuts M,(a) in M,(y), where 
No =VMp 5 {= V0, — Vy No ==VA,—V"A, + Vy y and where, according to [ (39), 
“R.S.,” I], (vy), (av); +%, then M,(n) and M,(8) constitute an M,(x), 
which is a complete manifold. Therefore K,+7K,=0, where 
X= FX -© +B, 
x, = VA, — Va, +8,—2y¢ 
Xo = Va,—v*a, + Vay + Bo—2y,—[ (ay) Hry (Gy), ]. 
Thus we find that B,—2C,—[(@y),+ (ay),]=0 or 
B,+4A,=0,-9) B,=2C,=24,, 
ee ahs B,+A,= (ay). 
These equations lead to 
B,+4,=0,., B,+4,—3C,=0, B,+4A,—3C,—[(ay),+3(6y),]=9, 
which proves that the index numbers of the composite spread M,(a), M,(@) are 


(50) Oo » atb, as, +B — 83yo, as+B,—3y,—[ (ay), +3 (By),]. 

The above argument by which the result for M,(a) is gotten from that for 
M,(a) can be applied similarly to obtain analogous formule for an M,(a) from 
those for an M,_,(a). Thus a readily formulated deduction leads to the - 
theorem: . Eas 

(52) InS,,n—2 spreads on M,(a) meet in a residual M, (B) which cuts 
M,(a) in M,(y). The index numbers B, y, (ay), and (By), with the exception 
of either B, or (ay),, are determined in terms of a and the gwen orders by 

Bot Ap a= Oy-93 B,=(r—1)0,= (1-1) A, 


—0,=(r—2)4,=(r—2) (8y), Bet ("9") 4= (07). 


(49) 


The index nimbers of the composite spread M,(a), M,(B) with common M, (y) 
are 


Agy Ogg eee ny Hy gy a, tbo a,1+B,—2y, a,+ B,—2y,— [ (ay), +(3) (By),]. 


Only in the particular case r=n—2 is the determination of @, made later 
(see the end of § 4). In fact, it seems probable that the orders and the index 
numbers a do not constitute, in general, sufficient data to determine @,. Further 
index numbers of M,(a) can be defined in terms of which @, can be expressed, 
but this is not done in this paper. 
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Let us obtain directly the index numbers of a composite spread M,(ca), 
M,(@) with common M,(3). Spreads o(%) on the two meet in a residual 

M,(y) which cuts M,(«) in M,(y), and M,(@) in M,(¢), and M, (9) in M,(8). 
From the first equation of (46) we get 

1°. ty t+ BotYyo= Sn 
From each of the other equations of (46) we deduce three equations according 
as M, (a), M, (8), or M,(y) is looked upon as the residual manifold. These 
equations are 
bot tot Se= So +g c +a, = (Boty) + Bi t%1—So> 
Got ao tw=n t+ Foor +3, Se 
gota tw=n +96, +y = (a)+8,)0,+4,+8,—S, 03 


(ER Este aaco naai 
or 


2°. 


3s. oi (3+) +3,+¢,—28,=0, OM tn =ù, 
o: (čo +79) =¢,+7,—26,=0, o,2+32=4,, 
Oy Ay +0, &, +a, = (yn) + (B8S),, 
6, By +0, B, + Bo= (ad), + (7%) 
Cz Yo FM HY = (8%), + (en); , 


Ban +o, (B,+%1—200) + Egy = (an), + (a>), — 200; 


4°, 


5°, Bo (Yo + a0) +9, (Y1 +0, — 210) + Brya = (82), + (8%): — 28., 
6, (aot bo) +0, (a, +81 — 23) HELa = (y%)ı+ (yn): — 28., 
where 2,, ete., are the unknown third index numbers of the composite spread, 
M,(8), M,(y), etc. From 1° y, is obtained. Equations 2° reduce to three 
which determine y,, 7); Čo in terms. of a), a,, Bos Bis J0: Yo. Then from 3° 4, 
č, m are obtained in terms of @,, %, 3). - From 4° (yz),+(yZ), is determined 
in terms of a,, Bi, (ad),, and (@3),; and, finally, from 5° we get Sag, which 
turns out to be a,+8,—28,— [ (a) + (@3),]. 

By adding 2° we find that . 

o; (a +Bo+Yo) +a,+8, +91 — 26 — 2) —23,=0 ; 

and by adding 3° and 4°, that 

6°. oy (ay +Pot+%o) +9: ey ee 27) — 2d) 

+ Las + Baty — 2—2 am 2A - { (an), T (as) at (83), 
+ (8E) + (78) 1+ (yn) 1} +68] =0. 

Since M,(a), 4, (8), M, (7) constitute a regular intersection, this shows 
that 

(52) The index numbers of M,(a), M,(8), M 2ly) on curves M,(¢), 
M (n), M,(3) common to two respectively, and points M,(d) common to the 
three, are the coefficients of o in 6°. ` , 
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We get the same result by using the above formula for £g, taking M,(«), 
M,(@) as a manifold M,(x), and M,(y) as the residual spread meeting M,(x) 
in M, (A) =M, (%), M, (n). For Y2= Ye: y= Oy + 3,—23,— [ (ad) + (BS) 11,4 =o, 
+, — 26), (yA), = (yn), a (y5) a 2855 and (xà), = (an), + (BE), . Hence, 

t Hya 2a [ (xA) + (yA): ] =, t8 +y: —2 (m+) 

—[ (an) + (ad) + (83), + (80). + (76) + (yn),] +66). 

The theorems above can be generalized, as in (44), to apply to the rela- 

tive index numbers of the if,(8) residual to an M,(a) on an M,. 


$4. Residual Index Numbers. 

1. Given an M,_,(e) onan M,(a) in 8,; then n—-k—1 spreads c (à) on 
M,(a) meet in a residual M,,,(8) which has an M,(y) in common with M,(c). 
This M,(yv) meets M,_,(e) in I,., points, and we define the relative incidence 
number, [as], p, of M,_,(&) as to M,(a) by means of the equation 


(53) LL = 9,4 [a8] > +0 4-108], —-F,-4-2 [a8], 
l +... . Ho [ae], pat [aE], z 
in terms of the orders A, the number J, ,, and the earlier incidence numbers, 
[ae] r -<--> [@e],, Which are similarly defined for successive sections, in 


particular [ae], being s. We shall prove that 


(54) The relative incidence numbers are independent of the orders of 
the spreads used to define them, and they depend on the underlying dimension 
S, just as do the ordinary index numbers. 

For if a, increase by one, its spread by an S, which cuts M,(a) in 
` M,_,(a), then the n—k—2 spreads o’(A,,...., An) on M,a) meet in a 
residual M;,,,(3) in S, which meets M,_,(a) in M}(y). This M,(y) meets 
M,_,-(€) in. 

, | A [ae]o +H 0—r— [ae],+.... +0;[ae] rat [ae] 44 
points. Hence, J, is increased by I1, which is precisely the increase in 
I,_, of (54) due alone to the change in A; 1. e., [ae],_, is unaltered, and it is 
independent of the order 4,. If, however, M,(a) be supposed to lie in an Spy 
containing S,, we must use o(1, 4,,...., A,z1) for the same J,,. If 
[ae];+ [ae];_.= [ae], be assumed true for i=1,...., r—k-—1, as it is for i=0,. 
- then [ae]; r+ [ae]; -r= [ae], p. Here the [ae]; refer to the relative inci- 
dence numbers in S,,,. Comparing these relations with [(13) and (14), “R. 
S.,” I], we see that the dependence of the relative incidence numbers upon the 
underlying dimension is the same as that of the ordinary index numbers. The 
generalization of this result analogous to [(17) and (36), “R.S.,” I] is: 
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(55) If [ae], are the relative incidence numbers of M,_,(e) as to M,(a), 
the relative incidence numbers [ae]; of M,_,_,(e) as to M,_,(a), the meets. of 
M,_,(¢) and of M,(a) with a spread of order q, are given by 

[ae]i=q[ae],—q@ ae], ,+@[ae],,—....+(—1)‘q*"[ae],, 
(i=0,...., r—k—1). 

We might expect the relative incidence numbers to behave lke the ordi- 
nary index numbers, since the latter are a special case of the former. For if 
M,_,(e) coincides with M,(a),% is zero and I, becomes the C)=A, of (42). 
Comparing 4, with the right-hand member of (53) and noting that, in this case, 

[ae] ,>=a=a,, we have [as]; =a. 


(56) The relative incidence numbers of M,{a) as to M,(a) itself are — 


the ordinary index numbers of M.(a). 

We see from the definition that the relative incidence numbers of M,(e) 
and M,;(e’) on M,(a) are the sums of the respective relative incidence numbers 
of M,(e) and of M,,(e') if a=a’; otherwise they are the same as those of the 
manifold of greater dimension. 


(57) If M,_,(e) ts the e intersection of M (a) and an My» of- 


order q, then [ae],=qa;, (t=0,1,...., r—k). 

Since [as]; =E= ay, let us assume that fas]; =qa; for i—0,...., r—k—1 
and determine [as], p. Let n—k-—1 spreads o(A) on M,(a) meet again in 
M,,,(@), which cuts M,(a) in M,(y). If M,(y) meets M,_,(e) in I, points, 
these points are the meets of M,(yv) and M,_,, and 

L= OV 0= 9-41 48] > +0,~-1 [ae], +.... +0, [ae], + [ae]. 
By applying (42) to a proper section, we find that 
Yo =T, pA FO, 41% +...- $0, Apta F Arke 
Multiplying by q and subtracting, we have [aé],,=qa,_,. 

(58) If M,_,(e) on M,(a) be cut regularly by an M, of order q m an 
M,.,-.(@), then the relative incidence numbers of M,_, ,(s’} on M,(a) are 
[ae’],==q[ae],, (¢=0,1,...., r—k—t). 

-` This being true for [ae’],, lef us assume it true fori=1,...., r—k—I—1. 
If n—k—l—1 spreads o(A4) on M,(a) meet ina residual M,,,,,(9) which cuts 
M,(a) in M,,,(y), the M,,,(y) will meet M_,(e) in an M,(6) and M_,_,(e’) in 
I; points, where I}_,_,=q6,. From a proper section, 

d,=6,_,-[ae])+0,2+[ee],+----+0,[ae] 211+ [ee] ea: 


l Multiplying by q and using the assumed relations, we have 
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d= Lr =T, lae ]o +044 loe’], +... +0, [ee] +t aloe] a: 
f Hence, [ae], pu 5g lae], 

The theorem (58) for k= 0 becomes, by thet use of (56), the theorem (57). 
Either will serve as a basis for the following definitions of the residual index 
numbers of M,(a). 

2, If n—r—1 spreads be passed through M,(a) in S., they meet in an 
M,.,(@), which has in common with M,(a) the manifold M,(a) itself. ‘The 
relative incidence numbers of M,(a) with regard to itself, [aa]; according to 
(56), are the ordinary index numbers of M,(a), a;, which in this connection 
we will denote by a, ;. Thus [aa],—a,,, (#=0,1,...., 7). 

If n—r spreads o (à) on M,(a) meet in a residual M,(8) which cuts M,(a) 
in M,_,(y), let [ay],, (t=0,...., r—1), be the relative incidence numbers of 
M,_,(y) on M,(a). If one of the spreads, say that of order 4,, be multiplied 
by a spread F of order g, then M,_,(y) is increased by Mj_,(y’), the meet of 
F and M,(a), and [ay], is increased by [ay’],;, which, according to (57), is - 
da= But oa; is increased by qao, i, whence a, ,, defined by 

(59) [ay] oy, +010, 4-0, i415 (i=0, 1,....,r—1), 

- is independent of the orders 4 and can be regarded as as index number attached 
to the manifold M,(a). The change in these index numbers due to a change 
from S, to S,,, can be obtained from the corresponding change in [ay], 
[see (54)], ino, and ina, ;. 

(60) The residual index numbers. of the second rank defined by [ay], 
=O, 1 H0, A +O, 41, (t= 0,...., 7-1), in terms of M,_,(y) are independent of 
the orders of the spreads hick: determine M,_,(y). The change in them due ` 
to a change from S, to S y 1s expressed by l 

ao i tao, i= Ao AtA, eg Oe im 

In particular, according to (42), a,,,=0. For example, let M, (a) i in 8, be 
the regular intersection of u'=0, u”=0. Then a, .=lm, a,,=—lm(Il+m), 
Go, =m (Pm+ln+m?). Let ul f'4-um fr" =0, w fe! um fe-® = 0 be spreads of 
orders A, u on M,(a) which meet in M,(@), which cuts M,(a) in M,(y). Then 
fe jae =0. Accord- 
ing to (57), [ayina tui —m) and [ay]: =—lm(l+m) (At+u—l—in). 
Thus, a, o= [ay ]o— (A+ u) %,o—O%,1==9 and a, = [ay]; (A+ u) ao, — 80, = Pm’; 
i, e., G,, and a, , are independent of A, u. l 

The residual index numbers of the third rank of M,(a) are defined as 
follows: ‘Let n—r+1 spreads o(4) on M,(a) meet in the residual M pal) 


M,(y) is the regular intersection of u'=0, u” =0,and 
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which cuts M,(a) in M,_,.(y™) with residual incidence numbers [ay™],. Then, 
if a, ; be defined by 

(61) - fay ] Hay Oy Oy, AO), it HO Mo, FO) Mo, 14:1 Fo, ives 

(i=0,1,...., r—2), 
it is independent of the orders and is an index number of M,(a). For if a, 
be increased by 1 by adding a linear factor, M,_,(y) is increased by a section. 
of the M,_,(y‘) obtained from o’(A,, ...., 4, ,4:), [ay], is increased by 
[ay’],, which by the defiñition of the numbers of the second rank is a, ;+0f0,; 
aoi. This change in [ay], is balanced by the cuango in the o’s on the 
right of (61), whence a, , is unaltered. 

The residual numbers of the (4+1)-th rank are defined in terms of those 
of earlier ranks as follows: If n—r+4—1 spreads o(A) on M,(a) meet ina 
residual M, (80) which cuts M, (a) in M,_,(y“), whose residual inci- 
dence numbers are [ay®™®], then a, , is defined by 

(62) [ay a = Ap, iF (01 Op F ag, i1) + (0ps, tOr i1 FOr ite) 

+. + (65,0, iF Opao ip F +++ +O, 42) 
= (esas. tithe +e to, cee) ey ee Argi bese 
+O, 444-1) rs tees FOr (Qi tH Ao, 41) FO, (a01) 
(k=0, 1,...., r; 10, 1,...., r—k). 
It can be shown, as above, that they are independent of the orders 4, and there- 
fore also of the manifold M,.(y@). A somewhat more convenient form of 
the definition can be obtained by introducing the abbreviations 
(63) = „at0, Qe a1 FO: Qo, gat pet e FOaae, 05 and 
Ay, a= te, g FO Qo, at bea, aF o o HO Ao, a 

(64) The residual index numbers of M, (a) of the (k+1)-th rank, a, ,, 

(k=0, sene F510, NT are defined by 


[ayt]; = = 34, Biti, È A itki? 


in terms of the index numbers of Touei S. "They are independent of the 
orders 2 and the manifold M,_,.(y?-¥). 


To Se the two definitions, note that the coefficient of c; on the right 


i+k 
in (64) is >, Qrir È jiri While in the original definition it is 
I=1+k & 
AEN: . eee ¿r The difference between the two is 
itk i+k 7 itk 
È Qnar È Gy = = Oy epee 
l=t+k—-j+1 l=k4-1 l=i+k—j+1 


This last sum vanishes, since in each term the second subscript of the a is neg- 
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ative. Note that in the definition (64) index numbers of rank greater than k 
formally appear, but they cancel in the expanded formula. 

3. (65) The complete set of residual index numbers of a regular M,(«a) 
in S,,, determined by spreads of Orders Riy... +, Ag+, 18 given by 

= (12, [2,23 Saal, 

where 7, _, is the aoe and È, the complete symmetric polynomial of degree 
j, formed from the given orders. 

Let n—r-+k—1 spreads o(2) on M,(2) meet ina residual M,44,(8) which 
cuts M,(a) in M,—(y). These spreads can be taken in the form 

us aale pudya ==, 


ue piwik +, + ydr- qarr Snr — ae 


where u“=0,...., w-r=0 cut out es: Then M,_,,(y) is the regular inter- 
section of M,(a) by the spread defined. by the matrix 


BON oa wary ghee 
PES COR eee er ry te ete ee =0; 
pnp | . 7 i ts yln—rta—a ne 
whose order, according to Salmon’s formula,* is 
* aceon ‘ e 
. (Or — 0r HO 2, — -+ (=f)? 16, 2eat (—1)*,). 


' From (57) and (64) we have, respective_y, 


[aye]; = (0,—9;,_, a+ ares ete (—1}*3,)a,, and 


atk k+ 
lay? = 2 Aru X År 
, 1=0 l=k+1 
Equating the terms in bse we find that 
k+i _ 
(1) 25 a;= Sa, i—i+j gA Atki, itki (=9, 1,...., k). 


Writing this equality for 7=k, i=i, and again for j=k—1, TEN we get, by 
subtraction, (—1)*(2,a,+ 2, €i) =€. According to [(11), “R. S.” I], 
' a= (1) apr Xi) O41 (a1) Nir Ziv) 


whence a,, = (—1)**7,_, (2, SiE Bist). 
4. In the above particular case of a regular M,(a) the relations 
Oy, eH Qipi =), Agy, p™0 exist. Let us prove generally that i 


* A simple proof of this formula is given in § 5. 


51 
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(66) The dr(r+1) residual index numbers of M,(a) satisfy the follow- 
ing relations: a, it Aii, r10, and a, py =O. 

Let n—r+k—1 spreads o(A) on M,(a) determine M,—,(y®®), and 
n—k—1 spreads ¢(u) on M,(a) determine M,(y°*™). If these two mani- 
folds on M,(a) meet in J, , points, then we have from (53), if we use first 
Mi(y*™) as M (e) and second M,(y"*"») as M (e), the equations: 


l= fay?) ] re tT, [Lay P], ates ee FHTrtk fay? ],, 
=[aye*)], 49, [ay], +... +o, [ayo >]. 
Here the. [ay], are given by (64) in terms of the o’s, and the [ay], are 
given in terms of the v’s. Pouenng coefficients of o,7,, we get 


r—t Ts t—8 


\ = Qr, rist = Ais, rit 2 ve r—l—-s—t T z Ait, ris) 
' i=0 l=k+1 l=r—k-41 


where OZtZr—k and 0<s<k. If in this equality ¢ be increased by 1 and 
s. be diminished by 1, and the result be subtracted from the given equality, we 


get Ort, a Aktis, riki Oy s, ty O44, k-8? where now 0< < t< <r —k—1 
andl<s<k. Thus two of the a’s have a negative subscript and vanish, and 
djm Famy, 150, (Gh, ...-, 13 mor—k—1,...., 0). 


5. There is one case in which the roaidnial index numbers all can be 
expressed in terms of the r+1 ordinary index numbers. 

(67) The residual index numbers of an M,_,(a) in S, are given in terms . 
of the ordinary index numbers Ms the formula a, ==, 14, Arg t, Where 
h=1, 2,...., m—2 and i=0,1,...., n—h—2, while a_,=0. 

Using the above notation for Sar the spreads o (A) meet in a residual 
M „+m (8) and the spreads t(u) in a residual M,,,(@’). The two residual 
spreads meet in 8,8, points, where 

. Bo= Sry —A,_,, and 

B o= Tpi Mo Taks ey Ty pg + e e yp —g T] Ange 

These common points consist of the O points common to the spreads o(A) and 
t(u) outside of M,_,(a), and of the Z points common to the M,_,,(y) and 
the M, (y€) on M,_,(a). Here 
O= 6441 TT net Apt Tn na Ay + + 0, A, 3A, 9, and 
I = fay ot, pot lay? P] teat -oo H layO), ptt [aye], 2 - 
By equating the coefficients of v in 8, 0,=O-+1, we get - 

ara (Ay Sr) =— Arnt lay], (F=0,1,...., n—k—2). 
In this, after dropping the obvious equalities found from. the coefficients of c, 
and o,,;, we find from the coefficient of c, that 
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l pig © Oy jp y= Og pg F Agaj, Tp gt E e e e e FEO, pte 
where j=0, 1,. .» k—1. Putting k—j=h, we have 
Arr’ a A -ae To htio i 
(J=0,...., w--k—2; h=1, 2,...., k). : 

Allowing h to. diminish by 1 and 7 to increase by 1 and apa ae we Be 
Oy, = An Aiah @, Which is also true when h=1 if a_,=0. 

As a verification let M,_,(a) be regular, paing cut out by spreads of orders - 
Ay, àe. Then a, = (—1)*t 2123 (2r 2a i2). But for this case we had 
found in (65) that a, = (—1)**'4,4,(2,2,— Zra žm). To identify these, we 
notice by direct multiplication that >, 2,—3,_; Din = (A A) Ea if AZL 
Hence, Er D1 2-2 2) = (A, A_)"” Ea and the two expressions are reconciled, 

6. The generalized problem in restricted systems has, in the case of a 
common curve, the following solution: 

(68) If in S, an M,(a),...., M, (0È), where rt....+7= (—1)n, 
have in common an M,(y), they meci outside M, (y) in 


—fa® 
O =a -aP-....-a—y, o(=E rh ylh \— —y, points. 


Let spreads o (Af, ....,2%,) on M, (a) meet again in M, (8), which 
meets M,(y) in IP =o{y,+ [ay], points, where BP =x(a™) —af? =n,—a$. 
All n of the spreads on M,(y) meet outside M,(y) in 


Q, = 7, m... nyl PHPH... +o) —y, points. 
The Q, points are made up of the O, points common to M,, (a), ...., M,, (a) ; 
of the (1,—a,™) a... .a§9—If points common to M, (8S), M,,(a®),...., 


M,,(a), ete.; of the (7,—a§”) (71,—a??) af... .a§? points common to M,,(8™), 
M, (8%), M,,(a®), ....,M,,(a), ete.; ....; finally of the (m, —afP) (x, ae 
..(%; —a®) points common to M,,(8),...., M (B®). Thus 
2,=0, +3} (m —a®)a®... .a® —I} 
+3 { (m —a) (7 Laat. edt. Hala). 
By using the identity 


Dy Ba. o e B= (%,—Y,) HA] L 2 — Ye) tyl. o o Eey) +H] 
=Y Ye -e  YstB(@—W1) Yor ++ Yi 
+2 (21 — Ya) (2a— Ya) Ye -Yit +a(a—y,), 
we find that 
Q,=0,—S1M +2, m... Ma Pa? ... ag 
1M. PLEO FOP] — flay] +. > 


+ [ay], 1 aay? .. OP +0: 
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o (i) 
Therefore 0 =a af... aP — yf — Le 2 ee Lerh y, . 
~ Yo Yo 
This formula for O, is like the usual formula, except that in forming c, 
ONT- lay] [ay] 
the given orders are replaced by — A =— layi 


The relative incidence numbers [a*y], can be replaced by relative index 
numbers according to the following theorem, but the formula for ©, then loses 
its resemblance to the original formula. 


(69) Foran M,(y) on M,(a), y= (ay) = [ay], and y,= (ay)ı+ [ay],. 
` Only the last equality needs proof, the others being a matter of definition. 
Let n—r spreads o (à) on M,(a) meet in a residual M,(8) which cuts M,(a) 
in M,_,(e), which in turn meets M,(y) in I,=0,7,+ [ay], points. Then r 
further spreads v (u) on M,(y} determine an M,_,(f) which meets M,(a) and 
M,(@) in O, points outside of M,(y). Here ae 


O= pnr Tr —Yo(O1 +1) —N = [T ao— yoti (ay) + fT, Boh}. 
. Since a,+8,=6,_,, this leads to y,= (ay): + [ay]. 
7. From (68) and (69) the undetermined index number ĝ, or (ay), of 


(51) can be obtained when r=n—2. For then M,_,(a) and M,(8) meet in 
M, (y) and no further points, whence, from (68), 


0,=0=08 n(A) y. 
Replacing [ay], and [By]; according to (69), we have 


0=a, boty: — (ay) — (By). 


(70) The undetermined index number B, or (ay), of (51) is found in the 
case of an M,_.,(a) from either 


Oy Bo= (ay) i+ (By)i1—y or B+{("9°)+1}4, =a0Bty.- 


$5. Manifolds Defined by Matrices. 

1. In order that the varicus terms in the expansion of a determinant or a 
subdeterminant of a matrix, M,,,,,, with n rows and +k columns, whose 
elements are forms in d+1 variables, may be homogeneous, it is necessary that 
the orders of the elements be taken as indicated in the array 


BA, Wtf ees hata 
WEA, bay oe npt Ae |. 
Matt, n= 


asra seoessosossesescocssseso 


E ing et ae ee E y 


° 
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If the d+-1 variables are linear in the c+1 coordinates of an S, the vanishing 
of the matrix defines a manifold of dimension c—{k+1) in S,. For if the 
matrix of the first n—1 columns vanishes on a certain manifold M’, the k+1 
spreads obtained by adding each of the remaining columns to form a determi- 
nant all contain M’ and meet in a residual M,_(,,,) which cuts M’ in an M „iro. 
Since for the general point of M „41, M’ does not vanish, the vanishing of the 
k+1 determinants entails the vanishing of the matrix. Im this section the 
first three index numbers of M.a In S, or of M,,,,, are derived, all the 
index numbers of M,,,,, are obtained, and a tentative formula for the general. 
index number of M,,,,, which holds for thé first k+8 numbers is given. -A 
formula for the number of linear spaces which meet a prescribed number of 
given linear spaces is obtained in terms of the index numbers of M,,,,,. Owing 
to the limitation of the tentative formula, this number is evaluated only for 
the case when the given spaces are lines and the case when the given spaces. 
are nine planes in S,. 

2. Throughout this section we denote respectively by u; and “, the 
elementary and the complete symmetric functions o? degree i formed from 
lL,- lng; and by v; and »,, respectively, the complete and the elementary 
symmetric functions of 4,,....,4,. Further, let 

H;=uH ujani tijan: .+;, and 

A= y+ liat lja -oo H 
and let Mayran; j, (J=0, 1,....), be the index numbers of M,,,,. From the 
well-known relations l 


(71) 


j= lly — Uj ih +u —. - . -+ (—1)' g =0, and 

h, =H,;— „1H, +H, A, — e... + (—1)/H,;=0. 
For if we compare h, with M;+ Mm, 1% H Mjet... Hn, which is evidently 
Zero, we find that h,;= 2 (—1)'H,_,#,= saree (—1)" lirs lrt VY, While 


3 tee ro =3 i = ce 1)‘ Hj—r—s its) ( = (= ay 5) = g 2 (— —1)tu Hj-r—s üv r—t Vy. 


If we set r—t= s,s=r—t, t=, the first: sum stay to the second. 
The following equations are fairly obvious; . a 
(72) Ay °=Hy +1, Ap, AH} °=a, HSHH), Apa, ApS +p}, 


_where the first superscript 1 or 0 refers to the omission or retention of J, in 


the formation of H, and the second superscript indicates similarly the omission 
or retention of 2. - 


i 
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3. With the aid of these formule an immediate proof* of Salmon’s for- 
wula for the order of a matrix can be given. . 

(73) The order of a matria M,.,,, is Hys- . 

The theorem is obviously true for the matrix M, ,; let us assume it to be 
true for all matrices M, , such that r+s<2n+k. Let M,,,,., be the matrix 
of order m,,,4,, obtained by dropping the first column of M,,,,; and let 
Mise. n— OÊ order Mpira be that obtained by dropping the first row and 
column. Consider the section of the manifold M,,,,==0 by the spreads of 
orders J,+4,,....,1,+2, in the first column, m= (1,-+A,)-(L,+4,)°... (A +4,)- 
This section is regular and of order 2m,,,,,. It breaks up into two partial 
sections. For the one partial section the spread of order /,+4, and Mpiga, n. 
vanish, whence its order is 2-(1,+A,)-m,::-4,,- For the other partial section 
the spread of order l +2, does not vanish, while M,,, , n- does vanish, whence 
its order is -M,5,-4,,1- Therefore my +4, n= (LHn) Myytin F Matene. 
Both orders on the right are known from the assumed formula, whence 
Muse, a= (hA) He°+Hy},. By using (72) we find that m,., „=t Hg’ + HgS 
=H% =H i, which proves the theorem. 

4. Similar considerations readily lead to the following theorem: 

(74) The curve (in 8,4.) of order H,,, defined by the matriz M,,, ,=0 
has the second index number Mayr, n; 1= —kH,,.—H, H,,, and the genus p de- 
termined by 2p—2=kH,,.+H, H,.,—(k+3) Ay. 

The value of the genus is obtained at once from that of m.,,,,.,1 by using 
[ (27), “R. S.” I]. The first and second index numbers of the matrix 


Misni = llh HA, tenes Liz t%[l=0, 
a regular spread, are l 


Migri; 0™ (4, Ag) + oea ar (arta) - 
. and f 


Taani 15 (at o Haret (WHL) A) Mar; 05 (k HHE) Hrt. 
Since H2°,=2,H%),+H%}, and Htl —=u,=0, the value of m1; given in 
(74) also reduces to —(kA,+H,)H,,,. We assume, then, that (74) is true for 
matrices M., such that r+s<2n+h, and proceed as above. If X, denote 
(L+H) +. cea (L +2,), the second index number of the section of M,,,,, 
according to [(18), “R. S. I], is 24 %a44, n; 1—21 Mare, n; o}; Of the one partial 
section is 2(1,+-4,) {Mapri n; 1 (2, +4 HA) More, n; ot; and of the other par- 





* This formula, inferred by Salmon (“Higher Algebra”) from a number of special cases, was proved 
for the first time by Prof. F. F. Decker. This proof will appear in a subsequent number of this JOURNAL. 


s 
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tial section is {Mapri a1; 1—21 Maik- a;o}. Furthermore, the two partial 
sections meet in (1 -+2,)AMatr n; o points. Using the formula (42) for the 
second index number of the composite curve, we have, after factoring out x, 


G Math, n; 1—2; Mnk, n; 0 (L +2) | Morr, n;i (Z +i +2) Matki n of 
+] Matti, ni; o— È; Matk—, nm; of —2 (+a, )Mn4n—1, 2-15 0 


The terms in 5, cancel, due to the equation connecting the orders. By means 
.of the same equation the term Souteinne (1,+4,)? can be eliminated. Then 


Mark, n; 1 (L +4,) {Matri n; 1 Matk, n; o— Masha, a—l; of HMak, h—l; 1e 


D in order to prove (74) we have only to verify that 


kH} +H?" AYE = (1+2) | (k—1) He, + Hp Hp + He + Aes 
+ [kH p +H? 'H Hgh} 
is true. The terms containing k as a factor vanish, due to the relation 
Hp (h44) Hpi +H" 

used in the proof of Salmon’s formula. The remaining terms are 

HY hae +à) [~H +E ra tAr’ Hg °] +Hr' Hga. 
In the bracket, —H}? -+ HL? =l, Hk? and 1, Hb°+H?° Hp°=H?° Hp’, whence 
HL’ H? = (+4, ) (Hp? He’ + Hei) +H Hya. The two terms in Hy, reduce 
to H?° H'3,, so that H%° factors out, leaving H??,= (1 a )He°+ Heh, which 
is true and completes the proof of (74). - 

5. In order to obtain the third index number of Mov, „s we first derive 
. all the index numbers m,_,,,,; of the matrix H,_, , obtained by using the first 
n—1 columns of M,,,,,. The fact that the number of columns of M,,_, , 
than the number of rows requires, according to the conventions in paragraph-2, 
that the elementary and complete symmetric polynomials be interchanged (so far 
as rows and columns are concerned) ; and with this in mind we apply the u, v, H 
notation to M, ,,. It isan M,_, in Spp; and on it-we have k+1 spreads o(r) 
of orders r,=H,+1,,:...,7,=H,4+1,,,, which meet outside of M,_, ,=0 in the 
points of S,,, determined by M,,,,,=0. This number is given by Salmon’s 
formula (73), which, with our present nctation and the use of ¢ for the- 
elementary symmetric polynomials in J,,:...,1,,,, takes the form l 


(Prr HPT + nai +441) HE (Mp teat +... +e) +... H (7, 4+7,) + Baas 
=H, +A, + Ay tet - 2 + 


Ori the other hand, this number is given by 


Okt Ma, n; 0 Ogy Mai, n; 10ga + e e o Man, n; kle 


is less , 
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Equating coefficients of een we get 


(75) H,=Hi—(} Ht Ma, n; (iaman; oe (Emin: i 


` If we begin with the obvious equations 1=1 and H=H,, and take also the 
j—1 equations (75) for j=2, 3,...., j, and if we multiply this system of j+1 
equations in order, beginning with the last, by 


(C: (I), (E, ancy (—1)H? 


respectively, and add, we find that , 
-Ir i —1 —2 zia Aj T7 
(T6) maini = (1) (4 H+ (Dura E LOA 


due to the binomial formula 


m (AOO) 


oF tae a (eG HG.) 


with the particular cases: S=1 if b=a, or if b=a+c; S=0 if b=0, or if 
b<a, or if b>a+e, or if c=0, unless at the same time b=a. Hence, 


(78) The index numbers of 


are given by (76), where H,=H,, A= at int wee +4;, and u;(7;,) are the 
complete (elementary) symmetric functions of A,,...+) Aq (igoe ey U4). 

6. This result will be applied now to the determination of Mp4r,n;2. In 
Sis) Manter, n ™0 defines an M, , the residual intersection of the aboveo(r) spreads 
- on M =0. From (51) and (70) we get the following equations: 


n—l, n 
Matin; o=Op4,-Ay4 ; 
1°., Matk, n; 1=— 0] Mayr, n; ot kdys 
. 1 
Mase, n; 2—= (Mai, n; 0—02) Matr, n; 0—01 (Mate, n; i+A,) ("5") Ary- 
Here the index numbers in 4, are obtained from (76), in which hereafter the 


H’s will be primed to distinguish them from the H’s formed for M,,,,,. Let 
us first derive the value of A;. From the system of equations 
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o= CT 
an (HG 
a= ("+ ja As Ol eas Gage 


and the following system obtained from (75) together with two obvious 
equations adjoined for convenience in summation, 


mesa = (A i (FD ae Bi. (a(S aly 


Main; 0= (1) — (1 E+ (5 Ht, 


, 1 Fr 
Ma, n; >> (—1)° {H —(1 E} =0 , 
Maan; = (—1) {Hi} +1=0; 
we find by applying (77) that 


+2 a oe ae ee 
A ie ad oar as Hye“ H, , 


where in} r=0,....,j+2 and s=0,....,7-+2, whiler+s<j+2. Note that 
in $ r,s occur only in the combination r+s, except with t, Hi, and that 
È T, H =H,- If, then, r+s be replaced by t, we get 


r+e=e 
: j+2 _ fiti—k Paa 
Cua Ay= > (DEGE a, 
We are interested in the values 7=k—1, k, k+1 only. When j=k—l, 
o...—A = 3 (1) C Ja Hiei 
k+1 m g t—k—1 2441 . 
The binomial coefficient is 1: when t=k+1, otherwise it is zero, whence 
2°. Ora Ap =A 
Since 6,,5, Opes; ---- all vanish, we find for j=k that 
—A = (—1)"( 1 \H H'et 
k— par t—k—1/ tH ; 
whence 
3°.. —A,=—H,,,Hi+ Ayss. 
Similarly, 


4°, — Ay =Fys: A”? — 2H, .,H'+Hys, : 
52 : 
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From 1° and 2° we again obtain (73), or. 

5°. Mark, n; o= Hry. i 

From 1° and 3° we find that m,44,.;1=—0,H,,,+4H;H,,,—kH;,,.. Since 
—o, + kH =— (Hitl +... . +h) =—H,, we pi (74), or 

6°. Magra; 1=— Ay. tH, Hpt 

From 1° and 4° we find that 


Mark, n; S(p owt OTD Fy yst+ Hr 0, (H, —H;) —kH, TT, 
Hi? 2H HH). 
In the coefficient of H,,, the terms in k vanish, due to 0, =H, +kH; and 
H,=¢,+H(=¢,+H; the coefficient then reduces to H,(H,—H, ‘)—¢,4+ Hi 2— A. 
This becomes H?—H,, due to H, =r, +r, Æ: +H, and Hi=H'. Hence, 


T°. Meanas=($> Hawt ( T E Et H) H, 


(79) The third index number of M,,,, is given in T°. 

The method used to determine the first two index numbers in (73) and 
(74) failed for the third, because for the composite two-way there was required 
the second relative index number of M „r, nm as to Mpt, n (the (ay), of (51)). 
This can now be found by using m,;,,;2, and as the result of a calculation simi- 

lar to those made above we have l 
(80) The second relative index number of Mayran 8S to M,,, ,, i8 


—Aye tA, Hes. 
7. The index numbers of M,,,,, found thus far can be written 


My 2;0— ("7 zu 
Matk n; = (1) + 0) Hy, 


msaa (Eat Eat Ea) 


On this somewhat slender basis let us generalize the formulæ and assume 
as a tentative formula ror the general index number of M,,,, 


(81) means (AY [OT iat OG) Bo 
Geary DA, AE S 


er os too MDE Hyn). 
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In order to check this assumed formula, consider the matrix M,,,,. In 
this case i 
H= tit A lia Hit. mre ; we, PER eee 


Since Upya ™ Up= - - - - =0, 
H, = (lL +à) Taye’ (tian +n), Ags p= Mi Aas. 


The M,,,,=0 is regular, and its index numbers are formed from the complete 
symmetric functions of the orders; i. e., 


1°. Mitri; = (— DEt tf aes a Heke AY, at 
+( a. 


gs a=ĦH aH +H, nnn HIL A. 


The values of u, in terms of the H’s are 


To prove this, we note that it is true for ;=1; let us assume it true up to 
j=j, and prove it for j=j. From the assumed formula, g;+A, ün =H, for 
i=1, 2,....,7—1. Since 


j= My jat jo ts fijam. - - -+ (—1) 4; 
oe (H,—,) j1— (H,—A, H, ) ü; + (H; —A. H 2) Új 
..+(—1)"(A,—A, H;i), 
+A, f; =H, (Bat #j-2) — —H. (Bata Et.. + (—1)? H, 
=H. Ay —H Hotes ..-+(—1) 7 H, =H. 


This proves the above formula for i=j, and therefore completes the proof 
of 2°. Substituting the values 2° in 1°, we get - 


Mitk, 1; 57> oa B -GEED + (—-1) r at . 
= (173 (PIE, M a= (—1 3 ("TE Base 


i=0 i=0 

which is the same result as is given by (81). In this particular case the H’s, up 
to and including H,,,, are independent quantities. The further H’s are con- 
nected with the earlier ones by the equations H,,,,,=AjH,,,. The first homo- 
geneous relation which is a consequence of these equanons is Hyp Hpo — Hites 
which can occur first in Mapt, n; pts- ; 2 

(82) On the assumption that the index numbers of Mase can be given 
as polynomials in H,, the formula (81) is correct for the first k+3 index num- 
bers, and for these only except in the above case of an M,,,,. 
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That this assumption is correct can hardly: be doubted in view of the above 
values for the first three index numbers of M,,,,,, and for all the index num- 
bers of Mises M 
is clear from the cases M, aes sa M,4;,,. The index numbers of the determi- 
nant M, „, according to [(11),“R.8.,” I], are m,>, j= (—1)/Hi, so that there 
must he added to the right side of (81) the following.corrections for successive 
values of j: 0, 0, 0, 2(H, H,—H}), —5H; (H, H,—H?), 9H? (H, H;,—H?) +2(HiH, 
—3H, H, H,42H})+2(H,H;—4H,H,+3H}), —14H3(H, H,—H}) —7H, (Hi A, 
—3H, H, H,+2H}) —7H, (H, H;—4H,H,+3Hj),..... In the case of an M,,,,, 
we find from (76) that the following corrections must be added to the right 
side of (81): 0, 0, 0, 0, 5(H,H,—H}),..... 

The only apparent law followed by these eon is that they are semin- 
variants of the binary form with coefficients H,.,, Hys., Hrag Hegas ete. 

Let.us make, finally, an application of the index numbers of M,,,, toa 
geometric enumeration. 

In Saer an S, is determined by nk conditions, and it is one condition 
that an S,_, meet a given S, in S,,,,. We ask, then, for the number of S,_,’s 
which meet nk given S,_,’s in S,,,.,. The S, is given by ~ linearly indepen- 
dent points within it; i. e., by 


U1 D,a Dy ntk 
oN Big ys Oa etre, Binih 

M par na s , 
Dai Dar Sus Dr, ntk 


If the variables v; bè point coordinates in a space &,,,,,,)_,, the n points deter- 
mine a point in Enaz Since any other x linearly independent „points will 
serve the same purpose, theS,,_, itself is represented by a X e MZ, in44)-.- Take 
a section of Erene bya Engo and in &,, theS,_, is represented by a point. Con- 
versely, a point in ¥,„, is given by values x, and determines an S,_, in &,,,,_, 
unless the point of 2,, is on the spread defined by the vanishing of M,,,,. The 
condition that S,,, meet a given S,_, is linear in the determinants of Marna It 
is therefore represented by a spread of order in &,, on the manifold M,,, ,=0, 
. whose dimension is k(n—1)—1. The number required is the number of points 
of X outside of M,,,,,=0, and on nk given spreads of order n containing 
Matr, = 0. This number is, 

(83) 0= nmi y ( nk’ ) pii m, 

x jas nk—n—1—j atk, ns jr 

(84) The number of 8,_,’s which meet nk given §,_,’s in Supp t8 given 
by O in (83), where Mayra; 3 i8 the (j+1)-th index number of a matrix M,,,, 
whose elements are linear forms. 


win and M, That (81) is not correct for values jSk+3 — 


yi 
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9. Since; according to (82), we are limited to values j<k+3, i e., 


k(n—-1)—1<k+3, we can obtain the explicit number only for n=2, k= any 
integer, and for #=3,k<4. Fora matrix M,,, , with linear elements, 


H= and aR 

5E P i ; 

Putting these values for n=2 in (81) and sukstituting in (83), we find that 

aa Pat iene: Gn Ga 

RCC 
HOME MCC 
e NEDO 
In the first brace note that 


O (ENGED 
whence it becomes 


=e n(2 (eee oE) 
=- +) (;% e0 =- t2) 
The second brace is 


= ent) (ae ai TEO a E a E 2k ee 
e es (k-+2) 5 S MEE P 
The first part of this, according to [11°, p. 179, ‘ ‘R. S.,” Ij, is & 2 3 “pm and 


the second is — (k+ 2). 5 a A whence the sum of the two is 


w(t) 23, (Gt =H) 202) a(t )+G)- 


Hence, : 
o= (EH) + +2) G9) = eee ETD 


(85) The number of lines which meet 2% given S,_,’s in S,,, is 


© (2k)! 2k 
ETHIE =(P] T. 
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This well-known fact can be regarded as an excellent numerical check on 
the previous theorems. The case n=3, k=2 of (84) is the dual of the case 
n=2, k=3 of (85), so that the case n=3, k=3 of (84) remains. From (81) 
we find that the index numbers of an M, in S, with linear elements are 


. 15, —108, 465, —30-51, 21-210, —42-244, 
whence , 


0=3'— (2 )3#-15 + (7)3*- 108—(3)3*- 465 
| +820 -51— (33 -21 2104+42. 244=42. 


(86) There are forty-two planes which meet nine given planes in S;. 
This again is checked by Schubert’s formula, 


i , 1!2!3!....r![(n—r)({r+1)]! 
(n—r) !(n—r+1)!.... (n—1) ini 
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Character of the Solutions of Certain Functional Equations.” 
. By Tomas E. Mason, l 


I ntrodustion. 


By means of a transformation of the form z = (mg + n)/(ræ+ s), the 
equation + 








az+b\_ A’(2)F(z)+B' (2) = 
ata) “CFG S E, 
in which A’ (2), B’(z), C'(z), D'(z) are rational, can be transformed to the 
ordinary difference equation : 
A (x) } (£) +B (x) 
1) = ; M 
VOHN = Tay a) FD la)’ oo 





or to the g-difference equation 
_ A (a) 4 (z) +B (2)... 

where A(x), B(x), C(x), D(a) are rational, according as the substitution ` 
2’ = (a2+b)/(cz+d) has one or two double points. In order to do this it is 
sufficient to choose the transforming substitution so that in the first case the 
single double point in the z-plane is carried to the point infinity in the 2-plane, 
and in the second case the two double points in the z-plane are carried to the 
points zero and infinity in the w-plane. The determination of the character of 
the solutions of equations (M). and (Nì obviously carries with it the deter- 
mination of the character of the solutions of the more general equation from 
which they were derived. 

Tietze ł has investigated the solutions of equation (M) from the point of 
view of their transcendentally transcendental character, and Stridsberg § has 
investigated the solutions of equations (M) and (N) from the point of view of 
their algebraically transcendental character. Tietze normalized to the equation 








* Read before the American Mathematical Society, September, 1913. 

+ This equation is linear or non-linear according as C @) =0 or 0 (@) 0. 

t Tietze, Monatshefte fiir Mathematik und Physik, XVI (1905), pp. 329-364. 

§ Stridsberg, Arkiv för Matematik, Astronomi och Fysik, VI (1910), Nos. 15 and 18. The linear 
equation is considered in No. 15, and the non-linear in No. 18. 
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o(a) j{1+@(%+1)} = 1r(2) and showed that if lim r(v)=0 and the equation 


has no rational solution, then it has only transcendentally transcendental solu- 
tions. Stridsberg showed that if the equations (M) and (N) have no algebraic 
solutions and C (a) #0, then their algebraically transcendental solutions, if 
any exist, also satisfy certain Riccati equations. I had proved a theorem* 
essentially equivalent to this important theorem of Stridsberg before the work 
of that investigator came to my attention. 

The investigations of these men were iompo: Neither gave a eun 
of determining the algebraic solutions, and each left unanswered an important 
question—the question of whether there ever exist algebraically transcendental 
solutions in case the equation has no algebraic solution. Tietze says con- 
cerning the restriction of his theorem to the case when lim (æ) =0: “Es mag 


dahingestellt bleiben, ob der Satz, dass eine Gleichung (2) [$(x%) {1+@(#+1)} 
=r(a#)], die keine rationalen Lösungen hat, auch keine algebraische-transcen- 
dental Lösungen besitzt, ohne Einschränkungen über r(x) gilt.” Stridsberg 
quotes these words of Tietze and follows them with the remark: “Je suis tout 
dg’ accord avec M. Tietze sur ce dernier point.” , 

This conjecture of these men was wrong. In this paper I have demon- 
strated the existence of algebraically transcendental solutions in certain cases 
where the original equations have no algebraic solutions. The proof of exis- 
tence is made to depend upon the known properties of the second- order linear 
difference equation. 

The methods of this paper will suffice to completely characterize the solu- 
_ tions of any given equation of the forms (M) and (N), except where the theory 
concerning the solutions of the corresponding second- order linear equation is 
incomplete. 

'The normal equations, 

(z) (+1) =R(æ) and # (2) @ (a2) = R (s), 
to which certain equations of types (M) and (N) cant be transformed, are of 
special interest in that I give simple necessary and sufficient conditions for 
rational and algebraic non-rational solutions; and in case there are no algebraic 
solutions, I prove that there are no algebraically transcendental solutions. 

In § 1 the linear and non-linear equations’ are both normalized to type- 
forms, and explicit formulas are given for writing down the normal form of 
any given equation. It is shown that a non-linear equation can be transformed 
to a linear equation if a rational solution of the non-linear equation is known. 





* See §5 of this paper. 
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‘ In § 2 methods are given for determining all the rational solutions of any 
equation of the forms considered. The characterization of the solutions of the 
linear equation is completed in this secticn. 

In §3 algebraic solutions other than rational. solutions of the normal 
forms of equation (N) are shown to exist in some cases, and the method of 
determining them is made to depend on finding the rational solutions of certain 
auxiliary equations. 

In §4 are given the conditions which must be satisfied in order that a 
function can at the same time be a solution of the functional equation (M) or 
(N) and of a Riccati equation. Equations are exhibited which have no algebraic 
solutions but which do have algebraically transcendental solutions. 

In §5 I state a condition that an equation have only transcendentally 
transcendental solutions. A list of several classes of equations which have 
only transcendentally transcendental solutions is included in this section. 


§ 1. Transformation to Ncrmal Forms. 


Instead of writing y(x+n) or y%(q"x) we shall write y, (x) for y(%+%) 
or for x(q"), according as.we have the ordinary difference or g-difference 
equation. We shall also wine %-,(v) fcr y(a—n) or for x (a*s). 

In the equation 


; _ å(æ)ẹ(z)+B(2) 
E AOO ETON 
make the substitution 





_ a(z) (2) +B (2) | 
Ya) = Fema ea)’. a(2)8(2)— Blayy(a) #0, 
where a(x), B(x), y(x), ò (x) are atiemall Clearing the raming equation 
of fractions, we have re 


Q (x)Q (x) fa (2) [a(2)G(2)+y(2)D (2)1—7; (2) Lala) 4 (2)+y(2)B (2) 1} 
+O, (2) [a (2) [8 (2C (aw) +8 (2) D(x) 1—y, (2) [B (2) A(x) +8 (2)B(2)]} 
=Q (x) |è, (x) [a (x) A (x) +y (x) B (x) ]—8, (x) [a (x) C(x) +y (x) D(a) }} 
+ {8 (2) [B (2) A (x) +8 (x) B (x) |—B,() [B(") C(x) + 8(@) D(x)]}. (1) 


This equation is linear provided that the coefficient of Q, (æ) Q(a) is zero or 

that the coefficient of Q (x) and the term not containing Q(x) are zero. If 

the coefficient of Q (x) Q(x) is zero, the original equation has the rational 

‘solution a(%)/y(x); and if the term witaout & (v) is zero, it has the rational 

solution B(#)/6(#). I£ A(#)+B(x%) =C(%)+D(a), there is the obvious 
53 i 
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solution 4} (æ) =1, and the equation can be transformed to a linear equation 
and studied in that form. Any other rational solution will effect this trans- 
formation to a linear equation. If there is no obvious rational solution, we 
choose a(x) =y(x)=1, 8 (s) = B(x)—D(x) and 6(%)=C(x)—A(ax). These 
values of a(x), B(s), y(x), ò (x) reduce the coefficient of Q, (x) to zero, but do 
not make the coefficient of Q, (x) Q(x) or the term without Q(z) zero, unless 
the original equation has the solution ẹ(x)=1. Making these substitutions 
in (1) and reducing, we have l 


SE 








where 








g(a) = BOCE) —A(2)D(2)) (4, (2) +B, (2) —C, (2)—D, (2) ) 
A(%)+B(a)—C(%)—D(a) . 
and . 
i= oA in E) (A (2)—0: (2) ) + (C (w) +D (x) ) (B,(@)—D, (a) ) 
‘ A(x) + B(x) —C(x%)—D (a) 
If h(x”) #0, the substitution 
Q (2) = h (8) @ (2) 


will transform the equation to 











MORF E o B 
where l 


ae (Œ) h(s)’ 
If (æ) =0, the substitution 
O(n) = {I= (x) —g9(%)) (x) —g(%) Q —g (2) ) 
(g_.(%) —g(@)) (x) —(1—g_,(2)) 
will give an equation of the form (2), where 
R (a) e g (x) (1—9, (%)) (1—g_,(#)) . 
| (9(@) —g- (2) ) (g,(@) —g (2) ) 

The determinant of the transformation and the denominator of the expression 
for R(x) can be zero only when g(x) =g, a constant, in which case the equation 

Q (x) = g/Q(z) has the obvious rational solution Q (s) = Vg and ean be trans- 
formed to a linear equation. 

Thus, we have shown that any non-linear equation of the forms considered 
can be transformed to the normal form (2) or to a linear equation. It is 
obvious that the transformations here carried out have not affected the solu- 
tions as to their rational, algebraic non-rational, algebraically transcendental, 
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or transcendentally transcendental charecter. If a linear equation is trans- 
formed to the normal form (2), it ‘is obvious that the normal form has a rational 
solution; for the transformation is reversible, and a necessary and sufficient 
condition that a non-linear equation of this form transform to a linear equation 
by means of a linear fractional transformation, is that the non-linear equation 
have a rational solution. 

The equation in (x) can be transformed to the special normal form 

R(x 
a (2) = 2R (3) 

in certain cases; that is, when the transformation can be chosen so as to make 
the coefficients of Q, (x) and Q(2) in (1) equal to zero. 

In the non-homogeneous linear equation 


4, (x) = A (x) 4 (x) + B(x), 





make the substitution 
4 (x) = a (£) <s) + B (2). 
Thus we have E 
p (a) = HE 9 (0) + Aa) Glove, EE mee TAH, 
This becomes homogeneous if the original equation has a rational solution 
and (æ) is chosen as that solution. In any event we can choose 6(#)=0 
and a(x) = B(x), and the equation takes the form 


(2) = R(x) p(x) +1. (4) 


§2. Rational Solutions of the Normal Equations and Other Solutions 
of the Linear Equations. 

The equation 
_ Big) 

has two very simple cases. If R(x) isa constant, there is always a rational 
solution (v) = a constant. In the case of the q-difference equation, if g is 
an n-th root of unity, the solutions can be obtained by eliminating from the 
following equations the functions @ with arguments other than a, and solving 
the resulting algebraic equation of second degree for 9 (s): 








_B(z) _ 
9 (ga) =F) _ 1, 





(7%) 
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ouin RC) _ 
aTa) = e(qta) 
ETa) 
P (O) = 3 (Ga) 


For the case of the ordinary difference equation and of the q-difference 
equation when q is not’a root of unity, we seek to determine an upper bound 
to the number of rational solutions of equation (2) by substituting a power 
series for (s). This method gives at most two determinations for the first 
coefficient of (x). Suppose that two solutions @(#) and (æ) have the same 
first coefficient ;. we desire to know whether they are identical. We have 


$ (@) {1+ 9, (%) {= B(w) = (a) {1 +4 (2)}, 


1+, (x) —Y4(z) 
1+4 (x) ẹ(%) 


or 





Now suppose 

(s) =A," + 2... F ape DE H Apa T + a 

ap (w) = pE" F n Fay DTE tt bw tt oa ba £0, 
where aA, E bpo, but the corresponding preceding coefficients are equal. 

In the ordinary difference equation the expansions for $,(x) and 4, (x) 
when rearranged as descending power series, will have each term after the first 
modifed by the addition of elements from the terms preceding. Since the 
expansions for @(x) and ẹ(s) are alike up to the term containing æ", the 
coeficients of a" in the expansions of @, (x) and 4, (x) will be of the form 

a, +e and b, tce, respectively. We shall thus have 








P(e) _ bat — lni pt 
pla). 1+ 7a a + ...., (5) 
` and 
1l + i (a) _ Ant — br —t — i if n + 0, 
Tayo ae OS, Cae. 10) 
provided that we do not have simultaneously n =0 and a, = —1. 


‘When n = 0 and.a,= —1, the first term of the expansion for 1 + 4, (x) 


is a_,@*, k21. In this event, the second quotient above is either 


Quip bit tte or fp... 


1+ 


according as k <t or k=t. In the first case there is no term in the quotient 
W(%)/o(%) to compare with the term in g~t, and hence a_,=b_,; in the 
second case a_,/b_,=1; that is, a, = b. 
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Comparing the expansions ‘(5) and (6), we have, for 70, bp: = 4,4. 
Comparing for »=0, we have either ¢_,=0_, or @ = — 1/2. When »=0 
and a, = — 1/2, the expansion for R(x) in descending powers of x obviously 
starts with the constant —1/4. l 

Since there are at most two ways for the expansion for @(#) to start, the 
work above shows that there are at most two formal power-series solutions, 
except when the expansion for R (æ) in descending powers of œ starts with the 
constant — 1/4. The number of rational solutions is not greater than the 
number of power-series solutions. 


We have thus demonstrated the following theorem : 
The equation — l 





reer =B- 


can have at most two rational solutions, except possibly when the expansion 
for R(x) im descending powers of æ starts with the constant* —1/4. 


For the q-difference equation we have 





ab (a) =1+ Dut Gant gt 4 Obie 


(s) Gp 
and 
1+ 9; (x) (£) _ Qni Ont int yt i ` f if n 0, 
T+¥, (x) ~ =1+ ras ee a Yon = 11 if n=O, 
provided that we do ‘not have simultaneously n = 0 and a, = —1. 
When n=0 and’a,= —1, the same argument as that given for the ordinary _ 


difference equation will show that we must have a_,=b_,. ‘When this case 
does not atise, by comparing coefficients we readily have either 


Ori = Bat or a, Ka +g") + on =0. 








* That there- is an actual aiai in this case is shown by the following examples: If R(æ) is taker 
equal to —1/4, equation (2) hag the solutions 
=— i E hee 
(e) = 1/2 and $ (@) = Zapa i’ 
where a is arbitrary. Another example can be obtained from the equation given by Tietze (loc. cit., foot- note, 
p. 330) to show the existence of rational and algebraically transcendental solutions at the same time. 
The equation 
1 l —_ € (æ) —r (@—1)) (r (æ +2) —r (æ + 1)) 
poteen COD) Ce ote 
where r(z) is any rational function, has the solutiona ae 
r (@) —r (æ — 1) ——__ tr (@) —r (@—1)) (u (@) +7 (+ 1)) 
@ and = 
t0 =G =re i O= eet) —re—)) @@ Fre) 
where u (x) satisfies the equation u (œ -+ 1) =u (s). If u(z) is chosen a constant, we have a rational 
solution with an arbitrary constant. 
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This latter equation can be satisfied only when n +0 and q is a root of unity, 
or when »=0 and a= —q'/(1+q‘). There are, therefore, for the g-difference- 
equation case at most two rational solutions, except possibly when the expansion 
for R(x) in the neighborhood of infinity starts with the constant —gq'/(1+q')*. 
If we use expansions valid in the neighborhood of the origin, we find that there 
‘are at most two rational solutions, except possibly when the expansion for R(x) 
starts with the same constant as for the expansion at infinity determined above. 


Consequently, we are led to the following theorem: 


The equation 

R(x) 
(x) 
has at most two rational. solutions, except possibly when the expansions for 
R(x) in the neighborhood of the origin and of infinity start with the constant 
term* —q'/(1+-q')?, where t is an integer. 





o(qz) = 


The power-series expansions, while of value in determining an upper bound 
‘to the number of rational solutions, are not effective for the actual construction 
- of these solutions. The following method, however, is practicable and suffices 
to determine all the rational solutions cf any given equation of the types under 
consideration. 
If the equation has a rational solution @(x), we can write 
p (2) =aP (x)/Q (x) and R(«#)=rp (u%)/xa (a), 

where a and r are constants and P(w), Q(x), p(#), n(x) are polynomials with 
the leading coefficients unity, and the fractions P(x)/Q(a) and p(~)/n(a) are 
in their lowest terms. We have 

oP (2) (AP) +O) _, 2). 

‘g (a) Q, (x) 7 (a) 
Now, P(x) and Q,(#) may have a common divisor, as may also aP, (x) +Q, (2) 
and Q(z). Write 




















a s(a) ana a(t) +(e) _ 20), 7) 
Bla) ; Q (x) 6 (%) : 
* An exception will be shown if we choose R (c) =— 2/9, where g=2 and t=1. With this value 


for R(#), equation (2) will have the solutions 


—2a°—met—motl 2 (x +a) 


$M=-13, ¢@=—%73, ea) = sei) » $M =TeTBa”’ 





where m takes each of the values of the cube roots of unity, and @ is an arbitrary constant. Another 
example could be obtained if, in the example of Tiesze already given, we replace the ordinary difference 
_ by the q-difference. 


i 
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where a(x)/ B(x) and y(x)/8(#) are in their lowest terms. Then a(%) y(a#) 
= p(x) and 6(x)d(”%)=2(a#). Combining the two equations (7) to eliminate 
P(æ), we have a 


aa (%) (x) Q(x) + ab (a) (x) Q (s) —r Bi (ae) y(2)Q(z)=0. (8) 
Hence, if there is a rational (x), it must be possible to separate p(a#) into 
factors a (æ) and y(x), and x(x) into factors 8 (x) and ò (s) in such a way 
that this equation in Q (a) has a solution which is a polynomial with leading 
coefficient unity. This value of Q (x) must also, when substituted in the first 
equation of (7), give P(x) a polynomial with leading coefficient unity. Direct 
substitution in equation (8) of a polynomial Q(x) cf degree n will determine 
a, n and the coefficients of this polynomial, if any exists. Since there are only 
a finite number of ways of breaking p(x) and x(a) up into polynomial factors, 
a finite number of trials will give all the rational solutions of the original 
equation. 
Turning now to the special normal form (3), we shall prove the following 


theorem : . ` 
A necessary and sufficient condition that the equation 
R(x 
a 0) = 39) 





have a rational solution, is as follows: 

1) To every finite zero* [pole] of R(x). except at the point x =Q for the 
q-difference equation, there is d congruent zero [pole] at an odd number of 
steps away,t or a congruent pole [zero] at an even number of steps away. 

2) In the case of the q-difference equation, if x =0 is a zero or pole of 
the m-th order, then m is even. 

In the case R (xv) = a constant, there are no zeros or r poles, and the con- 
ditions of the theorem are satisfied. 

If R(x) has a zero [pole] at a, then, from the equation, we see that either 
@(%) has a zero [pole] at a or },(x) has a zero [pole] at that point. We 
shall consider the consequences of the two alternatives. l 

(1) (x) has a zero [pole] az a; then ġ, (s) has a zero [pole] at a. 
If R(x) has no zero [pole] at a_,, then @(x) must have a pole [zero] at a, 








* A zero [pole] of multiplicity m is to be counted as m simple zeros [poles], and the zeros or poles 
which balance it need not be at the same point. Thus, a zero of order 5 may be balanced by a congruent 
zero of order 3 an odd number of steps away (see next foot-note) and a pole of order 2 at an even number 
of steps away. 

t If there is a zero or pole at a, then a zero or pole at a +7 [ag7] will be said to be congruent on 
the right at n steps away from a, and a zero or pole at a—2 [ag—"] will be said to be congruent on the 
left at n steps away from a. The first will be denoted by an and the second by a—n. 
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in which case $,(#) has a pole [zero] at a_,. Then either R (x) has a pole 
[zero] at a, or ĝ (s) has a zero [pole] at a_,, and consequently ¢, (x) a zero 
[pole] at a.. Then R(x) has a zero [pole] at a_, or @(x) has a pole [zero] 
at dg, etc. | ` i - 

(2} (x) has a zero [pole] at a; then Ẹ (x) has a zero [pole] at a,, in 
which case R (x) has a zero [pole] at a, or $, (x) has a pole [zero] at a. If 
` $, (x) has a pole [zero] at a,, then @(x) has a pole [zero]-at a, and R(x) 
must either have a pole [zero] at a, or ¢,(x) a zero [pole] at that point. If 
_$,(#) has a zero [pole] at a, then ĝ (x) has a zero [pole] at a, and R (2) has 
a zero [pole] or $,(#) has a pole [zero] iat A, ete. 

It is thus seen that, if the zeros and poles are not arranged as stated in 
the theorem, the function (x) will have an infinite number of congruent zeros 
and poles. The condition is therefore necessary to the existence of a rational 
solution. = l 
That the condition is sufficient is seen in the fact- that, if the zeros and 
poles of R (æ) occur as stated in the theorem, we can at once write down a 
rational solution. = 

We have shown that a non- linear equation of type (2) can be transformed 
to a linear equation, provided that the non-linear equation has a rational solu- 
tion; and we shall now consider the solutions of the linear form. Thus we shall 
complete the theory of the non-linear equation when it has a rational solution. 
In §1 we have shown that the non-homogeneous equation can be reduced to the 
homogeneous equation, if a rational solution is known, and in any case it can 
be transformed to the normal form 

>, (2) = R(x) $ (x) +1. (4) 
We shail now show how all the rational solutions of equation (4) can be found. 

If, in any set of congruent poles, ẹ (x) [Ẹ, (<) ] has a pole to the left [right] 
of the leftmost [rightmost] pole of R(x), then (x) [@(x)] has a pole at one 
step (see foot-note, p. 000) to the left [right], and to balance the poles would 
require that @(#) have an infinite number of poles. The order of any pole of 
(s) can not be greater than the sum of the orders of the congruent poles and 
zeros of R(x). If p(w) has a pole to which there is no congruent pole or zero 
of R(x), it must have an infinite number. By substituting a power series in 
- descending powers of w for ¢(#) and finding the degree of its first term, we 
can determine the relative number of zeros and poles of (x). Knowing the 
possible location of the poles and the relative number of poles and zeros, we 
have reduced the finding of the rational solutions of this normal form to the 
solving of a finite number of simple algebraic equations. 
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For the homogeneous linear equation we have the following theorem:. 
A necessary and sufficient condition that the equation 


Q, (x) = R(x) > (2) l 
have a. rational solution (other than zero and infinity) is that the congruent. 
zeros and poles of R(x) can be paired, a zero and a pole together. If R(x) is 
a constant, it must be'1 for the ordinary difference equation or a power of q 
for the q-difference equation. 

That it is a necessary condition is shown as follows: If R(z) has its left- 
most pole [zero] at a, then either: l 

(1) (a) has azero [pole] ata and 9,(#) a zero [pole] at a_,; to balance 
this, either R(x) has a zero [pole] or @(#) must have a zero [pole] at Ai and 
(2) therefore has a zero [pole] at a_,, ete. — 

Or, (2) ĝ (x) has a pole [zero] at a and (s) a ‘pole [zero] at a,; then 
either ĝ (x) has a pole [zero] at a, or R(x) has a zero [pole] at a. If , (a) 
has a pole [zero] at a,, then @(#) has a pole [zero] at a, and either $,(#) 
-has a pole [zero] at a, or R(x) has a zero [pole] at a,, ete. 

Thus, to every zero [pole] of R(x) shere must be a congruent pole [zero], 
or @(x) will have an infinite number of zeros [poles]. 

That this is a sufficient condition can be seen from the fact that, if the 
zeros and poles occur as stated in the theorem, a rational solution can imme- 
diately be written out.. 

By methods similar to those employed 3 in the next section for the study of 
the non-linear equation, it can be shown that there may be algebraic solutions 
other than rational solutions of certain -inear q-difierence equations, provided 
that the expansions of R(#) in the neighborhood of infinity and of the origin 
start with a constant which is a fractional power of g The method of finding 
such solutions is given in §3. 

Stridsberg has shown * that if the equation 

. o(@+1)=R(2) g(a) +a, a=1 or 0, 
has an algebraically transcendental solution (æ), that solution can be written 
in the form . 
9 (x) = P(x) G (x) + Q (a), 
where Q (x) is a rational solution of the original equation and P (s) is a rational 
solution of ; 


"Popis E) p (a), “im R(x) =e, o£ 0, +o, 





* Loo: cit., pe 2, No. 15. 
54 
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and where G(x) satisfies the functional equation 
G(a+1)=cG (a), 
and also satisfies a differential equation with constant coefficients. 

From the discussion above concerning rational solutions of linear equations, 
it is easy to find, for any particular equation, whether it has algebraically tran- 
scendental solutions. f 

For the q-difference equation Stridsberg has shown that if the equation 

$(q2) =R(2)¢(e)+a; a=1ord, 
has an algebraically transcendental solution @(#), that solution can be written 
in the form 

© (0) = P(a) (Gle) + 47°82) 4Q(@), u a constant, 
where G(x) satisfies a differential equation with constant coefficienis and also 
satisfies the functional equation 5 

G (qa) =ca'G (a), 
where ¢ is a constant and / a rational number. If u+#Æ0, then ca’ =1. 

Thus, either the equation 
R 
P (qa) == 





2) P (a) 


and the origina] equation have algebraic solutions or the equations 
P(q#)=R(x)P(%) and Q(g2) =R (8) Q (s)—uP (q2) +a 

have algebraic solutions, according as u is or is not zero. Hence, there are 
algebraically transcendental solutions of the linear g-difference equation of the 
forms considered, only when one of the sets of equations above has algebraic 
solutions. l E 

From the results of the preceding paragraphs we conclude that the linear 
ordinary difference equation of the forms considered has only transcendentally 
transcendental solutions, unless it has a.rational solution; and that the linear 
q-difference equation of the forms considered has only transcendentally tran- 
scendental solutions, unless one of the sets of equations above has algebraic 
solutions. l l 

We can now readily see, by use of the theorem concerning rational solutions 
of the homogeneous equation, that the function I(x) is transcendentally tran- 
scendental, as was proved by Hélder.* Likewise, it is easy to show that the e 
solutions of- the equation ẹ (q) = (1+) (a), discussed by Stridsberg, are 
transcendentally transcendental. ' l 


‘y 








* Mathematische Annalen, Vol. XXVIII (1887), pp. 1-13. 


= 


Mason: Character of the Soluticns of Certain Functional Equations. 431 


$3. Algebraic Solutions Other than Rational Functions. 


From the equations (M) and (N) it is evident that if there are singularities 
of the solutions, other than poles, in the finite plane, the origin excepted for 
the q-difference equation, there is an infinite number of such singularities. 
The only algebraic solutions for the ordinary difference equation are therefore 
rational functions. The origin may be a branch point in the q-difference 
equation, and its algebraic solutions are therefore rational in s, 721. We 
have in this section to study only the g-difference equation. 

In order to find what values j can have, make substitution of a descending 
power series in oi i in equation (2), and we. have À 


(a, 2°) + ay, piv pene) oo Ha am g a Ay, Se Pess) 
Ob E E OH nee 
Equating coefficients, we,have n/j = m/2 and 
as, g” = fm? 
form >0. If m is even, the first exponent is an integer; and if m is odd, it 
is a multiple of 1/2. If it is an integer, no fractional exponent can enter the 
expansion; for, if a fractional exponent 1/3 enters, the equation for the erst: 
. mination of its coefficient will be $ 
ant (q" + g1) = 0. . 
If q is not a root of unity, we shall have a,=0. If m is odd, there can be no 
other exponents. than multiples of 1/2. Suppose, an exponent not a multiple. 
of 1/2 enters, say k/j. The equation Zor the determination of the corresponding 
coefficient will be , 
a, 0, ("° + g^) =0, 
since m/2 + k/j is not an integer. Hence, if g is not a root of unity, a, = 0. 
If m < 0, the first exponent will be an integer, and the same argument as 
that given above will show that no fractional exponent can enter unless g is a 
root of unity. 
If m = 0, the first coefficient will be darami iy the equation 
aj+a=f- 
If a fractional exponent —1/j enters, the equation for dotormininig the corre- 
sponane coefficient will be 
; a4(4+1+a,q-") = 0. 
Hither a_,==0 or a,=—q"#/(1+ q); in the latter case, ry =— q’4/(1+ gie, 
` Consequently, j is either 1 or 2, except possibly when the expansion for 
R (x) in the neighborhood of infinity starts with the constant r, above deter- 
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mined. Similarly, if we used expansions valid in the neighborhood of the 
origin, we should find that 7 is either 1 or 2, except possibly when the expansion 
for R(x) starts with the same constant 7, . 

_ We thus have the following theorem: 

If a) is s infinite of odd order both at zero and at infinity, the equation 
B(x) 
(x) 
where q is not a root of unity, can have no algebraic solutions other than those 
which are rational in x but not in x. 


¢ (gz) = 1, 


If the expansions for R(x) in the neighborhood of zero and of infinity 
start with the constant —q/i/(1+q')?, where L and j are positive WHNEGERS, 
there may be solutions rational* in x”. 

- In all other cases any algebraic solution is rational. 

‘If @(#) is a solution rational in æi, we can write it in the form 

ge P(x) + EQ (s) + ers) +....+ 89°F 4ST (x) | 
P(x) + e@ViQ’ (x) + aS’ (x) +.... bea DAT (a)? 
where s is 1 and P (x), P’ (x), Q (x), ete, are rational in æ. Then the above 
expression is a solution when e is any j-th root of unity. 


` If there are solutions of the normal form (2) which are rational in a”, 
then the equation 











R (ai) 


9 (qi) = 





has corresponding . solutions rational in The methods of the section on 


rational solutions will enable us to determine those solutions. Hence, we can 
find all the algebraic non-rational solutions of a given equation. A similar 


_ process will enable us to find all the algebraic non-rational solutions of the 


linear equation. 





* That solutions rational in fractional powers of œ do exist is shown by the following examples: 
For q—4 and R(x) —2 (w—1/9) the normal equation (2) has the solutions 

- @ (@) = + g — 1/3. 
For q=8 and R (æ) =— 2/9 equation (2) has the solutions 


¢(@)=—1/8, 9 (2) =—2/3, g(a m Ema mal, y a = lotta 





3 l@— 1) i ™~ 3 Fa” 
. where m takes the values of the three cube roots of unity and a is arbitrary. 
3 ae —_ _2(@—9s+1) x p i 
For q=8 and R (v) = J (a? | 90-1) equation (2) has the solutions 


Zo +m v4 + mgr —] S 
3 (@+1) 4 


where m takes the values of the three cube roots of unity. 


¢ (@) =— 


W 
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Concerning the normal form (3), -we have the following theorem: 


If R as is infinite of odd order both at zero and at infinity, the equation 
R (a) 
q2) = 
where q is nnol a root of unity, can have no other algebraic solutions than those 
rational in £2 but not in æ. In all other cases the only algebraic solutions 
are rational. l 


These algebraic non-rational solutions can be found by finding the rational 
solutions of 
R (a?) 
$ (m) ` | 

The proof of the aboye theorem follows the argument for the other normal 
form so closely that it will not þe given here. 


p (qi) = 


§4. Algebraically Transcendental Solutions. 


Stridsberg proved that, if the normal equation (2) has no algebraic solu- 
tion, its algebraically transcendental solutions, if any exist, also satisfy a 
Riccati equation with coefticients rational in g. . 

l While proving this theorem, Stridsberg seems to have doubted the existence 
of such. functions, as has been noted in the Introduction. 
Assuming that (~) satisfies the two equations 
R(s) 

> (x) 


P (2) + L(x) |p (2) }* + M(x) o(#) +N (x) =0, (8) 
where L(x), M (<), N (x) are rational, we shall find some Gondisens which 
enable us to put the theorem in a different form. 


(2) 





9, (x) = 


and 


We have from (8), by changing the argument, 
$; (2) + Li (a) >, (2) |? + M, (2) @, (£) + N, (£) = 0. (9) 


Substituting in (9) from (2) so as to have only the argument x in the function ¢, 
we have 


p(z) Bi (2)— R(x) (2) R(s) 42 [Ræ 1, p 
alg (a) |? aor io Io Mn f) 1} +N, (2) 0. 


In this equation and what follows, « is to be considered 1 or q, according as we 
have the ordinary difference or the g-difference equation. 
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Comparing this equation with (8), after clearing of fractions and dividing 
by the coefficient of @’ (x), we have the following equations which L(x), M (x), 
N(az) must satisfy: l 
N (a) + a L, (2) B (£) =0, ) 
M (x) R (x) —2 a L, (x) R(x) + aM, (s) R (s) + E (s) =0, (10) 
L (#) R (2) + a L, (*) — a M, (x) + a N, (2) = J 


or, by elimination of M(x) and N (x), we have the equation 


a R, (2) Dy (2) + o |R, (2) +1 Ly (2) — aR (2) +1 JL, (2) 
—R (a) L (s) — a Ri (æ)/R, (x) = 0. (11) 


This equation uta all the restriction on R(x) that the system of three equations 
above does. ‘That is, in order that equation (2) have a solution @(a#) which is 
also a solution of (8), it is necessary that (11) have a rational solution L(x). 
This last.sentence is simply another statement of the theorem. 


We want to prove that this necessary condition for algebraically transcen- 
dental solutions is also sufficient. In order to do this, set 


D (x) = 9' (a) + L (x) {o (x) }? + M (a) ẹ (x) + N(x), 


where L(x), M (æ), N (æ) satisfy the relations (10). A necessary and sufficient 
condition that a solution (y) of the equation (2) also satisfy the Riccati 
equation, is that D(%)==0. Now, l 


D, (2) = Qi (2) + L, (x) i, (#) |? + M, (x) 9, (@) + N, (x). 


Multiply the equation in D (x) by R(x)/}@(x) }?, the equation in D; (Œ) by a, 
and add, making use of the equations (10). Then we have readily 


D, (w) ___R(z) 
D(a) — ajọ(a) 

This equation shows that, if there is a solution @(#) of equation (2), in 
the case of the ordinary difference equation, which is asymptotic to a power of 
a times a descending power series in any fractional power of æ, the only possible . 
value of D(x) is zero, except when the expansion of R(x) in the neighborhood - 
of infinity starts with the constant — 1/4. In the case of the q-difference 
equation, qg not a root of unity, the exception is when the expansions for R(a) 
in the neighborhood of zero and of infinity each start with the constant. 
—q/ (1 + q}. 

We shall now determine when equation (2) has solutions which are asymp- 





totic to a power of x times a power series in 1/z or in 1/ Vs. The substitution 
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È (x) =), (x) / (x) will transform tae normal form (2) to the second-order 
linear homogeneous equation 


a (£) + 4, (x) — R (@) (x) =0. (12) 
‘ We prove in the next section that if B(x) has a zerc at infinity, then equation 
(11) has no rational solution, so that we shall not consider such an R(g) here. 


For the ordinary difference equation, if R (æ). has a pole of even order at 
infinity or approaches a constant different from —1/4 as x approaches infinity, 
then the works of Carmichael* and of Birkhoff+ show that there is a solution 
of equation (12) such that, when we form the quotiens 4 (x)/4 (x), it has the 
property of being asymptotic to a power of m times a power series in 1/z. 
When R(x) has a pole of odd order at infinity, it can be shown} that the 
linear equation (12) has a solution 4 (œ) such that, when we form the quotient 
a, (£)/Ņ4 (a), it has the property of being asymptotic to a power ot æ times 
a power series in 1/ Væ. 


For the g-difference equation, if R (#) has a pole of even Biles at infinity 
or approaches a constant different from —q*/ (1 + 9')?, where ¢ is an integer, 
as x approaches infinity, then the restlts of & paper by Carmichael§ show that 
the quotient ẹ, (x)/ẹ (xs) has the property of being asymptotic to a power of 
æ times a power. series in 1/x. If R(w#) has a pole of odd order at infinity, 
we can replace R(x) by R(a?) and q by Vq, and have an equation to which 
the results of the paper mentioned are epplicable. Making the reverse sub- 
stitution in the solution of the new equation, we shail have for the quotient 
a), (~)/ (x) a power of æ times a power series in 1/Va. 


From these considerations it follows that in eacn case there will be two 
solutions of equation (12) asymptotic to such formal expansions that, if we 
form the quotient (#) =, (x)/ẹ} (æ), it will be asymptote to a power of 
x times a power series in 1/a or in 1/ Vz. 

From the results thus obtained we have the theorem: 


If, as x approaches infinity, R(x) does not approach. the constant —a/ (1+a)?, 
where a is 1 or q according as we have the ordinary difference or the q-difference 


equation, and the equation 


— B(x) 
9, (%) = to (2) 








* Transactions of the American Mathematical Soczety, Vol. XII (1911), pp. 99-134. 
f Transactions of the American Mathematical Soc-ety, Vol. XII (1911), pp. 243-284. 
į Lectures of Dr. Carmichael at Indiana University, 1913-14. 

§ American JOURNAL or MATHEMATICS, Vol. XXXIV (1912), pp. 147-168. 
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has no algebraic solution, a necessary and sufficient condition that equation (2) 
have a solution which is algebraically transcendental is that the equation 


aè R, (2) Ly (a) + a®{R, (2) + 1}L, (2) — a |R, (£) +1} L, (2) 

— R (x) L (s) — a Ri (æ)/ R, (£) =0 (11) 
have a rational solution L(x). Any solution of equation (2) which is asymp- 
totic to one of its formal solutions in powers of 1/x or of 1/Va will be 
algebraically transcendental. It will satisfy the Riccati equation 

$ (x) + L (a) 1 (a) }? + M(x) ẹ (2) +N (s) =0, 
where M (x) and N (x) are determined from equations (10). 
POE > pn, 2(æ+8) i — 
For the ordinary difference equation R(x) = Ma) ae) (a+By? + 1/4, 
. 4 . 

and for the q-difference equation R(x) = neg ee »k-e—q'/(1+¢')’, 
where ¢ is a rational number, the normal form (2) has no algebraic, solution ; 
while equation (11) does have a rational solution. The normal k 
therefore, have as solutions transcendental functions which also satisfy Riccati 
equations. I expect to develop the. theory of these functions in detail. 


§5. Equations Having only Transcendentally Transcendental Solutions. 


A result obtained in the preceding section may be restated in the following 
form: * , 


If the equation 


R(a) 
P (a) =F (2) 


has no algebraic solution, ihan all its solutions are PAUR E RE transcen- 
dental, provided that the equation ; ne 





a? R, (x) La (x) + a? {R (x) +1} L (£) =a {R ek L, (£) 
z — E (x) L(x) — a Ri (x)/ R, (x)= 0 (11) 
has no rational solution. - 
‘We shall next consider rational solutions of equation (11). In order to 
do this, we shall first investigate the relative number of poles and zeros of L (a) 
by means of series. Make the substitution 





* This theorem is here derived by means of a theorem of Stridsberg quoted in the preceding section. 
I had, however, proved the theorem in essentially the present form before the work of Stridsberg came to 
my attention. In view of the results in § 4, it is seen that the two theorems are equivalent. 
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L(z)=h@®+h Ott...., h#0, 
R (a) = r_®™ + yO ees | Ta FO, 
in equation (11). Equating the coefficients of the highest powers of æ to zero, 
we shall have for the ordinary difference equation when m > 0, 


rah (0} — fm} = 0, 
the quantity {m} entéring only if m +4= — i; 
rah (0) + raah (0) Hrn h(2m +324 m4 22—-m—2) — [m =0, 
the quantity {m} entering only if m+A=0. 


It is obvious that these equations can be satisfied only when à = — m/2 
or A= — m. 


If m=0, our equations are ‘ 
rol, (0) + & (0) — jst =9, 
where {s} is a constant #0 and enters only if aS—2 ; 
righ (0) + roh (0) + ha (0) +h (2A—A) + rh (42) — fs} =0, 
where fs} enters only if AS— 2. 
These equations can be satisfied by à = 0, à = — k + 1, where r_,v™ is 
the second term in the expansion of R (æ), or by ry = — 1/4. 
If m <0, the equations are 
| h (0) + fn} =0, 
where {m} enters only if A= —1; 
l ha (0) +h (22 — E 
where {m} enters only if = 0. l . 
These equations can be satisfied for no value of A; that is, if R (2) is ` 
zero at infinity,” there is no rational L (x) satisfying equation (11). 
For the q- -difference ‘equation. the same method gives the following results :. 
m>O, A=—m/2—1 or A=—m—1; 
m = 0, there can exist a rational L (s) satisfying the saud (11) 
only when r, = — qg'**/(1-++ g+>), where à is an integer; 


“} 
ey 


m <0, there exists no rational L(x) satisfying the equation. 


Expansions in the neighborhood of the origin will give analogous results 
for the q-difference equation. 





* This was the case provad by Tietze. 
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We shall next consider the possible number and location of the poles of 
the rational function L(x) satisfying equation (11). If the leftmost zero or 
pole of R (s) in any-congruent set is a and the rightmost is a,, then the left- 
most pole of Ri(x)/R,(z) in the same set is a_, and the rightmost is a,_,. 
If L(x) has a congruent pole to the left of a,, then L(x) has a pole to the 
left of a_,; and since R, (x) does not have a zero to the left of that point, 
L(æ), L,(%), or L (x) must have a pole at the point at which Z,(%) has a pole. 
Then L,(#) has a pole farther to the left, and it must again be balanced and 
there must be an infinite number of congruent poles. . Similarly, one sees that 
the rightmost pole of L(x) can not be to the right of a, without introducing 
an infinite number of congruent poles. Thus, it follows that the congruent poles 
of a rational solution L(x) in any set can be only at the points a,, a,,..-., a, 
where a and a, are the leftmost and rightmost congruent zeros or poles of R (æ) 
in that set. Clearly, L(x) can not have a pole which is not congruent to a zero 
or a pole of R(x). Likewise it can be shown that there can be no rational L (a) 
for an R(x) which has a zero or pole to which there is no congruent zero or 
pole, the origin excepted for the g-difference equation. The order of any pole 
can not ba greater than the sum of the orders of the congruent zeros and poles 
of R(x). 

We have found an upper sound to the number and brdek a have found 
the possible locations of the poles of L(x), and we know the relative number of 
poles and zeros, except when the expansion for R(x) starts with the particular 
constants noted above; we may: therefore replace L(x) by P(x)/Q(x), where 
Q(x) is a fully determined polynomial and P(x) is a polynomial of known 
degree, with the exceptions noted. We can substitute a polynomial of proper 
degree for P(x) and determine its coefficients by-simple algebraic processes 
if a rational L(x) exists. In the exceptional cases we can substitute a general 
polynomial and reckon out its degree as well as its coefficients. 


In addition to furnishing methods for determining the character of the 
solutions of any given equation, the results obtained in this paper enable us 
' to name a number of classes of equations which have only transcendentally 
transcendental solutions. We shall define the more comprehensive classes in , 
the following theorems: . : 


- The equation 





peris aa 


has only transcendentally i anscendental solutions, provided that R(x) has a 
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pole of odd order at infinity and has 2 zero or a pole to which there is no con- 
gruent zero or pole. 


The equation 

R(t) 4 | 

| (x) 2 
has only ancenden aý transcendental solutions, provided that R(s) satisfies 
any one of the following sets of conditions: 





$ (qs) = 


1) R(æ) has a zero at infinity [zero] and a aus of odd order at. zero 
[infinity]. 

2) R(x) has a pole of odd order at infinity [zero] and a pole of even order 
` at zero [infinity], and has a zero or pole to which there is no congruent zero 
or pole. 


3) R(x) has a pole of ad order at infinity [zero], and at zero [infinity] 
is a constant different from zero, infinity and —g'/(1+q')*, where t is a 
rational number. 


We return to a consideration of the normal form (3), (x)(x) = R(x). 
This equation transforms by a linear fractional substitution (see $1) to the 
normal form (2); and hence, by § 4, if the normal form (3) has no algebraic 
solutions, its algebraically transcendental solutions, if any exist, satisfy a 
Riccati equation. If, as in the preceding section, we assume that a solution 
(x) of equation (3) also satisfies the Riccati equation 


' (a) + L (a) f(v)? + M (x) p(x) +N (a) =0, 


we are led in the same way to the following equations which must be satisfied 
by rational functions Z(z), M(x), N(x): 


L(x) R(x) + aN, (z} =0, 
aM, (2) + M (a) + R (2)/R (£) =0, 
aL, (#) R(x) +N (æ) =0. 


Consider the second of these equations. The pcles of R'(x)/R(æ) are all 
of first order, and the residues at those poles are all integers. Consequently, we 
are led to see that, in order for M(x) to be rational, it must have all its poles 
of the first order, and the residues at the poles raust te integers. These proper- 
ties of M(x) are sufficient to make the expressions e/¥@4* and e/%@4? repre- 
sent rational functions. If we integrate the equation and write in exponential 


form, we have 
ef tM (ade ef @dz ef’ @)/Riai de 2 1. 


oe 
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“Write 1/D (æ) for e/*4*, and the above equation readily reduces to 


D, (x) D(x) = R(x). l 
Since D {v)-is rational, we see that a necessary condition that the equation in 
M(x) have a rational solution, is that the normal equation (3) have a rational 
solution. A consideration of the first and third of the set of three equations 
given above will lead to the. same conclusion unless L (x) and N (æ) are both zero. 
We have then the following theorem: 


If the equation 


> — B(2) 
ĝ, (2) SF ẹ (x) 


has no algebraic solution, all its solutions are transcendentally transcendental. 


BLOOMINGTON, INDIANA. 
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Binary Conditions for Double and Triple Points on a Cubic." 


By Leroy A. HOWLAND. 


_ The cubic plane curve has been exhaustively studied by use of the theory 
of ternary forms. Conditions necessary and sufficient for the existence of one 
or more double points, of a triple point, etc., kave been derived in terms of 
ternary invariants, chiefly by Aronhold, Gordan, Clebsch and Gundelfinger.t 

The theory of binary forms, however, may also be applied to the study of 
the cubic. Compare, for example, the treatment of the inflexions of a cubic by 
Clebsch į and bythe writer.§ Conditions that a cubic degenerate into a conic 
and a straight line or into three straight lines (non-current), i. e., conditions 
for two or three double points, were derived by Brioschi, expressed in terms 
of the simultaneous invariants of two binary forras.|| In this paper conditions 
of the same nature will be derived for the case of one double point (node or 
cusp) and for the case of a triple point. š i 

The argument will be based'upon two properties of the polars of algebraic 
plane curves. Let P be a point of the curve C,, and let 2 be a point of the 
plane not lying on a tangent to C, at Py 

Property I. A necessary and suficient condition that P be an r-fold point 
for C, ts that the first r—1 polars of C, with respect to Q pass through P. 

That it is necessary follows at once from the well-known 

Turorrem A. An r-fold point of C, is an (r—s)-fold point of the s-th 
polar (s<r) of any other point. _ 

To prove it sufficient we will take the vertices III and I of the frame of 
reference to be the points P and Q respectively. ane equation of the curve 
will then be 

HS) Uy H LF Uy FH- 2 + Ea Uy + UB, = 0, 
and the equations of the polars will be 





* Read before the American Mathematical Society, April 27, 1912. 

+ Cf. Clebsch-Lindemann, Vorlesungen über Geometrie, Bd. I, p. 580 ff. 

t “Theorie der Biniiren Formen,” pp. 234-254. 

§ Dissertation, München, 1908. 

ll “Sulle condizioni per la decomposizione di una forma cubica ternaria in tre fattori lineari,” 
Annali di Matematica, (2) VII (1875), pp. 189-192. “Sulle condizioni per la decomposizione di una cubica 
in una conica ed in una retta,” Acc. R. d. L., (2) III (1876), pp. 89-90. ` 
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L 1 4 
a20? ns? 2 
T te gai Y +g =, 
>z» «ess» s zas > >‘ CE EE aus EER ‘ 
on u o u, 
n—T+1 r—l1 wosa 
Š dar eo dat = 


Since by hypothesis all these polars pass through III, we have 


Ou, Ou, Ou, _ oy 
Cn Ca, ox gar 


This means that Uy is divisible by x, for k=1,2,....,r—1. But the first 
non-vanishing u may not be divisible by 2, otherwise I would be on a tangent ` 
to C, at III, contrary to hypothesis. Consequently, 


=0, 














Uy FE Uy Eg EE, 
: d 


` and C, has an r-fold point. l l 

Prorerty II. A necessary and sufficient condition that s of the r branches 
of C, through P be tangent at P to a line t, is that C, and its first s—1 polars 
with respect to Q be tangent to t at P. 

To prove the condition sufficient we choose the frame of reference as 
before, taking, in addition, the side I to be the line ¢t. The equations of the 
curve and its polars are then 


og U, H BETT Upp bt... + u, =, 


ð 


u 
ae aet oo’ t= 
"Oa, Poa 








ma oiu, J ð tn z 
TI ve s— 
. Oui On % 
Assume 
i Uy, = Oy) Ui + 1a, UG, H onn Hra + l, 0. 
Then 
i e 
oF u r ; 


Jat T ee eee, (r—k+1) [ay 2" + (r—k) a, w ay + wees F lrk ay"). 
1 ; 


By hypothesis this must be divisible by x, for k=0,1,....,s—1. That is, . 
@,„ = 0 for b= 0, Lo 2s, 81; 
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Hence, 
rir—1)....(8+1) 
(r—s)! 





=e ~1 <a 
U, = Ay UL + 7G, UT +... Hb CAE, Ui 0 *, 
which proves the theorem. 


That the condition is necessary is well known, and is indeed obvious, if we 
write down the equation of C, referred to the frame of reference chosen above. 


Consider the cubic 
ys + Uys + Uz4 + U; = 0. 


. The transformation with determinant equal to 1, 
=I, B=, =I +H, 
carries this over into 
v3 —3fa,+2¢=0, (1) 
where. f and ĝ are forms of the second and third degree respectively in x, and a,. 
If the line, 


a= E, l (2) 
cuts the curve at P in three coincident points, we. have 
Es — 3 fE + EoI n., (3) 


A necessary and sufficient condition that P be a double point is (Property I) 
that the polar of ITI pass through P; t. e., that 


£2—f be divisible by 7,, (4) 
or, representing f and @ symbolically by a? and ‘a3, that . 
(En)? — (an)? =0. | (5) 
We shall use the following simulteneous invariants of f and ¢, the notation 
being that of Clebsch: 
D = (ab)*, discriminant of f; 
A = (abab; Hessian of ĝ; 
R= (AAY, discriminant of A and of ĝ; 


P = (4a)? az; 
E = (a A)’; 
F = (ap)’; 


F — 2DE is the resultant of f and ẹ. 


X 


8 
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We shall also use the following abbreviations: i 
K = (ak), L= (a) (an), M= (an), N= (n). 


Using a well-known symbolic identity, we find - 


| Nf =Ky—2LEn—ME. i (6) 
Combining (3) and (6), we have 
2N =N +3 KER —6LEn + (3 M—N)E. (7) 


Building the invariants of f and @ by means of (6) and (7), we find - 
DN =2(KM—L’), 
2p = (2D—K}) + Mn, 
4 F = K'+4M’—2 KLM -4+-4D(ML—K?)+4D?K, fi 8 
2E =KD+LM—K?—LN, (8) 
8 R = 4 K? +8 L'—12 KLM —6 DK?+12 KLN—12 DLN—9 M:N 
. i +6 M N?—N?, 
The quantities “8 
A =8E — D’, 9) 
B= 20DE—sR—16F +p} „9 
have the values 
' d= 4L(M—N)—(2K—D)’, (10) 
B=6L(M—N) (2K —D)—(4M—N) (M—W)’— (2K —D)?,* (11) 
A? + B? = (M—N)? [64 L? (M —N)—12 L? (2K —D)?+ (4M—N)*(M—N)? 
—12L(4M—N)(M—N) (2K—D)+4+2(4M—N)(2K—D)'}]. 
By use of the first equation (8), we can change this into l 
A+ B? = (M —NY [16L (2D—K) (M—N)—4L (2K —D) (4M—N) 
+16 L+ (4M —NY (M—N)—4(2K—D)}(2D—K)]. (12) 
A necessary condition for a double point is then l 
l D: S A , (13) 
It does not appear to be sufficient, for when A? -+ B? is zero, it may happen | 
that M—WN is not zero, but rather the quantity in brackets. (13) is not a 
sufficient condition that P be a double point; it is, however, sufficient that the 
curve have a double point, as we can show by using some results of Clebsch. 


Clebsch shows that if 2,= £, is a line which cuts the curve in three coin- 
cident points, the other lines having this property are 





* Equations (6)~(11) are taken, with some change of form and corrections for misprints, from 
Clebsch, loc. cit, p. 241. 
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UY, = &, +2, 


3 E—m*n) + VIE mix B Em), (14) 
2(1—m') 








where m is a root of the equation - 
 (M—N)mt—2(2K—D)m +6 Lm—(4M—N)m+(K—2D)=0.* (15) 
The two invariants of this biquadratic are oa l 
i =3 DN —6 (KM — L’), 
4 = —#[160(2D—K) (M— N)—4L(2K — D) (4M —N) +16 I? 
+ (M—W) (¢M—N)*§—4 (2K —D)*(2D—K)], 

i = 0 by reason of the first of equations (8). Hence, if 7 is zero, the equation 
(15) has a triple root, (14) gives only four values of z and there are but five 
lines which meet the curve in three coincident points. This can happen only 
when the curve has a double point. Therefore, (18) is a sufficient condition. 

We have, however, overlooked the possibility that the curve may have a 
double point the tangent a which goes through III. Any line through III has 
the form 

L=} a, + % t, = 0. 
= Both č, and č, can not be zero. Let us suppose f,0. If this line cuts the 
curve in three coincident points, then 
Gi w3 —3C, (aC)? x3 w + 2 (ag)? we 
must be a cube and hence its Hessian must vanish identically; i. e., 
oi (ag)? = , 2% (a%)t=0, 
or f and @ have a common factor, and č, =0 cuts the curve where «, = 0. 
For a double point it is necessary and sufficient that the three polars 
\ 


-pass through it. Hence, č, must also b2 a factor of 2 and a and there- 
g 1 2 


fore a double factor of p. The conditions thet f. and ọ have a common factor, 
which is a double factor of , are easily seen to be 


R=T=F=0. 
In this case A = — D?, B= D? and A? + B?=0. 





* Loe. cit., p. 240; or for the Ane used here, ef. Howland, Dissertation, p. 11 ff. 
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THEOREM. The necessary and sufficient conden that the cubic (1) have 
a double point, is Æ+ B= 0. 

For a cusp, ‘the eal at which does not go through III, we must have 
(Property II) a», = £, tangent to «3 —f = 0, i. e., 2 — f must be divisible by 72. 
Hence, in addition to M — N = 0, the E A of be — f must vanish, or 
2(a&)?— (ab)? = 2K —D = 0. 

In this case we see from equations (10) and (11) Bint AS BS =0. Con- 
versely, if 4 = B=0, we have a double point and hence M—N=0. (10) 
. Shows that then 2K — D =0 also and the point is a cusp. 

. If the tangent. passes through ILI, we have shown that the eink must be 
the point &:—¢,:0 and that R=E=F=0. 


The equation of the tangents at this point is 


©. 


2 uwi + £ Dr @, T, + 2yr — Of, T £ — 6 fp Ls Ly = a 0, 
Gos =e being substituted for.x,, 2, in the coefficients. 


For a cusp this must be a constant multiple of ¢2, and hence 


Pa Pa — p =0, f,=0, f,=9. , 
The first equation says that the Hessian of ¢ has the factor Z,. This gives 
nothing new, for, as is well known, a double factor of is also a double factor 
of its Hessian. The other two equations, however, tell us that f has a double 
factor ¢,. Consequently, D = 0, and by equation (9), d= B =0. 
THEOREM. The necessary and sufficient conditions that the cubic aa have 
a cusp are A= B= 0, 


Instead of taking up ns the case of a triple point of a cubic, we shall 
consider a more general problem, for it is possible by this method to handle 
the problem of an n-fold point on a curve of the n-th degree. 


The equation of the curve being 
Ys + vys + vys + Bae a Vat Ys “fe Va = 0, 
we can transform it by the transformation with determinant 1, 
l 1 
l = Y, Zo = Yo, Ty = Fi F Ys» 
into 


vg + 


n cas 


1) tty o + Hee) 


Usp H... A. 10 Ug Bg “+ Uy = 0. (16) 
The one of this curve with respect to the vertex III are: 


1 È 


* 
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=} —3 U 

perp D2) Lin ) uagh... thy, = 0, | 

xg + (TD TI) at. 1. F Ung = 0, 

AEI N ELESE ET TE , 

D3 + 3 Ug 2a + u, = 0, X ade . n : 

x -+ u = 0, lo = P S 

ond | or 
If this curve has an n-fold point P, then, by\Theorem A ih-=1)- 
fold for the first polar, (n—2)-fold for the secon” _w0lble point for 
the (n—2)-th polar and a simple point for tle wi’ It follows directly 
from this that uz, ts, .-. +) Up) Un are constant’ milciples of the second, third, 


.., (n—1)-th, n-th powers of the same linear form, a, = @,%, -H z £z. 


These conditions are evidently sufficient, for the equation them has the form’ 


a + aatat?+ Baiat i+ .... +va%=0, (17) 
and any line’ Merang thé point — a,: @ : 0, 
iy + AG, = 0, 


obviously has with this curve at P a aiglaipliatty of intersection equal to n. 
The equations of the lines into which (17) degenerates are ~ 


Ly = A; ags (eee Ds eean) 
where : 
" 3Aa,=0, SAA, = a... Ay Ag 222 Ay = (—1)*2, 


` or, in other words, the %’s are roots of the equation 
A+ aAar?+ Bavt+ oo. 4+ 0=0. 


a, may be found as the square root of u,. In case u, vanishes idextically, 
a, may be found as the quotient of u; by u,,, or, if there is no, pair of con- 


Ou; 


secutive non-vanishing ws, as the quotient of. t by 
1 


H (u,) ==0 is a necessary and sufficient suites that u, be a p-th power, 
H (u,) being the Hessian of u,. H(u,)==0, H(u,)=0, I (u,, ù) =0 are 
conditions that u, and u, be powers of the same linear form, J(u, ,u,) being any 


simultaneous invariant of u, and u, ` 


Turorem. Necessary and inn conditions that a curve of the n-th 
degree have an n-fold point are (when the equation of the curve has been 
brought into the form (16)) 


"H (w) = H (u) =.... = H (w) = 0, 
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Töz, er with a set obtained by equating to zero any simultaneous invariants 


N 


B 


ofa ý -vanishing u with each of the other ws. 


fin particular, then, the conditions for.a triple point on the cubic 


/ ; —3 F Z -+ 2 ĝ = -0 
will ao ~ : ` 

T A D=0,; A=0, F=0. 

i = “dition for an’ n-fold point is the identical vanishing of the 
H (ise to $(3n!—5) (3n—4) equations oe the coefficients. 
The sec’, ‘ Save give) wise to but (n—1)?+n— 2 = n?—n—1.* 

The: num ber on x 8S fòr the conic, cubie, a and quintic in the 
two cases are: 1, 10" PORN wi 5, 11, 19 respectively. 
ree eae 


MIDDLETOWN, CONN., April, ly. af 








Pa 

* It is not intended here to imply that tì . minimum set of conditions. Cf, O. E. Glenn, “On 
Semi-discriminants of Ternary Forms,” Transactidns of the American Mathematical Society, Vol. XII, 
No. 3 (1911), pp. 367-374, 
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Modular Invariants of Two Pairs of Cogredient Variables. 


By Wurm C. KRATHWOHL. 7 


7 z Ra 
I a oduction. 
$1. By the term invariant will here be underst { a, this point is f-. . 
Dis Yis Dos Ya with integral coefficients taken modula, wp ade l 
I (2, Yis Bas Y) = (ad—be)* I Cee (n— 1)-tr#.- (mod. 2), 


ral 


for every transformation ron: oe 
Ge , a =ar tt 1i = Qu + bY, 
cd!` y= cate ty “Ys = 6, + dus, 
with integral coefficients. — 
The constant exponent u is called the index of the invariant. 
The main result of the investigation is the following 
Turorem. As a fundamental system of invariants we may take 
a? yf wt yr 
ae pM T; I 
M =Y — Yt M, = my? — yti, M, = 28 Yy Yt, 
M; ie + (—1): M?—~ i 
M’ 
' The absolute invariants Q,” a N, are actually integral functions of 
Dy, Yis Ta ’ Yo 
Among the syzygies needed are 
(S,) L,£,+M,M, — Met =0, 
(S) M,D%7 + M?— M’ Q, =0, 
(5) M L + M?—M?Q,=0. 
The invariants N, can be shown to be integral as follows: Multiplying 
numerator and denominator of N, by Li, we gat - 


MADE + (1) ME Lt Lt 


pe 


/ Lis (i= 1,2), 














Nets (1<s<p—2). 





N,= Me Ls = i l (1) 
` Multiplying syzygy (S,) by M3, we have 





Mgt Le = M? Q, Mi — M? ME. (2) 


* Dickson, Transactions American Mathematical Society, Vol. XII, pp. 1-12. 
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Solving syzygy , (8, ) for L, L, and then raising L, L, to the s-th power, we get 
(L, La)" = 3 (—1)*(4) (Mer) (M, Mp). (3) 
Epentuens (2) and (3) in (1), we get . | | 
WQ Mit (—1y E (— 1)* G apaja (M, M,)* 
= M ? L; 
Every term in the numerator of N, now contains M? as a factor. Since M? 


is prime to Li, the numerator of N, is divisible by their product, and hence 
N, is integral in w,, y,, x, and yz: 





Preliminary Theorems. 
§2. Turorrem. The sum of the exponents of either set of cogredient 
` variables in any term of an invariant is congruent modulo p—1 to the index u 
of the invariant. ; 
This is proved by applying one of the EE TEEN 


GD Ga): 


where a is a primitive roòt of p. 
$3. Definition. We shall say that z,, y, form one set of variables aid 
Zz, Ya the other set. 
-Turorem. The terms of an invariant which are homogeneous in each set 
of variables form an invariant. 
We write the invariant as a sum of polynomials each homogeneous in each 
set of variables, and such that the sum of no two of these polynomials has that 


property. Then, since the linear transformation G 2) leaves unchanged the 


degree in each set of variables, each polynomial is evidently an invariant. 

These theorems show that it is eunicient to consider an invariant of the 
form 

I= ae OP yi af + af y, =O" ye aft te... 

where. the C’s are integers modulo p, e =v — s (p — 1), f=wt+s(po— 1), 
s runs from zero to such a value in any sum that none of the exponents in that 
sum are negative, and e =f + u (mad. p— 1). 

§ 4. Definition. A semi-invariant is a polynomial I in æ,, y, with integral 
coefficients taken modulo p such that 

I (2, Y) = b" I (a, yi), (mod. p), 


for every transformation G ar 


ant 
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We will make considerable use of the semi-invariants y, and 


* p—1 
: A= z? — m yf" =a (a — hy). 
We have a 
L =y Q= ar + yf, 
N, = 02? WO + (1. 
Products of the Invariants. ` 
$5. Lemma. If m and k are any integers for which 1<m<p—2 and 
1<k<™m, there exists a product 1(N) of powers of N,,...., N,_,, the first 
term of whose expansion is g7? Ak@-D—m, 
If m = kn, we may take 
n (N) = NE. 
If m is not a multiple of k, let n be the integer for which 
<k <7 — 
n 7 am+1 
n (N) = ae Ne 
§6. Lemma. There exists a product 2(M) of powers of, M, M,, M, of 
the form x} (y?) -+...., where u and v are any given integers for which either 
(1) v=u+k(p—l), (OSkSu, v2u>0), 


Then we may take 


or 
(2) u=v+k(p—1), (OSkSv, «2v >0). 


f (1) holds, we may take 
z (M) = MME MP, l= u— k— m (p + 1). 
If (2) holds, we may take 
n(M) = M'M? My", E E (p +1). 
Fundamental Theorems. 
$7. THEOREM. Given any mvariart I = = yt y af, (21; Yı), determine 
the integer s such that s =u (mod. p) and 0<s<p —1. Then f,(%,, mn)! has 


the factor ys if t< s. 
The theorem is obvious for s=0. If s+0, we will apply’ the trans- 


. formation G i to I, and form I (£ +y, y) —I (x,y), which must vanish 


identically. . Equating to zero the coefficients of a" ys (k=0,...., s), we get 
the following equations: 
fo (M+, A) — fo (0; y,) = 9, (1) 


ECT t yw) thlatye wm hes) =% E 
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—k '(s—k) (s—k—1)....(s—r+1) : (s—k 
where ($— ie Gn “,1<r&s, and G7) #0 
(mod. p) since s < P. 


The proof is made by mathematical induction. First let us assume that 
fos fis -+--> fm each have the factor y,; where l1<m+1<s—1. Putting for r 
` the value m +2 in equations (2), we have 


—m— i ` 
a 2) (H+ Y M1) eee ‘aa A Toa (G+ Ys V) 
fous z FH, Y) — fnt (Crs Yi) = 0. 
Putting y, = 0 gives US faa (%1, 0) =0. Henee, fat: has the factor y,. For 
r= 1, equations (2) give us 
S fo (2r + Yi» Y1) + fi (@ + Yrs Yr) —f (@,y,) = 0. 
Putting y, = 0 gives us f, (z,,0) =0, and hence f, (#,, y,) has the factor y,. 


Hence, f3; f,,.---, fe each have the factor y,. 
Let us next assume fy, fi; --- -s fa each have the factor yt; then we will 
prove that fos fis --- -, fa, each have the factor yi". 


Let f, (21 y,) = yf Fi (21, Yı), where O<t<m. From (2) we get, after 
dividing out y? from the first m equations, m equations of the form of (2) in 
the preceding discussion, but with f; in place of f,. Hence, fh, fi, -i-s fmm 
each have the factor y,; and hence fo, fis ...., fnm each have the factor yf*'. 

We have proved that f,,/,,.-..,f,, each have the factor y,; hence 
for fis --++,f,» each have the factor yf. Similarly, fos f,,....,./, each have 
„the facter yj. 

§8. Lemma. The polynomial fẹ is a semi-invariant. This follows from 
equation (1) of $7. 

$9. Tuuorem. The highest power of x, that occurs in any semi-invariant 
is congruent to zero modulo p. 

As in the theorem of § 2, we can sie that the exponents of the same 


variable in different terms differ by multiples of p—1. Hence, let the semi-. 


invariant be 
f(%, n) = = Coat y? +O, af eM git OO 4+ 1... 


Let us suppose that u is not chieraaul to zero modulo p. Then, since f (2,, y) 


is unaltered under the transformation h D s f (2+ Y 41) — F (2, y) is 


identically zero. This gives us the equation 
uC, ay yi = 0. 


Since u is not zero, C= 0. 


w 


Kratawoui: Modular Invariants gpm Pairs of Cogredient Variables. 453 


Classification of Invariants. 

§10. Definition. An invariant is said to be of type {t}, if it is of the 
form zf, (%1, Y) +..-., where f, #0, and each ($ 2) exponent of v, in f is 
congruent to ¢ modulo p—1, where 1<tSp—2.* 

Definition. An invariant is said to be of type {0}, if it is of the form 


Li Gy (21s Yo) +- ---, Where > I Æ 0, and each exponent of x, in g, is congruent ~ 


r zero modulo p — i. 

Definition. An invariant is said te be of type {0}’, if it is of type 10} 
and the exponent of y, in gy (%,, ¥,) is less than p-—1.+ 

Definition. An invariant is said to be reduced, if it can be written as the 
sum of invariants or if its semi-invariant leader can be written as an invariant 
multiplied by a semi-invariant of lower degree. 

Definition. The grade of the semi-‘nvariant of I = x? Lig, (a, Y) +.. 
is the degree of g, (%,, y). . 

Reduction of Invariants of Type {t}. 

§11. Lemma. Any invariant of type ft} can be reduced either to an 
invariant of type {0}, {0{’ or to one which contains v, as a factor. The grade 
of the semi-invariant of the reduced invariant is less by pt + t. 

The general form of such an invariant is 

T= as (Chyrtait.... HOn t) +...., (1) 
where a =d (p?— p) +h(p—1) +r, b=g (p?—p) +k (p—1), r<p—2, 
sx<p—2, k<p—1, ho p—1 and 1<t<p—2. The C’s are integers modulo p 
such that at least one of them does not vanish. l 

Cosel. ts. 
Since the semi-invariant leader has the factor zf and yf, it has the factor 
Lt, and hence equation (1) can be written 
Ta gli (Cyt... Jisk (2) 
where e = g (p? — p) + (k — t) (v sl Tbis is an invariant of type {0}, the 
grade of whose semi-invariant is less by pt+ +t. If e=0, I is of type {0?’. 
If e <0, the semi-invariant of equation (2) is identically zero and I has the 
factor x. 
Case 2. t>s and t—k #0 (mod. p). 

Since, in equation (1), b + t=t— k modulo’p and this is not congruent 
to zero modulo p, it follows from $9 that C,,=—0. Hence, as in case 1, the 
semi-invariant of I has the factor Dj and can be reduced to the form of 
equation (2). í 





* If an invariant is of the form L= z." LAT go (21, Ys) -+..--, Where each exponent of w, in go (21; Yı) 
is congruent to ¢ modulo p—1 and 1<t<p—2, it is assumed in the following discussion that 
T= 27," fo (21, Y) + +++, Where fo (813 Y) =L: Yo (8; Yı). 

t By §2, go (#:, Yı) contains only ore term which is a power of y,. 
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Case 3. t>s and/'t —k==0 (mod. p). 

Since both ¢ and k are less than p, it follows that t= k. By §2,° 
a+t=b+s modulo p— 1. -Hénce, r= s — t (mod. p—1), which gives 
r= p—l+s—t If C,=0, the reduction is effected as in case 1. -If 
Ca 0, there is a condition imposed on hh by $7. Since a=s—h—t—1 
(mod. p), and since this is less than zero, the semi-invariant of equation (1) 
must contain y, either to the power p+s—h—t—1 or, if this is still 
negative, to the power 29 +s—h—t—1. In the first instance, by § 7, 


‘p+s—kh—t—l<s. Hence, h=p—1—t+n, where 0<n<s. The ex- 


ponent a of equation (1) can now be written in the form 
[d (p?—p)] + [w(p—1}) +8] + [(p—1—- t) p], 

and the exponent b + t of equation (1) can be written as 

pIilg +1) (1) (p—i—t)]. 
If g+1<p—1—t, we will form 

e I =I1—C, 2 (M) x (N) QR? 
If g+1=p—1—t-+l, where />0, we will form. 
T =I— Can (M) x (N) Qi Qi. 

Here, by § 6, a (M) = af? Mt yt ol... If s=0, we will take 7(M) =1. 


By $5, x (N) = gpr 26+De-D-@-1-) L... Then the semi-invariant 


of I’ has, as in case 1, the factor Li, and hence has the form of equation (2). 
If g>0, I’ is of type {0} and the grade of the semi-invariant of J’ is-less 
than that of I by pt+t. Since the term involving the highest power of v, in 
the semi-invariant of J’ is of the form On ytt pD, if g= 0, the 
terms involving vë vanish and I’ has the factor z,. 
In the second instance a similar line of argument shows that h=2p—1 


—t+n, where 0<n<s. This can then be treated like the case above by 


replacing Q; by of, 
Forms of Certain Invariants. 

§12. Lemma, If visa number of the form d (p'— p) + h(p—1) +u, 
where 0<u < h<p— 1, and if f (%1, y,) is a function of v, and y, which does 
not contain the factor y,, then there is no invariant of the form 

T= az {Coy Lif (a, y,)$+-.--, 
unless r2>p—h or else C,=0. 
Since L, contains y, to the first power only, and since v=p—hivu 


(mod. p), where 0<p—h+u<p—l, fa must contain, by § 7, the factor ` 


y?**"; hence p—h+usSu+r, and hence r2p—h. 
Remark. If r<p—h and the coeificient of v; is a function of x, and y,’ 
not a constant, then, by $7, Co = 0. If the coefficient of x? is a constant, then, 


NS 
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singe an invariant in two variables ‘s a special case of a serni-ipvariant, 


513, Lemma. 1f v isa number of ine form dipt—-p)4-h(p—- 1) 4+ 1%, 
where Ou <h<p—t, then there is uo mvariant of either of (he forms 


follows from § 12 by inking 7=0 and f(7,,4,)=1. ff we 


TO 
Le Sen ore (2,, 2) (4), Ye) to tac mvariant in caso (2), we get un 


= 
s 


variaat of the form of that in case (1). Hence, C, in case (2) equals zero. 

§14. Lemme. . If the degree u in r,, ya of an mvariant is less than p, 
and if the coefficient of ay is of the form Df g, (2,, yi) where r> 0, then g, is 
nol zero and the invariani has ihe factor m ‘ 


Let I = gy Li go (£i, Ui) FO Ya fi (4,4) -—---., Where u<p--1. Tf 
g, is nero, L hae ihe factor L, at least fs! the first power. , This is of degree 


p- i ina, and y,, which is greater than u, ‘os hence 7 is identically zero. 
LE g, is not zero, then, by §7 tos o-a; fp each have the factor y,. Since 
folii it = fa (2 wm) and since fa la, Y3 has the factor æ, we see that 
(z,, u) has the factor y,. Hence, 7 has the factor y, and henes the factor: 
L. Let a, 
LD se $ == wa LA Go (a Y) H 
. i E 


If +22, 7 can be shown io Lave the factor 7a, and eventnally 


TO = pesado yy) + 
Li 
Jience, i has the factor Li. 
$15. Lemma. here is no invar.ant of degree less than p in Se, y. 
whose seuil-invariant leader is an invarient of ‘two variables. 
Let Of be vhe bighest power of J, which is coutaincd in the semt-invanant 
jeader. ‘Pheu ` ; 


A, 
= 


í = T3 Li ga ( Zi, Y ae 43 
where u <p aud g is an invariant which does not contain yk usa factor. By 
§ 14,7 has the factor Lī. ITence, let 


"yr L i alt 
ID == Tr T Ho (Bra A) wees. 


+l 


By $7, g, must contain yë as a factor: hence, g= 0. Then. by $14, / is 
identically zero 7 
Reduetior of Invariants of ae ul. 
316. Lemma. Any invariant of the forn =z} (Caii yn +. where 
az A p) thp — i) tu and OS ch<p— h can he- d to Pn 
invariant containing a, as a factor. 


“em oY _ ; : 
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We have shown in § 12 that r must equal or exceed p—h.* If h>2, 
the. invariant cen à 
is a Ry 
r =I—C,Q2N,_, Me l 
is an invariant having v, as a factor. If h=1 and d21, then u=0 and 


r =1—0, Qi Q, M + 0, Qi Mr Se 


has the factor 2. Here d can not equal zero, since, by § 15, there is no’ 
invariant of the form that J becomes if d=u=0 and h=1. l ii 
§ 17. Lemma. There is no invariant of the form - l {i 
I= w} iO y a na a, 
where b = g (¥ — p) + k(p—1)}, 0<u<k<p—i and C,#0. 
Since «u < p, then, by § 14, Z has the factor Li. Let 


i I 
o) = E 
I it 


= wy [C GT awa | eee oe 


Then, by $13, C, = 0. 
$18. Lemma. Any invariant of type 10} can be reduced either to one 
of type {0{’ or to one which contains ~, as a factor. The grade of the semi- 
invariant of the reduced invariant is less by p? — 1. ; 
For the sake of simplicity we will take the general form of an invariant 
of type {0} to be 3 
| T= af (Cyt + -e + OaS t os) | (1) 


where e = d (p? —p)+h(p—1)+s and b=gip'—p)+kh(p—1). Cases l 
where the argument is.different, when all|the terms involying vy contain L, 
explicitly as a factor, will be treated separately. It should be noted that 
a and b have the correct form for all cases, since, by § 2, a =b.+ s (mod. p—1) 
and a+ pr=b -+s +r (mod. p—1). 2 4 










f Case 1. 1<k 
Since k is not congruent to zero modulo p, it follows from § 9 that Cap = 0.. 
Hence, the semi-invariant of any invariant of this form contains y, as a factor 
to the power s+k(p—1). 
Tf, in equation (1), «2b — s, let g (p? — p) + k (p—1) +s =u, and let 
d(pP— p) +h(p—1) +s =u + d (pP — pt k (p —1), where 0Sh’Sp—1. 
. Since- %2 1, it follows thatu £0 and hi’ <u;| hence, there exists à . 
m(M) = oF odt (Gl yt) + 0.0, 


p—i. 


` We, will let 





- * It is suficient to use r=p— h. The remaining powerg of L, can be carried along in the reduction. 


ws L oOo 


S, 
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If a<b-+s, iet d(—p)+a(p—1i)+s=u and let g{(p’—p)+h&(p—]) 
Hsm oy (rapt jess 1). where O< 4’ S p—i. Li W >0, then, by $37, 
Co =0. Tf <u and «3420, there existis av (A) = oF (Cy yt O79 =") +4 
‘Then we will Jet 
; . Pol—C,QOf na (M). 
Ti u= 0, 7 is & function of œ, and y,, and hence a function of L, and Q,.* 
In either case the semi-invarinnt of /' :contains the factors a?! ee yT, 
unless the sermi-invariant of J is zero. Hence, the semi-invariant of i’ has the 
factor L?-?, and we have 





EEA A A ah oy esas VO ak a sg 
where e = (g—1) (p?—p} + (h—3)(p—1) 4+. This is an invariant of 
type {0{, the grade of whose semi-invariant is less by »? —1. If y <i, i’ has 
the factor a. If g=1 and 4 =1, I’ is of type iti’. 


Case 2. k=0 and h<s. 
There are four subcases which we will denote by subseripts. 
Case 2,. hoeO and sO., 
Since <s and s %0, there exists a a [M ) = af @-P)t ys 0... We will 
first form 
I’ =I —C,, Q Of m( BL) = wf yt? (Cg ye PO) pee. GY, 
We see that the semi-invariant of J’ has the factor yit”—”. Since h <p, ii 
follows that h(g—1)+s<p(p—1) —s; anc since k0, it follows that 
p-h<h(p—1)-+s. Hence, there exists a n (AL) == af@ Pte ysir ry | 


Let us next form 
= —C, Qe Of x(t). 


hen the semi- has ihe fa: aw? and y?-'. Hence has the 
Then the semi-invariant of 1” has the factors w-! aad y?!. Hence, Z” has the 
factor £71, and henge 

: 1—1 er ' z 

w = al H yi (Or yit an) ahha (3) 
where ‘a=d(p*—p)-+h(p—1) +s, o=s+(p—1)* and e=(g—2) (P— p). 
Then i” is an ins ariant of type }0}, the grade of whose semi-invariant is less 
by @@—1. if y<l, fi” has the factor ta. 





O 


Case 2. h=0 ond s=0. 
ase 2, equal to unity, we get equation (2). 


By taking the first n/M) in ca 


If we vext form 
ey k ea ro £or Ci ee OF oe, 


we gel equation (3) of ease 2,. Tf d=0, Ias a function of 4, and @,.* If 
g=0, J is a fanction of 0, and Q,.* 


* Dickson, bid. 
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Case 2,. h=0, s9 and dO. 
The reduction to equation (2) is the same as in the suse 2,, Let 
I” =I —G, QS QE" Me 
then I” is in the form of equation (3) of case 2,. If g=0, i’ has the factor a. 


Case 2,. h=9, 60 and a= 0, 
Let us form 
v=I—-C,Q7M | P 
If g=0, F has the factor z,. If gÆ0, the semi-imvariant of I’ has the 
factor x? and yf, hence the facor Li. Since the exponent a of 2, in this case 
equals s, and this is iess than p, then, by § 14, I’ itself has tbe factor £3. If in 
the beginning 
T= xi Lig, (2, Yyy bere, 
then 7’ has the factor Di**. Let 
P= fasa (Ciytat FOR) tos, 

where e = p — 1 —s and s= (g —1)(pP — p) +e (p— 1). 

From §7, the semi-invariant. of 7” bas the factor yi, and hence C” = 0. 
Hence, the semiinvariant of J” has the factors wf and y{, and hence Li. 
Since, by $14, I” itself has the factor Li, if 

ita 
[OES Te 
then Z” is of type }0{, but the grade of its semi-invariaut is less than that of 
I by p—i. Tf g=0, I” has the factor a. If g=1, I” bas the factor a,. 
Case 3. k=0 and h>s. 

Since k >s, then d(g?—p) +h(p—1)+s=p—h+s (mod. p), where 
0<p—h+s<p. By §7, the semi-invariant of equation (1) has the factor 
yf***; and since p—h+s>s, C, =0. Hence, if g0, the semi-invariant 
of I has the factor yt, if g=0, Z has the factor 2, as a consequence of 
$13. Since k <p, it foliowe that h (p—1)+8s< p?—p+s. Hence, let 
u= h(p—1) +s. Then p—p+s=u+(p—h)(p—l). Since kO, it 
follows that u #0 and p—h<h(p—1)+ 5. Hence, there exists a x (M) = 
RA GRO BER be aa Tf we form 

I’ =I—G,Q2Qi-' a (M), 
then 7” has the form of equation (8) of case 2,. 

Ti might happen that the semi-invariant of J was of the form Lig, (a,, y,). 

By $12, r2Zp— h. It is sufficient touser=p—h. If h >i, we will form 
Pol—C,, QIN, a MT, 





Š 


i 
1 
j 
E 


aw 
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TP as 


fot 


and «d es O. we will form 
=1—C, OF QIS Mr + on Qe Yager, 
if h=1 and d=0, then s=0 and 
I = agm li (Cyy Aa EE E a E ae l 
Since the exponent, of v, is less than p, then, by $ 14, Z has the factor Zt. Let 
fe I. 
L? l 

then, by $7, f’ has the factor y?™', and henee C,,==0, Thus, m ail three cases 

we have reduced the invariant Z to the form where the semi-invariant lacks 
the highest power of x. This is essentially the form of f at the beginning of 
this case, and hence the reduction can be completed in the same manner. 

In every case we saw that the reduction of an im arieni of type {0} always 
led to another invariant of type }9}. By continuing the reduction, we saw that 
we could reduce the grade of the semi-invariant esch time by g? — 1, until its 
grade iiy between zero and p?—1. Let ng suppose the degree of the semi- 
invariant is then congruent to s (mod. p— 1). Then the exponent of y, bas 
the fonn a(g—1}+s, where O<en<p-++-1 and OSs<yp—2. This is the 
case where either g = 1 and k = 1, or g = 1 and = 0, or else g =0. We saw 
that then J either was or could be reduced to an invaviant of type }01’, or else 
it could be reduced to ay invariant having the factor w,. This proves the 
lemma of this section. 

$19. Leming. Any invariant of ivpe } Ui’ ean be reduced to an invariant 
which contains 7, as a factor. 

if I is of the type {0?’, lei us suppose 

Paar tC, ge Re 
thlip—-l)+s. If hes and s #0, there exists 
+... Hg ay we wili take 7(M) =1. Then 
T =I- Cgi x (MY) 
has the factor a,. If h > 0, then either C, = 0 by $13, and hence f has the 
factor a, or else the semi-invariant of I has the form Lf go (2,, y,), where 
2p-—-h. in this instance, by § 16, Z can then be reduced to en invariant 


where a =g (p?’— p) 
a n (M) = eb Dts ys 


having v. as a factor. 
Reduction of an Invariant in the Degree of w, and y 
§ 20. We will ist J be a general symbol for an eee which is ex- 
pressible in terms of the iavar‘ants of $1. By means of the lemmas of § 11, 
$ 18 sud $ 19, any invariant can be written as 


=J + n ()}) =d Dal’, (2i), ae 


+60 Kuarawout.: Modular Invurianis of Two Pairs of Coyredient Variables. 


whbre J’ is an invariant not divisible by L,. Tf I’ involves 2, we have similarly 
; Pee Sled 


This process can then be repeated, until we get i z 
= J" + LI” F (a, y,)- ` 
Then F (z,, y,) is an invariant and bence is a function of L, and Q,.* This 


proves the theorem of § 1. 





Invariants for Modulo p = 2. 

€ 21. While tère are no invariants of the form N, for modulo p = 2, 
the reduction just given will hold for this medulus also, if we bear in mind 
thal «= 0, and A and k can take only the values zoro ov unity. “Since every 
invariant modulo 2 is of the type 10t, and since the lemma of § 16 involves 
only + =], the invariants for modulo 2 can be reduced without using the 
invariants V. 

independence of Invariants. 
29, Tusorem. No one of the invariants Q;, Di, Wi, M, N, @=1, 2; 
2,-2.4; p— 2) is a rational integral function of the remaining ONES, 

The Peeka follows by noting the degrees in 2, y, and in x, y,, aud the 
following adcitional facts: 

Q. cun not be a function of L; (¢=1,2). If it were, this function would 
conteix. L; as a factor, and hence Q; world contain x, as a facior, which is 
impossible, i 

M, (i=1,2) can not be a function of M and L,, for by comparing ex- 
ponents we can see thal M and L, can occur in such a function only to the first 
degree, and also that the function can not contain the product M L,. Hence, 
if such a function exists, it has the form 

M,= Co M + C,L,. 

Putting 2,= 4; =0, where 7=1 ifi=2, and j= 
ce Ay, is of degree p in y; and M of degree 1 im y,, no such function exists, 
Ti N = ay? (aes + 1...) +... is a function of the invariants in $1, 
such a funezion can not contain N,, where fs. Wor if t> s, then ip > « 
and iP i <e, p? ARG >p — p—s. Furthermore, N, can not be a function 
of the invarianis Li, La, M, af, and M., since these invariants all vanish if 
u, =y, = 0, and N, then equals aj? afem, ` 





2 if ¿= 1, gives C =0. 


Sine 


Cuicaco, ino. 10138. 


* Dickson, Ibid. 


